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Preface 


This book aims to provide an elementary interpretation on physical 
aspects of fluid flows for beginners of fluid mechanics in physics, 
mathematics and engineering from the point of view of modern 
physics. Original manuscripts were prepared as lecture notes for 
intensive courses on Fluid Mechancis given to both undergraduate 
and postgraduate students of theoretical physics in 2003 and 2004 at 
the Nankai Institute of Mathematics (Nankai University, Tianjin) in 
China. 

Beginning with introductory chapters of fundamental concepts of 
the nature of flows and properties of fluids, the text describes basic 
conservation equations of mass, momentum and energy in Chapter 3. 
The motions of viscous fluids and those of inviscid fluids are first con- 
sidered in Chapters 4 and 5. Emphasizing the dynamical aspects of 
fluid motions rather than static aspects, the text describes, in subse- 
quent chapters, various important behaviors of fluids such as waves, 
vortex motions, geophysical flows, instability and chaos, and tur- 
bulence. In addition to those fundamental and basic chapters, this 
text incorporates a new chapter on superfluid and quantized vortices 
because it is an exciting new area of physics, and another chapter on 
gauge theory of fluid flows since it includes a new fundamental for- 
mulation of fluid flows on the basis of the gauge theory of theoretical 
physics. The materials in this book are taken from the lecture notes 
of intensive courses, so that each chapter in the second half may be 
read separately, or handled chapter by chapter. 


vi Preface 


This book is written with the view that fluid mechanics is a branch 
of theoretical physics. 


June 2006 Tsutomu Kambe 


Former Professor (Physics), University of Tokyo 


Visiting Professor, Nankai Institute 
of Mathematics (Tianjin, China) 
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Chapter 1 


Flows 


1.1. What are flows? 


Fluid flows are commonly observed phenomena in this world. Giving 
typical examples, the wind is a flow of the air and the river stream 
is a flow of water. On the other hand, the motion of clouds or smoke 
particles floating in the air can be regarded as visualizing the flow 
that carries them. When we say flow of a matter, it implies usually 
time development of the displacement and deformation of matter. 
Namely, a number of particles compose the body of matter, and are 
moving and continuously changing their relative positions, and are 
evolving with time always. Flows are observed in diverse phenom- 
ena in addition to the wind and river above: air flows in a living 
room, flows of blood or respiratory air in a body, flows of microscopic 
suspension particles in a chemical test-tube, flows of bathtub water, 
atmospheric flows and sea currents, solar wind, gas flows in inter- 
stellar space, and so on. 

From the technological aspect, vehicles such as ships, aeroplanes, 
jetliners and rockets utilize flows in order to obtain thrust to move 
from one place to other while carrying loads. Glider planes or soaring 
birds use winds passively to get lift. 

On the other hand, from the biological aspect, swimming fishes 
are considered to be using water motions (eddies) to get thrust for 
their motion. Animals such as insects or birds commonly use air 
flows in order to get lift for being airborne as well as getting thrust 
for their forward motion. In addition, it is understood that plant 
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seeds, or pollen, often use wind for their purposes. Every living 
organism has a certain internal system of physiological circulation. 
In general, it might not be an exaggeration to say that all the living 
organisms make use of flows in various ways in order to live in this 
world. 

In general, a material which constantly deforms itself such as the 
air or water is called a fluid. An elastic solid is deformable as well, 
however its deformation stops in balance with a force acting on it. 
Once the body is released from the force, it recovers its original state. 
A plastic solid is deformed continuously during the application of a 
force. Once the body is free from the force, it stops deformation 
(nominally at least). By contrast, the fluid keeps deforming even 
when it is free from force. 

A body of fluzd is composed of innumerably many microscopic 
molecules. However in a macroscopic world, it is regarded as a body 
in which mass is continuously distributed. Motion of a fluid, i.e. flow 
of a fluid, is considered to be a mass flow involving its continuous 
deformation. Fluid mechanics studies such flows of fluids, i.e. motions 
of material bodies of continuous mass distribution, under fundamen- 
tal laws of mechanics. 


1.2. Fluid particle and fields 


When we consider a fluid flow, it is often useful to use a discrete con- 
cept although the fluid itself is assumed to be a continuous body. 
A fluid particle is defined as a mass in a small nearly-spherical 
volume AV, whose diameter is sufficiently small from a macroscopic 
point of view. However, it is large enough if it is compared with the 
intermolecular distance, such that the total number Na of molecules 
in the volume AV is sufficiently big so that the statistical descrip- 
tion makes sense. In other words, it is a basic assumption that there 
exists such a volume AV enabling to define the concept of a fluid 
particle. In fact, the study of fluid mechanics is normally carried 
out at scales of about 107? mm or larger, whereas the intermolecular 
scale is 1076 mm or less. At the normal temperature and pressure 
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(0°C and 760mmHg), a cube of 1mm in a gas contains about 
2.7 x 10! molecules. 

We consider a monoatomic gas whose molecular mass is m, hence 
the mass in a small volume AV is AM= mWN,, and we consider the 
flow in the (x,y,z) cartesian coordinate frame. 

Position x = (x,y,z) of a fluid particle is defined by the center of 
mass of the constituent molecules. Density of the fluid p is defined 
by dividing AM by AV, so that! 


p(x) := E (1.1) 


A a-th molecule constituting the mass moves with its own velocity 
ua, where ua has three components, say (ug, Ua, uz). The fluid 
velocity v at x is defined by the average value of the molecular veloc- 
ities, in such a way 


v(x) = (ug) := Stats (1.2) 


where Ma = m (by the assumption), Xa Ma = mNa = pAV, and 
(-) denotes an average with respect to the molecules concerned. The 
difference Ua = Ug — v is called the peculiar velocity or thermal 
velocity. 

In the kinetic theory of molecules, the temperature T is defined 
by the law that the average of peculiar kinetic energy per degree-of- 
freedom is equal to kT, where k is the Boltzmann constant.? Each 
molecule has three degrees of freedom for translational motion. It is 
assumed that 


(EDP) = (Fma) = (Fma?) = Sar 


1A := B denotes that A is defined by B. 
?Boltzmann constant k is a conversion factor between degree (Kelvin temperature) 
and erg (energy unit), defined by k = 1.38 x 10~'6 erg/deg. 
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Therefore, we have 


= kT(x) = (Gna = s= 2 smi, (1.3) 
On the other hand, pressure is a variable defined against a surface 
element. The pressure p exerted on a surface element AS is defined 
by the momentum flux (i.e. a force) through AS. Choosing the z-axis 
normal to the surface AS, the z-component of the pressure force Fy 
on AS acting from the left (smaller x) side to the right (larger x) 
side would be given by the flux of z-component momentum mets 
through AS: 


Fy = p(x) AS = X (mp3) ü% AS = ASX m(a*)?n(@"), (1.4) 
B at 


where (3 denotes all the molecules passing through AS per unit 
time, which are contained in the volume element w3AS, and n(w*) 
denotes the number of molecules with ù” in a unit volume. In the 
kinetic theory, the factor }>,. m/(i*)?n(a”) on the right-hand side 
is expressed by the following two integrals for u” > 0 and u* < 0 
respectively: 


| më N da f m/(a*)? Nf (a) da, (1.5) 
ur >0 ur <0 


where the function f(t) denotes the distribution function of the pecu- 
liar velocity ù, and the number of molecules between ù and u+ du 
is given by? 


Nf (a) d°a, with f(a) a = 1, 
all a 
where N is the total number of molecules in a unit volume. This is 
interpreted as follows. The first term of (1.5) denotes that a positive 
momentum mut* (u* > 0) is absorbed into the right side of AS, while 
the second term denotes that a negative momentum mu* (u” < 0) is 


3More precisely, the number of molecules of the peculiar velocity (i, a, i), 
which takes values between i” and a” +dt’, @ and & +dda¥ and i and ù” +dù” 
respectively, is defined by Nf(t”, a”, &*) du® du’ da”. 
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taken out from the right side of AS. Both means that the space on 
the right side has received the same amount of positive momentum. 
Both terms are combined into one: 


m,(u3)? = m(a”)? Nf (a) dù 
È malag) [moeParaya 
= Nm((ii”)*) = NET, (1.6) 


since 3m((t*)?) = kT, where the average ((&”)?) = ((a@)?) = 
((u7)?) is equal to $((a)? ) by an isotropy assumption, and m $((a)?) 
is given by kT from (1.3). Thus, from (1.4) and (1.6), we obtain 


p(x) = NKT. (1.7) 


This is known as the equation of state of an ideal gas.* 

The density p(x), velocity v(x), temperature T(x) and pressure 
p(x) thus defined depend on the position x = (x,y,z) and the time t 
smoothly, since the molecular kinetic motion usually works to smooth 
out discontinuity (if any) by the transport phenomena considered 
in Chapter 2. Namely, these variables are regarded as continuous 
and in addition differentiable functions of (x,y, z,t). Such variables 
are called fields. This point of view is often called the continuum 
hypothesis. 

From a mathematical aspect, flow of a fluid is regarded as a con- 
tinuous sequence of mappings. Consider all the fluid particles compos- 
ing asubdomain Bp at an initial instant t = 0. After an infinitesimal 
time dt, a particle at x € B moves from x to x + 6x: 


x= x + ôx = x + vot + O(65t?) (1.8) 


by the flow field v(x,t). Then the domain Bọ may be mapped to 
Bs (say). Subsequent mapping occurs for another dt from Bs, to 
Bos, and so on. In this way, the initial domain Bo is mapped one 
after another smoothly and constantly. At a later time t, the domain 


“For a gram-molecule of an ideal gas, N is replaced by Na = 6.023 x 1078 
(Avogadro’s constant). The product Nak = R is called the gas constant: 
R = 8.314 x 10” erg/deg. For an ideal gas of molecular weight jim, the equa- 
tion (1.7) reduces to p = (1/tm)pRT, where p= MN, fm = mNa and R= Nak. 
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Bo would be mapped to B. The map might be differentiable with 
respect to x, and in addition, for such a map, there is an inverse 
map. This kind of map is termed a diffeomorphism (i.e. differentiable 
homeomorphism). 


1.3. Stream-line, particle-path and streak-line 


1.3.1. Stream-line 


Suppose that a velocity field v(x,t) = (u,v,w) is given in a sub- 
domain of three-dimensional Euclidean space R, and that, at a 
given time t, the vector field v = (u,v, w) is continuous and smooth 
at every point (x,y,z) in the domain. It is known in the the- 
ory of ordinary differential equations in mathematics that one can 
draw curves so that the curves are tangent to the vectors at all 
points. Provided that the curve is represented as (x(s), y(s), 2(s)) 
in terms of a parameter s, the tangent to the curve is written as 
(da/ds, dy/ds, dz/ds), which should be parallel to the given vector 
field (u(x, y, z), v(x, y, z), w(x, y, z)) by the above definition. This is 
written in the following way: 


dg dy dz 
To ae = 


This system of ordinary differential equations can be integrated for a 
given initial condition at s = 0, at least locally in the neighborhood 
of s = 0. Namely, a curve through the point P = (x(0), y(0), z(0)) is 
determined uniquely.° The curve thus obtained is called a stream-line. 
For a set of initial conditions, a family of curves is obtained. Thus, 
a family of stream-lines are defined at each instant t (Fig. 1.1). 


°Mathematically, existence of solutions to Eq. (1.9) is assured by the continuity 
(and boundedness) of the three component functions of v(x,t). For the unique- 
ness of the solution to the initial condition, one of the simplest conditions is the 
Lipschitz condition: |v(x, t) — v(y,t)| < K|x — y| for a positive constant K. 
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x(x, Y, 2) 





Fig. 1.1. Stream-lines. 


1.3.2. Particle-path (path-line) 


Next, let us take a particle-wise point of view. Choosing a fluid par- 
ticle A, whose position was at a = (a,b,c) at the time t = 0, we 
follow its subsequent motion governed by the velocity field v(x, t) = 
(u,v, w). Writing its position as X,(t) = (X(t), Y(t), Z(t)), equations 
of motion of the particle are 

dX dY 

— = u(X,Y,Z,t) — =v(X,Y,Z,t), 

dt dt 
aZ (1.10) 
— = w(X,Y,Z,t). 
ap 7 WAY, Z,t) 
This can be solved at least locally in time, and the solution would 
be represented as X(t) = X(a,t) = (X(t), Y(t), Z(t)), where 


AG) = X(a,b,c,t), Y(t)=Y(a,b,c,t), 


Z(t) = Z(a,b,c,t), rd 


and X,(0) = a. For a fixed particle specified with a = (a,b,c), the 
function X,(t) represents a curve parametrized with t, called the 
particle path, or a path-line. Correspondingly, the particle velocity is 
given by 

d o 

—X,(t) = Bp (2) ='y(Xy, 0): (1.12) 


This particle-wise description is often called the Lagrangian descrip- 


Va(t) = 


tion, whereas the field description such as v(x, t) for a point x and 
a time t is called the Eulerian description. 
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It is seen that the two equations (1.9) and (1.10) are identical 
except the fact that the right-hand sides of (1.10) include the time t. 
Hence if the velocity field is steady, i.e. v does not depend on t, then 
both equations are equivalent, implying that both stream-lines and 
particle-paths are identical in steady flows. 


1.3.3. Streak-line 


In most visualizations of flows or experiments, a common practice 
is to introduce dye or smoke at fixed positions in a fluid flow and 
observe colored patterns formed in the flow field (Fig. 1.2). Smoke 
from a chimney is another example of analogous pattern. An instan- 
taneous curve composed of all fluid elements that have passed the 
same particular fixed point P at previous times is called the streak- 
line. 

Denoting the fixed point P by A, the fluid particle that has passed 
the point A at a previous time 7 will be located at X = X(a,,t) 
at a later time t where a, is defined by A = X(a,,7). Thus the 
streak-line at a time t is represented parametrically by the function 
X(A,t—7) with the parameter T. 

If the flow field is steady (Fig. 1.3), it is obvious that the streak- 
line coincides with the particle-path, and therefore with the stream- 
line. However, if the flow field is time-dependent (Fig. 1.4), then all 
the three lines are different, and they appear quite differently. 


1.3.4. Lagrange derivative 


Suppose that the temperature field is expressed by T(x,t) and 
that the velocity field is given by v(x,t), in the way of Eulerian 
description. Consider a fluid particle denoted by the parameter a in 
the flow field and examine how its temperature T,(t) changes during 
the motion. Let the particle position be given by X,(t) = (X,Y, Z) 
and its velocity by va(t) = (Ua, Va; Wa). Then the particle tempera- 
ture is expressed by 


Ta(t) = T(Xa,t) = T(X(t), Y(t), Z0); t). 
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t 


Fig. 1.2. Visualization of the wake behind a thin circular cyinder (of diame- 
ter 5mm) by a smoke-wire method. The wake is the central horizontal layer of 
irregular smoke pattern, and the many parallel horizontal lines in the upper and 
lower layers show a uniform stream of wind velocity 1 m/s from left to right. The 
smoke lines originate from equally-spaced discrete points on a vertical straight 
wire on the left placed at just upstream position of the cylinder (at the point of 
intersection of the central horizontal white line (from the left) and the vertical 
line connecting the two arrows out of the frame). Thus, all the smoke lines are 
streak-lines. The illumination is from upward right, and hence the shadow line of 
the cylinder is visible to downward left on the lower left side. The regular peri- 
odic pattern observed in the initial development of the wake is the Karman vortex 
street. The vertical white line at the central right shows the distance 1m from 
the cylinder. This is placed in order to show how the wake reorganizes to another 
periodic structure of larger eddies. [As for the wake, see Problem 4.6 (Fig. 4.12), 
and Fig. 4.7.] The photograph is provided through the courtesy of Prof. S. Taneda 
(Kyushu University, Japan, 1988). Re = 350 (see Table 4.2). 


Hence, the time derivative of the particle temperature is given by 


d ga OT dX Or dy oP | dz dZ ôT 

dé * ‘Ot dt Ox dt Oy dt dz 
oT OT OT OT 
=i F Ua T Fwa y 


S e e T| 
at an. Oy. Oz) Ix=X 
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stream-line 






Fig. 1.3. Steady flow: stream-lines (thin solid lines), particle-path (broken lines), 
and streak-lines (a thick solid line). 


stream-line at t 
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The tangents of the 
stream-line and 
particle-path 
coincide. 


The tangents of the 
stream-line and 
streak-line 
coincide. 9 t 
0 


Fig. 1.4. Unsteady flow: stream-lines (thin solid lines), particle-path (a bro- 
ken line), and streak-line (a thick solid line). The particle P started from the 
fixed point O at a time to and is now located at P at ¢ after the times f1, te 
and t3. 


It is convenient to define the differentiation on the right-hand side 
by using the operator, 


D o o o o 
Du a on a a ee 


which is called the convective derivative, where 0; := O/Ot, O, := 
0/Ox, and so on. As is evident from the above derivation, this time 
derivative denotes the differentiation following the particle motion. 
This derivative is called variously as the material derivative, con- 
vective derivative or Lagrange derivative. Thus, we have dT,/dt = 
DT/Di |x. . 


1.4. Relative motion 11 


Let us introduce the following differential operators, 


V= (Or, Oy, dz), 
grad f = (Oz, Oy; z) f, 


where f(x,y,z) is a differentiable scalar function. The differential 
operator V with three components is termed the nabla operator, and 
the vector gradf is called the gradient of the function f(x). Using V 
and v = (u,v, w), one can write 


D 

De + uðs + vðy + wô, = ð +v- V, (1.13) 
where the dot denotes the inner product [Appendix A.2 and see 
(A.7)]. 

Suppose that we have a physical (scalar) field Q(x, t) such as den- 
sity p, temperature T, etc. Its time derivative following the motion 
of a fluid particle is given by 
DQ 


z~ ZQ + (v V)Q. (1.14) 


If the value is invariant during the particle motion, we have 


Be 


0. 1.15 
aT (1.15) 


1.4. Relative motion 


Given a velocity field v(x,t), each fluid element moves subject to 
straining deformation and local rotation. This is shown as follows. 


1.4.1. Decomposition 


In order to represent such a local motion mathematically, we consider 
a relative motion of fluid in a neighborhood of an arbitrarily chosen 
point P = x = (#1,%2,x3), where the velocity is v = (v1, v2, v3). 
Writing the velocity of a neighboring point Q = x +s as v + ôv at 


12 Flows 
the same instant t, we have 
év = v(x +8,t) — v(x,t) = (s- V)v + O(s”), 


by the Taylor expansion with respect to the separation vector s = 
(s1, s2, 83). Writing this in components, we have the following matrix 


equation, 
Ovi v vı 0304 S1 
dv = Ol v2 və 0309 592 5 (1.16) 
V3 1v3 203 3v3 83 
where kvi = ðv; /Əðxp. This can be also written asf 
3 
ü= SS Sk O“Vi = Sk ORV. (1.17) 
k=1 


The term 0;v; can be decomposed into a symmetric part e;, and 
an antisymmetric part gj, in general (Stokes (1845), [Dar05]), 
defined by 


eik = ~(OnU; + OyvK) = ei, (1.18) 


Dole Nle 


Jik = =(0kVi — Oivk) = —Jki- (1.19) 
Then one can write as ĝkUi = eik + gik. Using eik and gik, the velocity 
difference ôv; is decomposed as ĝv; = bu;”’ + ôv; ™ , where 


Oe Cik Sk, (1.20) 


l 


bu,” = Jik Sk- (1.21) 


These components represent two fundamental modes of relative 
motion, which we will consider in detail below. 


The summation convention is assumed here, which takes a sum with respect to 
the repeated indices such as k. Henceforth, summation is meant for such indices 
without the symbol ee 
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1.4.2. Symmetric part (pure straining motion) 


The symmetric part is written as 


(s) 
bv; 
e11 €12 €13 S1 
dus? = | e12 €22 €23 s2 |. (1.22) 
jy) €13 €23 €33 83 
3 


Any symmetric (real) matrix can be made diagonal by a coordi- 
nate transformation (called the orthogonal transformation, see the 
footnote 7) to a principal coordinate frame. Using capital letters to 
denote corresponding variables in the principal frame, the expression 
(1.22) is transformed to 


(s) 
aM Ey, 0 0 Sı 
nO |=| 0 Ex 0 Sa |. (1.23) 
Sv. (s) 0 0 E33 S3 
3 


The diagonal elements E11, E22, E33 are the eigenvalues of eig by the 
orthogonal transformation (s1, 82,83) — ($1, S2,$3)." The length is 
invariant, |s| = |S|, and in addition, the trace of matrix is invariant: 


E11 + E22 + E33 = €11 + €22 + €33 
= vı + 2v2 + 3v3 := div v. (1.24) 


In the principal frame, we have 


V ©) = (Eu S1, E2282, E3393), (1.25) 


TOne may write the transformation as s = AS and 6v “® = ASV “°, where A is a 
3 x 3 transformation matrix. Then, substituting these into (1.22): dv ‘8) = es, 
one obtains 6V“) = A -'eAS = ES (where E = AeA), which corre- 
sponds to (1.23). Every orthogonal transformation makes the length invariant 
by definition, ie. |s|? = 838; = AjrS, AuS) = AT, Au SkSl = SkSk = IS|?, 
where A” is the transpose of A. Namely, the orthogonal transformation is defined 
by ATA = AAT = I = (ik) (a unit matrix). Hence, A7 = A7'. There 
exists an orthogonal transformation A which makes A~'eA diagonal. We have 
Tr{A7'eA} = Tr{A7eA} = Ajiejr Ari = Ojk ejk = Tr{e}. 
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(s) 


portional to the displacement S; in the respective axis. This motion 


namely, the velocity component V;`” of the symmetric part is pro- 


ôv (°) is termed the pure straining motion, and the symmetric ten- 
sor eik is termed the rate-of-strain tensor. The trace div v gives the 
relative rate of volume change (see Problem 1.2). 


1.4.3. Anti-symmetric part (local rotation) 


The anti-symmetric part is written as 


0 =g 913 1 0 —w3 we 
(gij) = g21 0 -92 | =3 w3 0 =w 
—913 932 0 —w2 w, 0 


(1.26) 
where we set w1 = 2932, W2 = 2g13, w3 = 2g21. In this way, a vector 
w = (w1, w2, w3) is introduced. Using the original definition, we have 


w = (3203 = 0302, 03041 = O1v3, Ove = O21). (1.27) 


This is nothing but the curl of the vector v defined by (A.14) in 
Appendix A.3, and denoted by 


w = curlv = V X v, Wi = €ijrOjUk- (1.28) 


The above relation (1.26) between g and w suggests the following®: 


1 
Jij = ~ 5 Sisk Wk. (1.29) 


Now, from (1.21) and (1.29), the anti-symmetric part is 


5 la) o 1 O 1 
U; = Gig $j = ~ 5 fuk WES 5 = Eikj gak Sj. 


In the vector notation, using (A.12), this is written as 


v © = w xs. (1.30) 


’For the definition of Eijk, See Appendix A.1. For example, we have giz = 
—$ (E1210 + €122W2 + €123W3) = — Fw. 
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This component of relative velocity describes a rotation of the angu- 
lar velocity iw. Although w depends on x, it is independent of the 
displacement vector s. Namely, every point s in the neighborhood of 
x rotates with the same angular velocity. Thus, it is found that dv 
represents local rigid-body rotation. 

In summary, it is found that the local relative velocity ôv con- 
sists of a pure straining motion ôv ©) and a local rigid-body rotation 
dv (), 


1.5. Problems 


Problem 1.1 Pattern of ink-drift 


Suppose that some amount of water is contained in a vessel, and 
the water is set in motion and its horizontal surface is in smooth 
motion. Let a liquid-drop of Chinese ink be placed quietly on the 
flat horizontal surface maintaining a flow with some eddies. The ink 
covers a certain compact area of the surface. 

After a while, some ink pattern will be observed. If a sheet of 
plain paper (for calligraphy) is placed quietly on the free surface of 
the water, a pattern will be printed on the paper, which is called 
the ink-drift printing (Fig. 1.5). This pattern is a snap-shot at an 
instant and consists of a number of curves. What sort of lines are the 
curves printed on the paper? Are they stream-lines, particle-paths or 
streak-lines, or other kind of lines? 


Problem 1.2 Divergence operator div 


Consider a small volume of fluid of a rectangular parallelepiped in a 
flow field of fluid velocity v = (vz, vy, vz). The fluid volume V changes 
under the straining motion. Show that the time-rate of change of 
volume V per unit volume is given by the following, 





1dV _ avy — Ove Ovy Ov, 


er : 1.31 
V dt Ox Oy Oz (Let) 
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Fig. 1.5. Ink-drift printing. 


Problem 1.3 Acceleration of a fluid particle 


Given the velocity field v(x,t) with x = (x,y,z) and v = (u,v, w). 
Show that the velocity and acceleration of a fluid particle are given 
by the following expressions: 


D 
prx =V (Sec. 12.6.2) (1.32) 
D 

Z v = ðv + (v V)v. (1.33) 


Dt 


Chapter 2 


Fluids 


2.1. Continuum and transport phenomena 


The motion of a fluid is studied on the basis of the fundamental prin- 
ciple of mechanics, namely the conservation laws of mass, momentum 
and energy. For a state of matter to which the continuum hypothesis 
(Sec. 1.2) can be applied, macroscopic motions of the matter (a fluid) 
are less sensitive to whether the structure of matter is discrete or 
continuous. In the continuum representation of fluids, the effect of 
actual discrete molecular motion is taken into account as transport 
phenomena such as diffusion, viscosity and thermal conductivity in 
equations of motion. In fluid mechanics, all variables, such as mass 
density, momentum, energy and thermodynamic variables (pressure, 
temperature, entropy, enthalpy, or internal energy, etc.), are regarded 
as continuous and differentiable functions of position and time. 
Equilibrium in a material is represented by the property that the 
thermodynamic state-variables take uniform values at all points of 
the material. In this situation, each part of the material is assumed 
to be in equilibrium mechanically and thermodynamically with the 
surrounding medium. However, in most circumstances where real flu- 
ids are exposed, the fluids are hardly in equilibrium, but state vari- 
ables vary from point to point. When the state variables are not 
uniform, there occurs exchange of physical quantities dynamically 
and thermodynamically. Usually when external forcing is absent, the 
matter is brought to an equilibrium in most circumstances by the 
exchange. This is considered to be due to the molecular structure or 
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due to random interacting motion of uncountably many molecules. 
The entropy law is a typical one in this regard. 

For conservative quantities, the exchange of variables make per- 
fect sense. Because, with conservative variables, it is possible to con- 
nect the decrease of some quantity at a point to the increase of the 
same quantity at another point, and the exchange is understood as 
the transfer. This type of exchange is called the transfer phenomenon, 
or transport phenomenon. Therefore, corresponding to the three con- 
servation laws mentioned above, we have three transfer phenomena: 
mass diffusion, momentum diffusion and thermal diffusion. 


2.2. Mass diffusion in a fluid mixture 


Diffusion in a fluid mixture occurs when composition varies with posi- 
tion. Suppose that the concentration of one constituent @ of matter 
is denoted by C which is the mass proportion of the component with 
respect to the total mass p in a unit volume. Hence, the mass den- 
sity of the component is given by pC, and C is assumed to be a 
differentiable function of point x and time t: C(x, t). 

Within the mixture, we choose an arbitrary surface element ôA 
with its unit normal n. Diffusion of the component ( through the 
surface 6A occurs from one side to the other and vice versa. However, 
owing to the nonuniformity of the distribution C(x), there is a net 
transfer as a balance of the two counter fluxes (Fig. 2.1). Let us 
write the net transfer through 6A(n) toward the direction n per unit 
time as 


q(x) -ndA(n), (2.1) 


C (21) C (x9) 


Fig. 2.1. Two counter fluxes. 
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assuming that it is proportional to the area 6A, and a vector q can 
be defined at each point x, where q is called the diffusion fluc. 

From the above consideration, the diffusion flux q will be related 
to the concentration C’. Since the flux q should be zero if the concen- 
tration is uniform, q would depend on the concentration gradient or 
derivatives of C. Provided that the concentration gradient is small, 
the flux q would depend on the gradient linearly with the propor- 
tional constant kç as follows: 


q® = -ko grad C = —keo (xC, dyC, O2C), (2.2) 


where kc is the coefficient of mass diffusion. This is regarded as 
a mathematical assumption that higher-order terms are negligible 
when the flux is represented by a Taylor series with respect to deriva- 
tives of C. From the aspect of molecular motion, a macroscopic scale 
is much larger than the microscopic intermolecular distance, so that 
the concentration gradient in usual macroscopic problems would be 
very small from the view point of the molecular structure. The above 
expression (2.2) is valid in an isotropic material. In an anisotropic 
medium, the coefficient should be a tensor kij, rather than a scalar 
constant kc. The coefficient kc is positive usually, and the diffusion 
flux is directed from the points of larger C to those of smaller C, 
resulting in attenuation of the degree of C nonuniformity. 

Next, in order to derive an equation governing C’, we choose an 
arbitrary volume V bounded by a closed surface A in a fluid mixture 
at rest (Fig. 2.2), and observe the volume V with respect to the frame 
of the center of mass. So that, there is no macroscopic motion. The 
total mass of the component ( in the volume V is Mg = te pC dV 
by the definition of C. Some of this component will move out of V 


A 


Fig. 2.2. An arbitrary volume V. 
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by the diffusion flux q through the bounding surface A, the total 
amount of outward diffusion is given by 


ga? -nda=- È kcn - grad C dA, 
A A 


where n is unit outward normal to the surface element dA. This 
outward flux gives the rate of decrease of the mass Mg (per unit 
time). Hence we have the equation for the rate of increase of Mg: 


d ð 
= dv= | 2(pC)dv=¢ kon-VCdA 
ghee [xe ) cn ; 


where the time derivative is placed within the integral sign since 
the volume element dV is fixed in space, and grad is replaced by V. 
Applying the Gauss’s theorem (see Sec. 3.1 and Appendix A.6) trans- 
forming the surface integral into a volume integral, we obtain 


f Zoo) = div(keVC)| Ave: 

vy (Ot 

Since this relation is valid for any volume V, the integrand must 
vanish identically. Thus we obtain 


£ (00) = div(kc VC). (2.3) 


In a fluid at rest in equilibrium, no net translation of mass is pos- 
sible. Therefore, the total mass p in unit volume is kept constant.! 
Moreover, the diffusion coefficient kc is assumed to be constant. In 
this case, the above equation reduces to 


OC ko 
— =A\cAC, Ac=— 2.4 
Ot C 7 C p 3 ( ) 
where A is the Laplacian operator, 
oO? o? 3? 


eo 2s rg Sn Sar 
ie VS a r 


'When the diffusing component is only a small fraction of total mass, the density p 
may be regarded as constant even when the frame is not of the center of mass. 
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Equation (2.4) is the diffusion equation, and Ac is the diffusion 
coefficient. 


2.3. Thermal diffusion 


Transport of the molecular random kinetic energy (i.e. the heat 
energy) is called heat transfer. A molecule in a gas carries its own 
kinetic energy. The average kinetic energy of molecular random 
velocities is the thermal energy, which defines the temperature T 
(Sec. 1.2). 

Choosing an imaginary surface element ĝA in a gas, we consider 
such molecules moving from one side to the other, and those vice 
versa. If the temperatures on both sides are equal, then the transfer 
of thermal energy (from one side to the other) cancels out with the 
counter transfer, and there is no net heat transfer. However, if the 
temperature T depends on position x, obviously there is a net heat 
transfer. The flow of heat through the surface element 6A will be 
written in the form (2.1), where the vector q is now called the heat 
flux. In liquids or solids, heat transport is caused by collision or 
interaction between neighboring molecules. 

Analogously with the mass diffusion, the heat flux will be repre- 
sented in terms of the temperature gradient as 


q = —k grad T, (2.5) 


where k is termed the thermal conductivity. The second law of ther- 
modynamics (for the entropy) implies that the coefficient k should 
be positive (see Sec. 4.2). 

The equation corresponding to (2.3) is written as 


OT 
Cyp— = div(kVT 

PUp Ot ( Ja 
since the increase of heat energy is given by pC, AT for a temperature 
increase AT’, where Cy, is the specific heat per unit mass at constant 
pressure. 
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Corresponding to (2.4), the equation of thermal conduction is 
given by 
OT 


k 
— = AT ee 2: 
at AT , AT Pep’ ( 6) 


in a fluid at rest, where Ar is the thermal diffusivity. Equation (2.6) 
is also called the Fourier’s equation of thermal conduction. 


2.4. Momentum transfer 


Transfer of molecular momentum emerges as an internal friction. A 
fluid with such an internal friction is said to be viscous. The momen- 
tum transfer is caused by molecules carrying their momenta, or by 
interacting force between molecules. The concentration and temper- 
ature considered above were scalars, however momentum is a vector. 
This requires some modification in the formulation of momentum 
transfer. 

Macroscopic velocity v of a fluid at a point x in space is defined 
by the velocity of the center of mass of a fluid particle located at x 
instantaneously. Constituent molecules in the fluid particle are mov- 
ing randomly with velocities Ug (Sec. 1.2). Let us consider the trans- 
port of the ith component of momentum. Instead of the expression 
(2.1), the ith momentum transfer through a surface element 6A(n) 
from the side I (to which the normal n is directed) to the other II is 
defined (Fig. 2.3) as 


ij Nj dA(n), (2.7) 
I (n) 
qij nj ÔA Ke 
af — —_ — 
ôA 


Fig. 2.3. Momentum transfer through a surface element 6A(n). 
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where qijnj = Sa qij nj. The tensor quantity qij represents the 
ith component of momentum passing per unit time through a unit 
area normal to the jth axis. The dimension of qij is equivalent to 
that of force per unit area, and such a quantity is termed a stress 
tensor. The stress associated with nonuniform velocity field v(x) is 
characterized by a tangential force-component to the surface element 
considered, and called the viscous stress. It can be verified that the 
stress tensor must be symmetric (Problem 2.3): 


qij = fji- 


Concerning the momentum transfer, there is another significant 
difference from the previous cases of the transfer of concentration 
or temperature. Suppose that the fluid is at rest and is in both 
mechanical and thermodynamical equilibrium. Hence, variables are 
distributed uniformly in space. Let us pay attention to a neighbor- 
hood on one side of a surface element 6A(n) where the normal vector 
n is directed. In the case of heat, the heat flux escaping out of 6A is 
balanced with the flux coming in through ôA, resulting in vanishing 
net flux in the equilibrium. How about in the case of momentum? 
The negative momentum (because it is anti-parallel to n) escaping 
from from the side I out of 6A would be expressed as “vanishing of 
negative momentum” Q, while the positive momentum coming into 
the side I through 6A would be expressed as “emerging of positive 
momentum” P which is a contraposition of the previous statement. 
Hence, both are same and we have twice the positive momentum 
gain P (stress). However, on the other side of the surface 6A, the 
situation is reversed and we have twice the loss of P. Thus, both 
stresses counter balance. This is recognized as the pressure. 

In a fluid at rest, the momentum transfer is given by 


dig = —Põij, hence qjnj = —pni, (218) 


(see Eq. (4.1)), where ĝi; is the Kronecker’s delta and the minus 
sign is due to the definition of q;; (see the footnote to Sec. 4.1 and 
Appendix A.1 for 6;;). In a uniform fluid, the pressure is always 
normal to the surface chosen (Fig. 2.4). Total pressure force acting 
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n 


AA / 


—pnAA 


Fig. 2.4. Pressure stress. 


on a fluid particle is given by 
-$ pnidA, (2.9) 
Sp 


where Sp denotes the surface of a small fluid particle. 

In the transport phenomena considered above such as diffusion of 
mass, heat or momentum, the net transfers are in the direction of 
diminishing nonuniformity (Sec. 4.2). The coefficients of diffusivity, 
thermal conductivity and viscosity in the representation of fluxes are 
called the transport coefficients. 


2.5. An ideal fluid and Newtonian viscous fluid 


The flow of a viscous fluid along a smooth solid wall at rest is char- 
acterized by the property that the velocity vanishes at the wall sur- 
face. If the velocity far from the wall is large enough, the profile of 
the tangential velocity distribution perpendicular to the surface has 
a characteristic form of a thin layer, termed as a boundary layer. 
Suppose there is a parallel flow along a flat plate with the velocity 
far from it being U in the x direction, the y axis being taken perpen- 
dicular to the plate, and the flow velocity is represented by (u(y), 0) 
in the (x,y) cartesian coordinate frame. The flow field represented 
as (u(y),0) is called a parallel shear flow. Owing to this shear flow, 
the plate is acted on by a friction force due to the flow. If the friction 
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force per unit area of the plate is represented as 


du 


= 2.10 
alo Fr Er, (2.10) 


where pz is the coefficient of shear viscosity, this is called the Newton’s 
law of viscous friction (see Problem 2.1). 

This law can be extended to the law on an internal imaginary 
surface of the flow. Consider an internal surface element B perpen- 
dicular to the y-axis located at an arbitrary y position (Fig. 2.5). 
The unit normal to the surface B is in the positive y direction. The 
internal friction force on B from the upper to lower side has only the 
x-component. If the friction a) per unit area is written as 


os) = —uly), (= qzy), (2.11) 


then the fluid is called the Newtonian fluid. The friction o) per unit 
area is called the viscous stress, in particular, called the shear stress 
for the present shear flow, and it corresponds to qzy of (2.7). The 
stress is also termed as a surface force. The pressure force given by 
(2.7) and (2.8) in the previous section is another surface force. The 
pressure stress has only the normal component to the surface 6 A(n), 
whereas the viscous stress has a tangential component and a normal 
component (in general compressible case). 

One can consider an idealized fluid in which the shear viscosity 
vanishes everywhere. Such a fluid is called an inviscid fluid, or an ideal 
fluid. In the flow of an inviscid fluid, the velocity adjacent to the solid 
wall does not vanish in general, and the fluid has nonzero tangential 





Fig. 2.5. Momentum transfer through an internal surface B. 
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slip-velocity at the wall. On the other hand, the flow velocity of a 
viscous fluid vanishes at the solid wall. This is termed as no-slip. 

Thus, the boundary conditions of the velocity v on the surface 
of a body at rest are summarized as follows: 


Viscous fluid: v = 0 (no-slip), (2.12) 


Inviscid fluid: nonzero tangential velocity (slip-flow). (2.13) 


The inviscid fluid is often called an ideal fluid (or sometimes a perfect 
fluid), in which the surface force has only normal component. 

In this textbook, the ideal fluid denotes a fluid characterized by 
the property that all transport coefficients of viscosity and thermal 
conductivity vanish. Since all the transport coefficients vanish, macro- 
scopic flows of an ideal fluid is separated from the microscopic irre- 
versible dissipative effect arising from atomic thermal motion. 


2.6. Viscous stress 
For a Newtonian fluid, the viscous stress is given in general by 
o\) = 2uDij + ÇDõij, (2.14) 
where u and Ç are coefficients of viscosity, and 
Dij := eig — $ Dög = Z (ivj + jui) — (Okon) dig (215) 
D := Opvp = ekk = div v. (2.16) 


The tensor Dj; is readily shown to be traceless. In fact, Di = eii — 
i Dôi = D— iD -3 = 0 since 6;; = 3 . It may be said that Dj; is a 
deformation tensor associated with a straining motion which keeps 
the volume unchanged. The expression (2.14) of the viscous stress 
can be derived from a general linear relation between the stress a 
and the rate-of-strain tensor e;; for an isotropic fluid, in which the 
number of independent scalar coefficients is only two — pu and ¢ (see 
Problem 2.4). 
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Substituting the definitions of D;,; and e;; of (1.18), the Newtonian 
viscous stress is given by 


ol”) = px (Ojv; + Ojv; — (2/3) Ddij) + (Db, (2.17) 


where the coefficient js is termed the coefficient of shear viscosity, 
while ¢ the bulk viscosity (or the second viscosity). 

If the surface 6A(n) is inclined with its normal n = (ng, ny, nz), 
the viscous force p” acting on 6A(n) at x from side I (to which the 
normal n is directed) to II is given by 


FO SA(n) = 0 nj5A(n). (2.18) 
For each component, we have 


FO = ong + ok ay +o nz, 


FO) = olny + ol) Ny + ol) Tek 


Fe) = g@) ng + ol) ny +o naz. 


Example 1. Parallel shear flow. Let us consider a parallel shear flow 
with velocity v = (u(y),0,0). We immediately obtain D = divv = 
ðu/ðx = 0. Moreover, all the components of the tensors Dj; vanish 
except Dry = Dyz = sul (y). Therefore, the viscous stress reduces to 


of’) = uly) =o, 
which is equivalent to the expression (2.11). Thus, it is seen that 
the expression (2.14) or (2.17) gives a generalization of the viscous 
stress of the Newtonian fluid. Non-Newtonian fluid is one in which 
the stress is not expressed in this form, sometimes it is nonlinear with 
respect to the strain tensor e;;, or sometimes it includes elasticity. 
Example 2. Uniform rotation. The viscous stress a 
tically in the uniform rotation where the vorticity is uniform. The 


vanishes iden- 
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uniform rotation is represented by 
w = V x v = (Q1, Q2, Q3) = [a constant vector]. (2.19) 


Corresponding velocity v = (v;) is given by 


1 1 
Vj = 5 Esl Im = 3 (Q x x)j. 


Differentiating this with respect to x; we obtain Ojvj = 
5 Ejlm QU Omi = 5 Eijl Qı. Similarly, we have jv; = 5 jit Q1- Hence, 


we have 
1 
Oj; + ðjvi = 5 (Eiji + Esa) Q =0 (2.20) 
by the anti-symmetric property £j = —£ijı- Furthermore, this means 
n 1 
D = div v = OnvE = 3 Ekkl Q = 0. (2.21) 


Using (2.20) and (2.21), it is found that the viscous stress of”) of 
(2.17) vanishes identically in the motion of uniform rotation w = 


a constant vector. 


2.7. Problems 


Problem 2.1 Viscous friction 


Suppose that a Poiseuille flow of a Newtonian viscous fluid (with 
shear viscosity u) is maintained in a channel between two parallel 
walls under a pressure gradient in x direction, where the walls are 
located at y = 0 and y = d in the (x,y) plane [Fig. 2.6(a)]. The fluid 
velocity is represented by the form (u(y),0), where 


uly) = uld—y), (2.22) 


with the maximum velocity U (see Sec. 4.6.1) at the center line y = 
d/2. Determine the viscous friction force F per unit distance along 
the channel. 


2.7. Problems 29 


d Ty 


T (temperature) 











di (horizontal) 


(a) (b) 


Fig. 2.6. (a) Velocity distribution u(y); (b) Temperature distribution T(z). 


Problem 2.2 Steady thermal conduction 


Suppose that a horizontal fluid layer of thickness d is at rest between 
two horizontal walls and that the temperatures of the lower and 
upper walls are maintained at T; and T2, respectively, where Ty > 7}, 
and that the z axis is taken in the vertical direction with the lower 
wall at z = 0 [Fig. 2.6(b)]. Find the equation governing the steady 
temperature distribution T(z), and determine the temperature T(z) 
by solving the equation, which is given as 

Zz 


T(z) = Ti + (To = Tı) q (2.23) 


(The problem of steady thermal conduction will be considered in 
Sec. 9.4.2 again.) 


Problem 2.3 Initial value problem of diffusion equation 


An initial value problem of a function u(x,t) for an infinite range of 
a space coordinate x (—oo < x < 00) is posed as follows: 


ðu = rO2u (t > 0), (2.24) 
ult=0 = Uo(Z), 2.25) 


where A is a constant diffusion coefficient. Show that the following 
solves the above initial value problem: 


ies = / i nOs -E dé. (2.26) 
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Problem 2.4 Symmetry of stress tensor 


Suppose that a stress tensor oj; is acting on the surface of an infinites- 
imal cubic volume of side a (with its edges parallel to the axes x, y, z) 
in a fluid of density p. Considering the balance equation of angular 
momentum for the cube and taking the limit as a — 0, verify that 
the stress tensor must be symmetric: 


Tij = Oji. 


Problem 2.5 Stress and strain 


Consider a flow field v(x) of an isotropic viscous fluid, and suppose 
(v) 


that there is a general linear relation between the viscous stress o; j 


and the rate-of-strain tensor egg: 


a = Åijkl ekl- 
where ex; is defined by (1.18). In an isotropic fluid, the coefficients 
Ajjxi of the fourth-order tensor are represented in terms of isotropic 


tensors (see (2.8)), which are given as follows: 
Aijkl = Q ijôkl + b 5in551 + COi1d;k, (2.27) 


where a, b, c are constants. Using this form and the symmetry of 
the stress tensor (Problem 2.3), derive the expression (2.14) for the 


: (v), 
viscous stress ojj : 


Chapter 3 


Fundamental equations 
of ideal fluids 


Fluid flows are represented by fields such as the velocity field v(x, t), 
pressure field p(x, t), density field p(x, t), temperature field T(x, t), 
and so on. The field variables denote their values at a point x and at 
a time t. The position vector x is represented by (x,y,z), or equiva- 
lently (x1, £2, £3) in the cartesian frame of reference. Fluid particles 
move about in the space with a velocity dx/dt = v(x, t). 

Flow field evolves with time according to fundamental conserva- 
tion laws of physics. There are three kinds of conservation laws of 
mechancis, which are conservation of mass, momentum and energy.' 
In fluid mechanics, these conservation laws are represented in terms 
of field variables such as v, p, p, etc. Since the field variables depend 
on (x,y,z) and t, the governing equations are of the form of partial 
differential equations. 


'The conservation laws in mechanics result from the fundamental homogeneity 
and isotropy of space and time. From the homogeneity of time in the Lagrangian 
function of a closed system, the conservation of energy is derived. From the homo- 
geneity of space, the conservation of momentum is derived. Conservation of angu- 
lar momentum (which is not discussed in this chapter) results from isotropy 
of space. Conservation of mass results from the invariance of the relativistic 
Lagrangian in the Newtonian limit (Appendix F.1). See Chap. 12, or [LL75], 
[LL76]. 
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3.1. Mass conservation 


The law of mass conservation is represented by the following Euler’s 
equation of continuity, which reads 
Op , Apu) _ Apv) , Apw) 
—— + —— =0 3.1 
ae oe con oe (31) 
where p is the fluid density and v(x, t) = (u,v, w) the velocity. Using 
the differential operator div of the vector analysis, this is written as 





sp + div(pv) = 0, (3.2) 


and derived in the following way. 

Take a certain volume Vo fixed in space arbitrarily (Fig. 3.1), and 
choose a volume element dV within Vo. Fluid mass in the volume dV 
is given by pdV, and the total mass is its integral over the volume Vo, 


Molt) = I pdV. (3.3) 


The fluid density p depends on t, and in addition, the fluid itself 
moves around with velocity v. Therefore, the total mass Mo varies 
with time t, and its rate of change is given by 


Op 
— paV = | dV, 3.4 
T Molt) =o oa 7 ee) 


where the partial differential operator 0/0t is used on the right-hand 
side. Since we are considering fixed volume elements dV in space, the 
time deriative 0; [ pdV can be replaced by f{(Qp)dV. 





Fig. 3.1. Volume Vo. 


3.1. Mass conservation 33 


The change of total mass Mog is caused by inflow or outflow of 
fluid through surface Ag bounding Vo. The amount of fluid flowing 
through a surface element dA with the unit normal n is given by 


pu,dA = pv -ndA, 


where vy, is the normal component of the velocity? and v,dA denotes 
the volume of fluid passing through dA per unit time (Fig. 3.2). The 
normal n is taken to be directed outward from Vo, so that pu,dA 
denotes the mass of fluid flowing out of the volume Vo per unit time. 
Total out-flow of the fluid mass per unit time is 


f PUpdA -$ pv- ndA -$ puknkdA. 
Ao Ao Ao 


This integral over the closed surface Ag is transformed into a 


volume integral by Gauss’s divergence theorem?: 
o 
f pvknkdA = — (pup) dV = | div(pv)dV, (3.5) 
Ao Vo Ok Vo 


where the div operator is defined by (1.31). This gives the rate of 
decrease of total mass in Vo, that is equal to —dMo/dt. Thus, on 


. SS 


VAs 
IX 
dA 


Fig. 3.2. Mass flux through dA. 


Pun = v- n = venk = |v||n|cos0, where |n| = 1 and @ is the angle between v 


and n. 

°The rule for transforming the surface integral into a volume integral with the 
bounding surface is as follows: the term ng dA in the surface integral is replaced 
by the volume element dV and the differential operator 0/Ox, acting on the 
remaining factor in the integrand of the surface integral. 
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addition of the two terms, the right-hand sides of (3.4) and (3.5), 
must vanish: 


/ Or ay + [| div(pv)dV = i. 2 + aiv(ov)| dV =0. (3.6) 


This is an identity and must hold for any choice of volume Vo 
within the fluid. Hence, the integrand inside | ] must vanish point- 
wise. Thus, we obtain the equation of continuity (3.2), which is also 
written as 


ð ð 
aet Bix (pur) = 0. (3.7) 
The second term of (3.7) is decomposed as 


o . 

a (puk) = vkðkp + põkvk = (v-V)p + pdivvy, 
where ôk = O/Oxx. Using the Lagrange derivative D/Dt of (1.13), 
the continuity equation (3.7) is rewritten as 

D 

> + pdivv =0. (3.8) 
Notes: (i) If the density of each fluid particle is invariant during the 
motion, then Dp/Dt = 0. In this case, the fluid is called incompress- 
ible. If the fluid is incompressible, we have 


div v = ru + Oyv + bzw = 0. (3.9) 


This is valid even when p is not uniformly constant. 
(ii) Uniform density: The same equation (3.9) is also obtained 
from (3.2) by setting p to be a constant. 

Thus, Eq. (3.9) implies both cases (i) and (ii). 


“Otherwise, the integral does not always vanish, e.g. when choosing Vo where the 
integrand [ ] is not zero. 
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3.2. Conservation form 


It would be instructive to remark a general characteristic feature of 
Eq. (3.7). Namely, it has the following structure: 


o o 


Z D+ (E), =Q (3.10) 


where D is a density of some physical field and (F), is the kth com- 
ponent of corresponding flux F, and Q is a source generating the 
field D (Fig. 3.3). If D is the mass density p and (F), is the mass 
flux puz passing through a unit surface per unit time (and there is no 
mass source Q = 0), then Eq. (3.10) reduces to the continuity equa- 
tion (3.7). The equation of the form (3.10) is called the conservation 
form, in general. 


3.3. Momentum conservation 


The conservation of momentum is the fundamental law of mechan- 
ics. This conservation law results from the homogeneity of space 
with respect to the Lagrangian function in Newtonian mechanics. 
However, we write down firstly the equation of motion for a fluid 
particle of mass pdV in the form, (pdV)(acceleration) = (force).° 


D (density) 
(F),, (flux), > CY tan 


Fig. 3.3. Conservation form. 


Q (source) 


°This relation is the Newton equation of motion itself for a point mass (a discrete 
object). Fundamental equations and conservation equations for continuous fields 
is the subject of Chapter 12 (gauge principle for flows of ideal fluids). 
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Thereafter, it will be shown that this is equivalent to the conserva- 
tion of momentum. 


3.3.1. Equation of motion 


In an ideal fluid, the surface force is only the pressure (2.8) or (2.9) 
(there is no viscous stress). Choosing a volume Vo as before and 
denoting its bounding surface by Ao, the total pressure force on Ag 
is given by 





— f pnidA = — I 8 pdV = — | (grad p);dV, (3.11) 
Ao Vo Ox; Vo 

where the middle portion is obtained by applying the rule described 

in the footnote in Sec. 3.1. By this extended Gauss theorem, the sur- 

face integral is transformed to the volume integral. It is remarkable 

to find that the force on a small fluid particle of volume ôV is given 

by the pressure gradient, 


—grad p dV = —(dzp, Oyp, Ozp) OV. 


In addition to the surface force just given, there is usually a volume 
force which is proportional to the mass pdV. Let us write this as 
(pdV) f, which is often called an external force. A typical example is 
the gravity force, (pdV) g with g as the acceleration of gravity. 

Once the velocity field v(x, t) is given, the acceleration of the fluid 
particle is written as Dv/Dt (see (1.33)). The Newton equation of 
motion for a fluid particle is written as 


(pdV) mY = —grad pdV + (pdV) f. (3.12) 


Dividing this by péV and using the expression given in (1.33), we 
obtain 


1 
ðv + (v: V)v= ae ee (3.13) 
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This is called Euler’s equation of motion.® The second term 
(v-V)v on the left-hand side is also written as (v - grad)v. This 
is of the second order with respect to the velocity vector v, and 
often called a nonlinear term, or advection term. The nonlinearity is 
responsible for complex behaviors of flows. This term is also called an 
inertia term (however, the term 0;v is related to fluid inertia as well). 

In the component representation, the ith component of the 
equation is 


1 
Ovi + VkOkVi = =F Op + fi. (3.14) 


If the external force is the uniform gravity represented by f = 
(0,0, —g) where the acceleration of gravity g is constant and directed 
towards the negative z axis, each component is written down as 
follows: 


Oyu + ud,u + vOyu + wO,u = —pdzp, 
Op + UOzv + VOyv + WOzV = —p~'dyp, (3.15) 
Ow + ud,w + vdyw + w0,w = —p~10zp — g. 


Euler’s equation of motion is given another form. To see it, the fol- 
lowing vector identity (A.21) is useful: 


TUT ew v(5’) = Gary (3.16) 


The paper of Leonhard Euler (1707-1783) was published in the proceedings of 
the Royal Academy Prussia (1757) in Berlin with the title, Principes généraux du 
mouvement des fluides (General principles of the motions of fluids). The form of 
equation Euler actually wrote down is that using components such as (3.15) (with 
x, y components of external force), determined from the principles of mechanics 
(as carried out in the main text). Before that, he showed in the same paper the 
equation of continuity exactly of the form (3.1). The equation of continuity had 
been derived in his earlier paper (Principles of the motions of fluids, 1752) by 
assuming that continuity of the fluid is never interrupted. It is rather surprising 
to find that not only Euler (1757) derived an integral for potential flows of the 
form (5.29) of Chap. 5, but also the z-component of the vorticity equation (3.32) of 
Sec. 3.4.1 was derived in 1752. Thus, Euler presented an essential part of modern 
fluid dynamics of ideal fluids. However, his contribution should be regarded as one 
step toward the end of a long process, carried out by Bernoulli family, d’Alembert, 
Lagrange, etc. in the 18th century [Dar05]. 
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Eliminating the advection term (v - V)v in (3.13) with the help 
of (3.16) and introducing the definition w := V x v called the vor- 
ticity, the equation of motion (3.13) is rewritten as 


v? 1 
OTN ae Vira YDER (3.17) 
p 


Consider a particular case when the density is uniform, i.e. 
p = po (constant), and that the external force has a potential x, 


ie. f = —Vyx. Then the above equation reduces to 
v? 1 
OvV+wxv=-Vl—+—pt+ x}. (3.18) 
2 P 


The gravity potential of uniform acceleration g is given by 


X = 9z. (3.19) 


3.3.2. Momentum flux 


Euler’s equation of motion just derived represents the conservation 
of momentum. In fact, consider the momentum included in the vol- 
ume element ôV, which is given by (pôV)v. Therefore, pv is the 
momentum in a unit volume, namely the momentum density. Its 
time derivative is 


(pvi) = (Opp) v; + POLV;. 


The two time derivatives p and ôv; can be eliminated by using 
(3.7) and (3.14), and we obtain 


(pvi) = —3k(PVk)Vi — pVrðkvi — ip + pfi 
= —Oz,(puRV;) = ip + pfi (3.20) 
The pressure gradient term on the right-hand side is rewritten as 
ip = Ok (Põik), 


by using Kronecker’s delta 6;; (A.1). Substituting this and rearrang- 
ing (3.20), we obtain 


(pvi) + OnPik = pfi; (3.21) 
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where the tensor P;, is defined by 
Pip = pvjur + poze. (3.22) 


Equation (3.21) represents the conservation of momentum, which 
is seen to have the form of Eq. (3.10). The quantity pv; is the ith 
component of the momentum density (vector), while Pig denotes the 
momentum flux (tensor).’ The difference from the previous equation 
of mass conservation is that there is a source term pf; on the right- 
hand side. This is natural because the external force is a source of 
momentum in the true meaning. 

Why is the term on the right-hand side of (3.21) a source (produc- 
tion) of momentum will become clearer, if we integrate the equation 
over a volume Vo. In fact, we have 


= | pvid V + SPa = | pfidV. 
ot Vo Vo Ox, Vo 


The second integral term on the left-hand side can be transformed to 
a surface integral by using the rule of the Gauss theorem, i.e. replace 
On(X) dV with XngdA. Moving this term to the right-hand side, we 
obtain 


=| pvid V = -f Pandas | pfidV. (3.23) 
ot Vo Ao Vo 


This is interpreted as follows. The left-hand side denotes the rate 
of change of total momentum included in volume Vo, whereas the 
first integral on the right-hand side represents the momentum flow- 
ing out of the bounding surface Ap per unit time, and the second 
integral is the total force acting on Vo which is nothing but the rate 
of production of momentum per unit time in mechanics. Thus, the 
Euler equation of motion represents the momentum conservation in 
conjunction with the continuity equation. 


“The mass density was a scalar, whereas the momentum density is a vector. 
Correspondingly, the flux P;, is a second-order tensor. 
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An important point brought to light is the following expression, 
Piknkd A = pvivknkd A + pôiknkdA, (3.24) 


where (3.22) is used. This represents the ith component of total 
momentum flux passing through the surface element dA. The first 
term is the macroscopic momentum flux, whereas the second rep- 
resents a microscopic momentum flux. In Sec. 1.2 we saw that the 
microscopic momentum flux gives the expression for pressure of an 
ideal gas. 


3.4. Energy conservation 


The conservation of energy is a fundamental law of physics. An ideal 
fluid is characterized by the absence of viscosity and thermal dif- 
fusivity. Because of this property, the motion of a fluid particle is 
adiabatic. It will be shown that this is consistent with the conserva- 
tion of energy. 


3.4.1. Adiabatic motion 


In an ideal fluid, there is neither heat generation by viscosity nor heat 
exchange between neighboring fluid particles. Therefore the motion 
of an ideal fluid is adiabatic, and the entropy of each fluid particle 
is invariant during its motion. Denoting the entropy per unit mass 
by s, the adiabatic motion of a fluid particle is described as 


D 
D Os + (v-V)s =0. (3.25) 


It is said, the motion is isentropic. This equation is transformed to 
O:(ps) + div(psv) = 0, (3.26) 


by using the continuity equation (3.2). If the entropy value was 
uniform initially, the value is invariant thereafter. This is called a 
homentropic flow. Then the equations will be simplified. 

Denoting the internal energy and enthalpy per unit mass by e 
and h, respectively and the specific volume by V = 1/p, we have a 
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thermodynamic relation h = e + pV. For an infinitesimal change of 
state, two thermodynamic relations are written down as 


de = Tds — pdV = Tds + (p/p°) dp, (3.27) 
dh = Tds + Vdp = Tds + (1/p) dp, (3.28) 


[LL80, Chap. 2], where T is the temperature. 
For a homentropic fluid motion, we have ds = 0, and therefore 
dh = dp/p. Thus, we obtain 


(1/p) grad p = grad h. 


Substituting this into (3.13) and assuming the external force is con- 
servative, i.e. f = —grad x, we obtain 


ôv + (v - V)v = —grad h — grad x. (3.29) 


Equation (3.17) reduces to 
y2 
ðv +w x v= -eraa ($ thx). (3.30) 


This is valid for compressible flows, while Eq. (3.18) is restricted to 
the case of p = const. Taking the curl of this equation, the right-hand 
side vanishes due to (A.25) of Appendix A.5, and we obtain 


Ow + curl(w xv) =0, w=curlv. (3.31) 


Thus, we have obtained an equation for the vorticity w, which 
includes only v since w = curlv (p and other variables are elim- 
inated). In this equation, the entropy s is assumed a constant, 
although p is variable. 

Using (A.24) of Appendix A.4, this is rewritten as 


ðw + (v- grad)w + (div v)w = (w- grad)v. (3.32) 


Note that the first two terms are unified to Dw/Dt and the third 
term is written as —(1/p)(Dp/Dt)w by (3.8). Dividing (3.32) by p, 
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This is transformed to a compact form: 


= (2) 2 (2 grad). (3.33) 


3.4.2. Energy flux 


Let us consider an energy flux just as the momentum flux in 
Sec. 3.3.2. Total energy in a volume element ôV is given by the sum 
of the kinetic and internal energies as 


1 1 
pv (ze + e) = pEôV, E:= ae +e. 


Hence, the energy density (per unit volume) is given by pE. We 
consider its time derivative, 


0/1 1 
— | pv? + pe ) = <v?(O&p) + pujd,v; + alpe). (3.34) 
Ot \2 2 
The first two terms come from 0;(pv?/2). By using (3.7) and (3.14), 
1 2 l 2 
Ot | sev") = 5 kelpe) — privenvi — vip + prifi 


1 
= —O; ou Ge) — pvkðkh + pTukôks + pvkfr, (3-35) 


where in the last equality the thermodynamic relation (3.28) is used 
to eliminate dp. 

Next, to the remaining term 0;(pe) of (3.34), we apply the ther- 
modynamic relation (3.27) and obtain 


d(pe) = edp + pde = hdp + pT ds, 
where h = e+ p/p. Therefore, time differentiation leads to 
O:(pe) = hO:p + pTO.s = —hOx (pun) + pTOS. (3.36) 
Summing up Eqs. (3.35) and (3.36) yields 


1 1 
a (30+ pe) = —O;, ou GAl — Ox (puph)+ pT (D/Dt)s+ pur fr. 
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Using the entropy equation (3.25), we finally obtain 


ô > (50 + e)| + ôk fpo Ge + n)| =W, (3.37) 


where W = pvķkfk denotes the rate of work by the external force. 
This is the equation of conservation of energy in the form of (3.10). 
When there is no external force, the right-hand side W vanishes 
(Fig. 3.4). 

It is remarked that the energy density is given by the sum of 
kinetic energy and internal energies, whereas the energy flux (F), is 


1 
(F)k = puk (50 T h), 


namely e is replaced by fA for the flux F. 
Integrating (3.37) over volume Vo and transforming the volume 
integral of the second term into the surface integral, we have 


1 
a f (Se? + pe) dV = -$ (So? + pe +p) URNA 
Vo 2 Ao 2 


+ WdV. (3.38) 
Vo 


This indicates that the rate of increase of the total energy in Vo is 
given by the sum of the energy inflow — (Spv? + pe) VEN through 
the bounding surface and the rate of work by the pressure —pvznk, 
in addition to the rate of work W by the external force. 
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Fig. 3.4. Energy density E = dv" +e, and energy flux Qn = pEun + pun = 
p(gv" + h)vn. 


44 Fundamental equations of ideal fluids 


3.5. Problems 


Problem 3.1 One-dimensional unsteady flow 


Write down the three conservation equations of mass, momentum 
and energy for one-dimensional unsteady flows (in the absence of 
external force) with x as the spatial coordinate and t the time when 
the density is p(x,t), velocity is v = (u(z,t),0,0), and so on. 


Comment: Lagrange’s form of equation of motion 


Lagrangian representation of position of a fluid particle a = (a, b,c) 
at time t is defined by X(a,t) in (1.11) with its velocity Va(t) = 
O,X(a,t). Then, the x component of equation of motion (3.12) can 
be written as 0?X(a,t) = —O,p + fr. We multiply this by Ox/0a. 
Similarly, multiplying y and z components of Eq. (3.12) and summing 
up the three expressions, we obtain 


an OX Op Ox 
DE Se 
This is the Lagrange’s form of equation of motion (1788), correspond- 
ing to the Eulerian version (3.13). 

Defining the Lagrangian coordinates a = (a;) by the particle posi- 
tion at t = 0, the continuity equation for the particle density p,(t) is 


given by 


(3.39) 


Palt) Say = Pa(0), (3.40) 


where O(x)/O(a) =det(OX;/Oa;) is the Jacobian determinant. 


Chapter 4 


Viscous fluids 


4.1. Equation of motion of a viscous fluid 


In the previous chapters, we learned the existence of surface forces to 
describe fluid motion in addition to the volume force such as gravity. 
The surface force is also termed as the stress and represented by a 
tensor. A typical stress is the pressure poi; which is written as 


p 0 0 
of?) =-põ; =- |0 p 0]. (4.1) 
0o 0 p 
The pressure force acts perpendicularly to a surface element 6A(n) 
and is represented as —pn;dA (see (2.8), (2.9)). Another stress was 
the viscous stress (internal friction) o% considered in Sec. 2.6, which 
has a tangential force to the surface 6A(n) as well. A typical one is 

the shear stress in the parallel shear flow in Sec. 2.5. 
The conservation of momentum of flows of an ideal fluid is given 
by (3.21) and (3.22), which reads 


O:(pvi) + OnPiz = pfi, (4.2) 


where Pik = pviUk + Põik is the momentum flux tensor for an ideal- 
fluid flow. In order to obtain the equation of motion of a viscous fluid, 
a viscous stress should be added to the “ideal” momentum flux P;k, 


1The tensor of the form ĉij is called an isotropic tensor. For any vector Aj, the 
transformation 6;;Aj is Ai. 
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(v) 
ij 
momentum.? Thus we write the momentum flux tensor in a viscous 


which is written as —a;,’ representing irreversible viscous transfer of 


fluid in the form, 


Pig = pvive + pik — o), (4.3) 


Cik = —Pôik + o, (4.4) 


where o;; is the stress tensor written as qij in Sec. 2.4, and a the 
viscous stress tensor, defined by (2.17) for a Newtonian fluid. 
Substituting this in (4.2) and eliminating some terms by using the 
continuity equation, we obtain the equation of motion of a Newtonian 
viscous fluid. The result is that a new term of the form do”) Ax, is 


added to the right-hand side of the Euler equation (3.14): 


o 
P(Opv; + VEOKVi) = —Ojxp + ae (4.5) 
Tk 
where the external force f; is omitted. 
If the viscosity coefficients u and Ç are regarded as constants,’ 
the viscous force is written as 








ð w) 2 0 o o 
TA Op = „(v vi + Jz; 20E) (2/3) DE D) +¢ aa 
= pV7u,; + (50 AE c) 0,D, (4.6) 
2 o? 2 2 2 
V S ETAPER 


where (2.17) is used with D = divv and V? the Laplacian. Substi- 
tuting (4.6) in (4.5) and writing it in vector form, we have 


ov + (v- V)v] = —Vp + pV2v + (40 + c) V(divv). (4.7) 


?The minus sign is added as a matter of definition. 
In general, the viscosity coefficients j. and ¢ depend on thermodynamic variables 
such as density, pressure, temperature, etc. 
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This is called the Navier-Stokes equation.4 

The equation becomes considerably simpler if the fluid is regarded 
as incompressible, so that divv = 0. Denoting the uniform density 
by po, the equation of motion is 


1 
Ov + (v-V)v = = Bee +uV*v +f (4.8) 
0 


together with divv = 0, where the external force f is added on 
the right-hand side. Equation (4.8) is also called the Navier-Stokes 
equation. The coefficient v = u/po is termed the kinematic viscosity, 
while yp itself is called the dynamic viscosity. The viscous stress in 
an incompressible fluid (D = div v = 0) is characterized by a single 
viscosity 4, 


o® =u (kvi + ivg). (4.9) 


Table 4.1 shows the dynamic viscosity u and kinematic viscosity v 
of various fluids. 

If the external force is written as f = —Vx (i.e. conservative) 
where x = gz with g the constant acceleration of gravity, then the 


Table 4.1. Dynamic viscosity and kine- 
matic viscosity v = y/po at temperature 
15°C (latm). 


a [g/(cm - s)] v [em?/s] 
Air 0.18 - 107 0.15 
Water 0.11 - 107} 0.011 
Glycerin 8.5 6.8 
Olive oil 0.99 1.08 
Mercury 0.16 - 107+ 0.0012 


“The Navier-Stokes equation was discovered and rederived at least five times, 
by Navier in 1821, by Cauchy in 1823, by Poisson in 1829, by Saint-Venent in 
1837, and by Stokes in 1845. Each new discoverer either ignored or denigrated 
his predecessors’ contribution. Each had his own way to justify the equation ... 
[Dar05]. 
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Navier-Stokes equation takes the form, 
1 2 
v + (v: V)v = -—Vpm + VV ^v, (4.10) 
Po 
where pm is the modified pressure defined by 


Pm = P + po X = P + p092. (4.11) 


Using the vector identity (3.16), Eq. (4.10) is transformed to 


v2 


aw tw xv=—v (¥ 


1 
+—p+ x) +vV?v. (4.12) 
Po 


This corresponds to (3.18) for an ideal fluid. Taking curl of this equa- 
tion, we obtain the vorticity equation for a viscous fluid: 


dw + curl (w x v) = vV7w, (4.13) 
where w = curl v. Using (A.24), this is rewritten as 
Oyw + (v - grad)w = (w- grad)v + vV2w, (4.14) 


since divw = 0 identically, and div v = 0 is assumed. 


4.2. Energy equation and entropy equation 


Equation of energy conservation in a fluid when there is viscosity and 
thermal conduction is given by 


On lo( Se" + e)| + 0; [pes Ge + n) — vio — kd;T| = W, 
(4.15) 
where the heat flux q = —k grad T = (—k0;T) is added to the energy 
flux in addition to the energy transfer -vo due to microscopic 
processes of internal friction. 
For consistency with thermodynamic relations as well as the con- 
tinuity equation and equation of motion (Navier-Stokes equation), 


the following equation for the entropy s per unit mass is required to 
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hold [LL87, Sec. 49]: 
pl (js +(v-V)s) = of” apv; + div(k grad T). (4.16) 


This is a general equation of heat transfer (see (9.36) for the equa- 
tion of thermal conduction). In the entropy equation (3.25) of an 
ideal fluid, there was no term on the right-hand side, resulting in 
the conservation of entropy. The expression on the left pT(Ds/Dt) 
is the quantity of heat gained per unit volume in unit time. There- 
fore, the expressions on the right denote the heat production due to 
viscous dissipation of energy and thermal conduction. 

A deeper insight into the entropy equation will be gained if we 
consider the rate of change of total entropy { psdV in a volume Vo. 
In fact, using Eq. (4.16) and the continuity equation, one can derive 
the following equation: 


| aE a ivv) Six)? 
a a psdV = |S (O,v; + O;v~ — (2/3) (div v )ðikz) aV 
Che (grad T)? 


[LL87, Sec. 49]. The entropy can only increase. Namely, each integral 
term on the right must be positive. The first two terms are the rate 
of entropy production due to internal friction, while the last term is 
that owing to thermal conduction. Hence it follows that the viscosity 
coefficients u and ¢ must be positive as well as the thermal conduction 
coefficient k. 


4.3. Energy dissipation in an incompressible fluid 


In an incompressible viscous fluid of uniform density pọ where 
divv = 0, the energy equation becomes simpler and clearer. Mul- 


tiplying v; to the Navier-Stokes equation (4.5), one has 
po(Viðivi + vivkôkvi) = —viðip + vino). (4.18) 


On the left, we can rewrite as vj;0;v; = O; (40?) where v? = v2, and 


1 1 
ViVkOkVi = UEOK Ge) = ôk (n ze) 
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since kvk = div v = 0. Similarly, we have v;,0;p = O;(u;p). Using the 
viscous stress defined by (4.9), we obtain 


viða = LU; (OpOnv; + O,OjvEK) = OklviOkvi) — (Opv;)?, (4.19) 


where the second term in the middle vanishes because 0;0;v, = 
iðkvk = 0. Thus Eq. (4.18) is rewritten as 


Or (e) + v(ðkvi)? = ôk (- i? — Upp + vedres) ; (4.20) 


where v = u/ po- 

Suppose that the flow space V» is unbounded and the velocity 
decays sufficiently rapidly at infinity. Taking the integral of Eq. (4.20) 
over a sufficiently large bounded space V and transforming the vol- 
ume integral on the right to an integral over the surface S% at large 
distance (which recedes to infinity later), we obtain 


a f zav +v f (ðkvi) AV 
v 2 V 


1 
= f (-w ae — Upp + veidhes) neds. 


It is assumed that the velocity v, decays sufficiently rapidly and the 
surface integral vanishes in the limit when it recedes to infinity.° Thus 
we obtain the equation of energy decay of flows of a viscous fluid: 


dis = -v f (ðpvi) AV, (4.21) 
dt Vis 


where K is the total kinetic energy (divided by po) of fluid motion 
in V: 


1 
K= =y"dV. (4.22) 

Voo 2 
The right-hand side of (4.21) represents the rate of energy dissipation 
by viscosity, which is denoted by e(V) where V = Væ. Using the rate- 
of-strain tensor eig defined by (1.18), the following expression of the 


°If the fluid motion is driven by a solid body, the fluid velocity decays like r~* as 
the distance r from the body increases (see (5.77)), while the surface S.. increases 
like r°. 
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rate of energy dissipation can be verified: 


av= | (d,u;)2dV = 2v f adar 1 leag||2AV, 
V V V 
(4.23) 


where |je;z||? = 53 Tia eikeik, and the following relations are 
used, 


(akv)? = küi (2eik — ivp) = 2eikðkVi — 3p (viðivk) + viði (ðkvk). 


The last term vanishes since kvk = 0, and the term 0;(-) is trans- 
formed to vanishing surface integral. For the last equality, we used 
the definition of eik: ej, = (Oni + ivk) = eki, and the following 
relation: 


EikÔkVi = CikðiVk = CikCik- 
We have another expression. Using wj = Ejki0kVi, we obtain 
2 S lesn ðu) = (rv)? — 8; lvrðv; 
[w|f = (Ejkiðkvi)" = (rvi) — O;(VEOKVI), 


because €jkiEjlm = ÔklÔim — Ôkmôi and O;v; = 0. Therefore, we find 


vise f, lw|?aV; (4.24) 


since the integrated surface terms vanish. 


4.4. Reynolds similarity law 


In studying the motions of a viscous fluid, the flow fields are often 
characterized with a representative velocity U and length L. For 
example (Fig. 4.1), one can consider a spherical ball of diameter L 
moving with a velocity U. Another case is a viscous flow in a circular 
pipe of diameter L with a maximum flow speed U. 


(> (È 


Sphere Pipe flow 





Fig. 4.1. Representative scales. 
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When a flow of an incompressible viscous fluid of density pp has a 
single representative velocity U and a single representative length L, 
the state of flow is characterized by a single dimensionless number, 
defined by 

UL UL 
RSS Se (4.25) 
v H 
which is called the Reynolds number. This is formulated as 
follows. 

Suppose that the space coordinates x = (x, y, z), time t, velocity v 
and pressure p are normalized to dimensionless variables. Denoting 
the dimensionless variables by primes, we define 

t 
Gat tS: gf a p = 


L’ T U’ 


p-p 

poU? 

where the normalization is done using L as the dimension of length, 
U for the dimension of velocity, 7 = L/U for time, and U/t = U?/L 
for acceleration. The dimension of pressure is the same as that of 


[pressure] = [force]/[area] = ({mass] - [acceleration]) /[area]. 


The representative value of pressure variation is of the order of 
[(poL3)(U2/L)/L?] = [poU?], with the reference pressure denoted 
by po. 

Substituting these into (4.8) (without the external force f) and 
rewriting it with primed variables, we obtain 


Zv EUNN EVV (4.26) 
(V’-v’ = 0). Equation (4.26) thus derived is a dimensionless equation 
including a single dimensionless constant Re (Reynolds number). If 
the values of Re are the same between two flows under the same 
boundary condition, the flow fields represented by the two solutions 
are equivalent, even though the sets of values U, L, v are differ- 
ent. This is called the Reynolds similarity law, and Re is termed the 
similarity parameter. 

Stating it in another way, if the values of Re are different, the 
corresponding flow fields are different, even though the boundary 
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conditions are the same. From this point of view, Re is also termed 
as the control parameter. 

Consider a steady flow in which all the field variables do not 
depend on time and hence the first term of (4.8) vanishes. Let us 
estimate relative magnitude of the second inertia term. Estimating 
the magnitude of velocity gradient Vv to be of the order of U/L, the 
magnitude of the second term of (4.8) is |(v - V)v| = O(U(U/L)) = 
O(U?/L). Regarding the last viscous term, analogous estimation 
leads to |vV?v| = O(vU/L?). Taking the ratio of the two terms, 
we obtain 

olv- viv) U?/L _ UL zh 
OWY?) vU v 
which is nothing but the Reynolds number. Note that the dimension 
of v is the same as that of UL = [L]*[T]~! with [7] the dimension 
of time. 

If the fluid viscosity is high and its kinematic viscosity v is large 
enough, the viscous term |vV7v| will be larger than the inertia term 
|(v-V)v|, resulting in R, < 1. Such a flow of low Reynolds number is 
called a viscous flow, including the case of R. ~ 1 (see Sec. 4.8). The 
flow of Re < 1 is said to be a slow motion, because a flow of very small 
velocity U makes Re < 1 regardless of the magnitude of viscosity. 
The motion of a microscopic particle becomes inevitably a flow of 
low Reynolds number because the length L is sufficiently small. 

On the contrary, we will have Re œ 1 for flows of large U, large L, 
or small v. Such a flow is said to be a flow of high Reynolds number. 
In the flows of high Reynolds numbers, the magnitude of inertia term 
|(v- V)v| is much larger than the viscous term |vV?v], and the flow 
is mainly governed by the fluid inertia. However, it will be found in 
the next section that the role of viscosity is still important in the 
flows of high Reynolds numbers too. Most flows at high Reynolds 
numbers become turbulent. 

Smooth flows observed at low Reynolds numbers are said to be 
laminar. Consider a sequence of states as the value of Reynolds 
number Re is increased gradually from a low value at the state of a 
laminar flow. According to the increase in Reynolds number, the flow 
varies its state, and at sufficiently large values of Re, it will change 
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over to a turbulent state. This transition to turbulence occurs at 
a fixed value of Reynolds number, which is termed as the critical 
Reynolds number, often written as Re. 


4.5. Boundary layer 


As the Reynolds number Re is increased, the viscous term takes small 
values over most part of the space of flow field, and the viscous action 
tends to be localized in space. But, however large the value of Re, the 
viscosity effect can never disappear. This fact means that the flow 
in the limit of vanishing viscosity v (i.e. v — 0) does not necessarily 
coincide with the flow of inviscid flow (v = 0). As an example, we 
consider a plane boundary layer flow.® 

Suppose that there is a flow of an incompressible viscous fluid over 
a plane wall AB and the flow tends to a uniform flow of velocity U 
far from the wall, and that the flow is steady (Fig. 4.2). We take the 
x axis in the direction of flow along the wall AB and the y axis per- 
pendicular to AB. The flow can be described in the two-dimensional 
(x, y) space. The velocity becomes zero on the wall y = 0 by the 
no-slip condition. Velocity distributions with respect to the coordi- 
nate y are schematically represented in the figure. In this situation, 
the change of velocity occurs in a thin layer of thickness ô (say) 
adjacent to the wall, and a boundary layer is formed. The boundary 
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Fig. 4.2. Plane boundary layer. 


ê Plane in fluid mechanics means “two-dimensional”. 


4.5. Boundary layer 55 


conditions are summarized as follows: 


(u, v) — (U, 0) as y/d —> œ, (4.27) 
(u, v) = (0,0) aty=0. (4.28) 
Provided that the velocity field is expressed as (u, v) with the 


kinematic viscosity v and the uniform density p, the Navier-Stokes 
equation (4.8) in the two-dimensional (x, y) space reduces to 


Ut + UUg + Vy = —(1/p) pr + YU (Ure + Uyy), (4.29) 
Ve + Ug + VVy = —(1/p) py + Y(Vee + Vyy), (4.30) 
Ug + Vy = 0, (4.31) 


where the first time derivative terms of (4.29) and (4.30) vanish in the 
steady problem under consideration. Within the boundary layer, the 
change in the y direction is more rapid compared with the change in 
the x direction. Hence, the term vuz, may be much smaller than the 
term Vtyy in Eq. (4.29), and hence the term vuz, may be neglected. 
But, there is a change in the x direction however slight. The two terms 
Uz and vy in the continuity equation (4.31) balance each other. 

On the basis of the above estimates and the estimates below (4.33), 
the steady flow in a boundary layer can be well described asymptoti- 
cally by the following system of equations in the limit of small viscosity 
v (Prandtl (1904); see Problem 4.4 for Blasius flow and Problem 4.5): 


UUg + Vuy = —(1/p) Pr + Vuyy, (4.32) 


Uz + Vy = 0. (4.33) 


These are consistent with the estimate of the order of magnitude just 
below. It is useful to recognize that the scales of variation are different 
in the two directions x and y. Suppose that the representative scales 
in the directions x and y are denoted by / and 6, respectively where 
1 > å, and the magnitude of u is given by U. The viscous term on the 
right-hand side of Eq. (4.32) can be estimated as the order O(vU/6"). 
Both the first and second terms on the left-hand side are estimated 
as the order O(U?/1). Equating the above two estimates in the order 
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of magnitude, we have 


U2 vU ô v 1 
San Bt ge es 4.34 
py pee ee Cl «fe ee) 


where Re = Ul/v. It is seen that the thickness ô of the boundary 
layer becomes smaller, as the Reynolds number Re increases. From 
the above expression, one finds the behavior 6 « V1, a parabolic 
growth of the thickness 6 along the wall. The boundary layer does 
not disappear, however small the viscosity v is. 

More importantly, in the boundary layer there exists nonzero vor- 
ticity w. This is seen from the fact that w = vz — uy & —uy (nonzero), 
where vz is very small. Far from the wall, the flow velocity tends to a 
uniform value and therefore w — 0 as y — oo. This implies that the 
wall contributes to the generation of vorticity. An important difference 
of the flow at high Reynolds numbers from the flow of an inviscid fluid 
is the existence of such a rotational layer at the boundary. In fact, this 
is an essential difference from the inviscid flow. 


4.6. Parallel shear flows 


Consider a simple class of flows of a viscous fluid having only x 
component wu of velocity v: 


v = (u(y, z,t), 0, 0). (4.35) 


The continuity equation reduces to the simple form 0,u = 0, stating 
that u is independent of x, and consistent with (4.35). This is called 
the parallel shear flow, or unidirectional flow. In this type of flows, 
the convection term vanishes identically since (v-V)u = u0,u = 0. 
Without the external force f, the z, y, z components of the Navier— 
Stokes equation (4.8) reduce to 


1 
ru — v(8? + 0?)u = am zp (4.36) 
0 


oyp=0, 0,p=0. (4.37) 


From the last equations, the pressure should be a function of x and t 
only: p = p(x, t). The left-hand side of (4.36) depends on y, z, t, while 
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the right-hand side depends on x,t. Therefore, the equality states 
that both sides should be a function of t only for the consistency of 
the equation. Writing it as P(t)/po, we have 


— grad p = (P, 0, 0), (4.38) 


in which the fluid is driven to the positive x direction when P is 
positive. 


4.6.1. Steady flows 


In steady flows, we have 0;u = 0 and P = const. The above equation 
(4.36) reduces to 


P 
ou + @u= r (4.39) 


where p is the dynamic viscosity. The acceleration of a fluid particle 
vanishes identically in steady unidirectional flows, hence the density 
does not make its appearance explicitly. 

A solution u = u(y, z) satisfying (4.39) is in fact an exact solution 
of the incompressible Navier-Stokes equation. Some of such solutions 
are as follows : 


uc(y) = u +b), P=0, (\y| <b): Couette flow, (4.40) 


up(y) = — (bf — y^), P £0, (ly| <b): 2D Poiseuille flow. 
p(y) zu ) #0, (lyl < b) (4.41) 


Obviously, these satisfy Eq. (4.39). We have another axisymmet- 
ric solution, called the Hagen-Poiseuille flow which is considered as 
Problem 4.1 at the end of this chapter. 

The first Couette flow represents a flow between the fixed plate 
at y = —b and the plate at y = b moving with velocity U in the x 
direction when there is no pressure gradient [Fig. 4.3(a)]. 

The second is the Poiseuille flow [Fig. 4.3(b)] between two parallel 
walls at y = +b under a constant pressure gradient P (d = 2b in 
(2.22)). The maximum velocity U is attained at the center y = 0, 
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Fig. 4.3. (a) Couette flow, (b) Poiseuille flow, and (c) combined flow. 














given by 
U = Pb / (2u). (4.42) 
The total rate of flow Q per unit time is 


b 2P 4 
Q= | wwa = = $o. 





In view of (4.39) which is an inhomogeneous linear differential equa- 
tion for u, a linear combination of the above two solutions [Fig. 4.3(c)] 
is also another exact solution (for constants A, B): 


u(y) = Aucly) + Burly) = AG y+ Bs (Ry). (443) 


4.6.2. Unsteady flow 


We consider unsteady parallel flows evolving with time t without 
pressure gradient, so that P = 0. It is assumed to be uniform in the 
z-direction so that 0,u = 0. Then, Eq. (4.36) reduces to 


Ou = võu. (4.44) 


(a) Rayleigh’s problem 

A simplest unsteady problem would be the flow caused by unsteady 
motion of a flat plate moving parallel to itself. Suppose that the fluid 
is bounded by a plane wall at y = 0, occupying the half space y > 0, 
and the wall y = 0 is moving. There are two well-known problems: 
an impulsive start of wall and an oscillating boundary layer. Below is 
given a detailed account of the first problem. Regarding the second 
problem, see Problem 4.2. 
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Rayleigh’s problem: Let us consider a problem of impulsive start 
of the plane wall at y = 0. Suppose that the wall was at rest for 
t < 0, and has been driven impulsively to the positive x direction 
with velocity U at t = 0 and thereafter. The conditions to be satisfied 
are as follows: 


u(y, t) = 0, for t < 0, 
u(0,0) =U, uļy>0,0)=0, att=0, (4.45) 
u(0,t) =U, uļy—œ,t)—0, fot>0. (4.46) 


This is called the Rayleigh’s problem. We try to solve Eq. (4.44) in 
the following form of the similarity solution, 


u(y, t) = Uf (n), (4.47) 


_ 9y 
n — o/vt’ 
as a function of a dimensionless similarity variable 7. Differentiating 
this, 
f / n f / 1 
= == —, IOu= VU; OU; ; 
dru = Uf (n) bn = -Uf (n) zp Ayu = UF (n) 3yn = UF (n) ET. 
Then, Eq. (4.44) becomes the following ordinary differential equation: 


f" +2nf' =0. (4.48) 





The boundary conditions of (4.46) become 


f(0)=1,  f(oo) =0. 


Integrating (4.48) once results in f’(n) = Ce~”” with C a constant. 
Integrating once again and applying the above boundary conditions, 
we obtain A 
n2 
f(s) =1- ef ean, 
0 

where the integration formula ise e7" dn = ./7/2 is used. Thus, we 
have found the solution: 


u(y,t) =U (1 = = ie an) (4.49) 


This solution represents diffusion of a vorticity layer, which was local- 
ized initially in a thin boundary layer of thickness /vt adjacent to 
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Fig. 4.4. Rayleigh flow. 


the wall y = 0 (Fig. 4.4). The velocity profile at a time t can be 
obtained by rescaling the vertical coordinate by the ratio \/t/t1, 
once the profile at tı is given. 


(b) Diffusive spreading of a shear layer 

Let us consider a time-evolving transition layer of velocity which was 
initially a zero thickness plane surface. Hence, it was a vortex sheet 
(see Problem 5.11) initially, coinciding with the plane y = 0. Suppose 
that 


u(y,0) =U, for y>0; —U, fory <0 


[Fig. 4.5(a)]. The x-velocity u(y,t) is governed by Eq. (4.44): Ou = 
võu, together with the boundary condition: u — +U as y — oo. 
The symmetry implies u(0,t) = 0. 

In this problem, there is no characteristic length. So that, we seek 
a solution u(y,t) depending on a similarity variable composed of 
three parameters y, t and v of the present problem. From these, one 








can form only one dimensionless variable, y/ vvt,’ since the dimen- 
sion of v is [L]? [T]~+. 


TThe same reasoning can be applied to the previous Rayleigh problem. 
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Fig. 4.5. (a) Vortex sheet, (b) a transition layer (a shear layer). 


Assuming the similarity form u = Uf(n) where n = y/(2Vvt) as 
before, we can deduce Eq. (4.48) again for f(n), while the present 
boundary conditions are 


f=90 atn=0O, fol asn-o. (4.50) 


One can solve this problem immediately, and obtain 


2 7 9 
fl) =< | edn. 


Thus, the time-evolving velocity profile is given by 


u(y, t) = =f »(- ) dy’. (4.51) 


Note that the condition at —oo is satisfied as well : u — —U as 
y > —o. 

This solution represents a diffusive spreading of a transition 
layer of the velocity from u = —U to +U. The similarity variable 
n = y/(2Vvt) implies that the layer thickness grows in propor- 
tion to vvt. This kind of transition layer is called a shear layer 
[Fig. 4.5(b)]. 
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4.7. Rotating flows 


Next, let us consider rotating flows of a viscous incompressible fluid 
in which all the stream lines are circular with a common axis. The 
differential operators in the cylindrical coordinates (r,0,z), such as 
V, div and V?, are given in Appendix D.1, where the velocity is 
written as v = (v;,U9,Uz). In the present situation of concentric 
circular stream lines, the velocity is expressed as 


v = (0, vo(r,t), 0). (4.52) 


The condition of incompressibility divv = 0 is satisfied identically 
by (4.52) and (D.9). Using the formulae of Appendix D.1, the (r, 6, z) 
components of the Navier-Stokes equation (4.8) read as follows: 


2 
Vv 1 
-2 = —— Orp, 
r PO 
I 2 1 vg 
vo ete et Opp +v o; vo Fs -vo =z l> (4.53) 
por r r 
1 
0 = —— Ozp. 
Po 


From the last equation, we have p = p(r,6,t). However, the pressure 
p must be of the form p = p(r,t). Otherwise, Ogp is a function of r and 
t from the second equation of (4.53), and the pressure p becomes a 
multivalued function in general with respect to the azimuthal angle 0, 
ie. p(O,t) 4 p(@+ 27,t), which is not permissible. 

Assuming p = p(r,t), the second equation of (4.53) becomes 


1 
ivg = V (ave + = vo — =) : (4.54) 
r r 


Integrating the first of (4.53), we obtain 


r v2 

pirt) = plot) + f Ear (4.55) 
ro 

It is seen that the pressure becomes higher for outer positions. Thus, 

the force of the pressure gradient —grad p is directed inward. This is 


necessary as a centripetal force of fluid particles in circular motion. 
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The circulating velocity vg(r) of steady rotation must satisfy the 
following ordinary differential equation from (4.54): 


dvo 1dug vp 
Bees EUS Sy 4. 
dr2 A rdr r? 2 (58) 


This can be readily solved to give a general solution of the following 
form, 


ve(r) =ar+ 2 (a, b: constants). (4.57) 
r 


A typical example is the Taylor—Couette flow (see Problem 4.3). 


4.8. Low Reynolds number flows 


4.8.1. Stokes equation 
When we studied the boundary layer in Sec. 4.5, the Reynolds num- 


ber was assumed to be very high. Here, we consider another limit of 
very low Reynolds number with respect to a representative length L 
and a representative velocity U: 


L 
m= gi 
v 


This means that U is sufficiently small, or L is sufficiently short, or 
the fluid is very sticky such that v is sufficiently large. 

We consider steady flows. Then, the equation governing steady 
flows of a viscous fluid is given by 


1 
(v: V)v = E +f+vV?v (4.58) 
0 
from (4.8). The fluid is assumed to be incompressible, 
divv = 0. (4.59) 


The assumption of very low Re permits us to omit the nonlinear 
convection term on the left (we consider such cases below), and we 
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have 
Vp- uV?v =F, divv =0, (4.60) 


where F = pof, u = pov. The external force F plays an essential role 
in the flows considered here. 

The system of equations (4.60) is called the equations of Stokes 
approximation, or Stokes equation. The Stokes equation is useful for 
describing very slow creeping flows, or motion of a very tiny particle. 

Note that any irrotational incompressible flow v, is a solution of 
the Stokes equation. In fact, according to the vector identity (A.27) 
in Appendix A.5, we have 


V-v, = -Vx (V xv.) +V(V-v.) =0, if curlv, =0, divv, = 0. 


Therefore, this v, satisfies Eq. (4.60) together with p = const. and 
F=0. 


4.8.2. Stokeslet 


Consider an axisymmetric slow motion of a viscous incompressible 
fluid. Such a flow can be described by the Stokes’ stream function 
W(r,@) with the spherical polar coordinates (r, 0, ġ) (see Appendices 
B.3 and D.2). In terms of the Stokes’s stream function WV, the velocity 
field is given by v = (v,, vg, 0), where 


1 ow 1 ow 


Up = vg = ——— —. 
< r sin Or 





r2?sinð 00” (9 


These satisfy the continuity equation (4.59) in the spherical polar 
coordinates always (see (D.20)).8 

One of the most important flows in the low Reynolds-number 
hydrodynamics is the Stokeslet, whose stream function is given by 


Ys =r sin? 8. (4.62) 


This gives the following velocities according to (4.61): 


2 1 
Ur = — cos, vg =-—- sin, v=. (4.63) 
r r 


8See Sec. 5.7 and Appendix B.2 for the stream function of 2D problems. 
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This is also expressed in the following vector form: 


2 1 1 
vg = —V (cos 0) + F i V= (a. 265 ae): (4.64) 


r sin 0 


where i = (cos 0, — sin 8, 0) is the unit vector in the direction of polar 
axis x (coinciding with 0 = 0) and cos@ = z/r. 

Expressing Vv with the spherical polar coordinates by using 
(D.24) and v = (v,;,v9,0) and substituting (4.63), Eq. (4.60) 
reduces to 


4 1 2 
ap =-= cos 0 + Fy, = Ap = -L sin 0 + Fo, 
r r r 


where F = (F,, Fg, 0). This implies the following: 


2 
p = ps = — cos, F=0 (if r#0). (4.65) 


In fact, in Problem 4.7, one is asked to verify the expression: 
F = (Fy, Fy, Fz) = (87, 0, 0) d(x) 5(y) 5(z). (4.66) 


Namely, the Stokeslet is a particular solution of the Stokes equation 
and represents a creeping flow of a viscous fluid subject to a concen- 
trated external force of magnitude 87 acting at the origin in the 
positive x direction. 


4.8.3. Slow motion of a sphere 


Consider a steady slow motion of a very small spherical particle of 
radius a in a viscous fluid with a constant velocity —U. Let us observe 
this motion relative to the reference frame Fc fixed to the center of 
the sphere. Fluid motion observed in the frame Fc would be a steady 
flow around a sphere of radius a, tending to a uniform flow of velocity 
U at infinity. Then, the flow field is axisymmetric and described by 
the Stokes’s stream function UV (Appendix B.3). Such a flow can be 
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represented as 
Pec oh es wad. Ge 
WVus(r, 9) = aur sin Og se sin 6 — 7 UaWs(r, 4). (4.67) 
r 


Each of the three terms is a solution of the Stokes equation (4.60). 
In fact, the third term is the Stokeslet considered in the previous 
subsection and a solution of (4.60) with a singularity at the origin. 
The first term represents a uniform flow of velocity U in the x direc- 
tion. The second term is a dipole in the positive x direction. These 
are equivalent to the stream functions given by (5.43) and (5.44) in 
Chapter 5. As described in detail there, the first two terms repre- 
sent irrotational incompressible flows. Hence they are solutions of 
the Stokes equation as remarked at the end of Sec. 4.8.1. 

Thus, the above stream function Vy, is a solution of the Stokes 
equation as a whole as well because of the linearity of Eq. (4.60).1° It 
is to be remarked that the stream function is of the form Uf (r) sin? 0. 
This manifests that the stream lines are rotationally symmetric with 
respect to the polar axis x, and in addition, has a symmetry sin? @ = 
sin?(7 — 0), i.e. a left-right symmetry or fore-aft symmetry. 

Substituting (4.67) into (4.61), we obtain 


3a 1a? 
= 1-=--+-— 4. 
Ur u( 5 + 55) cos (4.68) 
3a la \. 
w=-u(1-32-25) sin 0. (4.69) 


At r = a, we have v, = 0, vg = 0. Hence the no-slip condition 
is satisfied on the surface of the sphere of radius a. In addition, at 
infinity the velocity tends to the uniform flow: 


(ur, vg) > U (cos 0, — sin 0). 


Thus, it has been found that the stream function of (4.67) represents 
a uniform flow of velocity U around a sphere of radius a (Fig. 4.6). 


The formula (4.61) for W = 4Ur? sin? 0 leads to (vr, vø) = U (cos 9, — sin 0) = Ui. 
Equation (4.60) has an inhomogeneous term F. However, because of the forces 
associated with each Vy, described below, the linear combination is still valid. 
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U cos 0 








Fig. 4.6. Low Reynolds number flow around a sphere: og, = 2ueor, Orr = 
—p + 2Werr. 


Next, let us consider the force acting on the sphere of radius a 
(i.e. the drag (D;)), which is given by the integral of stress over the 
sphere surface Sj: 


D; = oynjds, (nr, ng, Ne) — (1,0,0), (4.70) 
Sr 


where oj; is the stress tensor defined by (4.4). In the present case, 
oj; takes the form, 


Tij = —PÕij + 2peij, (4.71) 


where the Reynolds stress term pov;v; is absent in the Stokes equa- 
tion. The rate-of-strain tensors e;; in the spherical polar coordinates 
are defined by (D.28) and (D.29) in Appendix D.2. Using (4.68) and 
(4.69) and setting r = a, we obtain the rate-of-strain tensors in the 
frame (r,0,@) as follows: 








3 U 
Cor =—Z 7 Sin 8, Err = epo = ego = €o = Egr = 0. (4.72) 
a 


The pressure p of the Stokeslet is given by pg of (4.65), while the 
pressure of the first two terms of (4.67) is a constant po, as shown in 
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Sec. 4.8.1, because they represent irrotational flows. Thus, we have 
3 3 uU 
p= —7 Vos + po = = cos 0 + po. (4.73) 


From (4.71)-(4.73), we can estimate the drag of the sphere by (4.70), 
where dS = 2ra? sin 0 d0. 

However, there is a more compact way to find the drag on the 
sphere. It can be shown that the irrotational flows of the first two 
terms do not give rise to any force on the sphere (Problem 4.8). 
Therefore, the force is due to the Stokeslet only, which is given by 
F = —3 Ua8rp = —6rpaU (toward the negative x direction). By 
the law of reaction, the drag D experienced by the sphere toward the 
positive x direction is given by 


D = —F = 6r ual. (4.74) 


This is called the Stokes’ law of resistance for a moving sphere. 

Stokes (1850) applied the formula (4.74) to a tiny cloud droplet 
of radius a of a mass m falling with a steady velocity U in air 
under the gravity force mg, and explained the suspension of clouds. 
Then we have the equality, 


6ruaU = mg. 


Since the drop mass is proportional to a°, the falling velocity U is 
proportional to a? and p~', becoming negligibly small as a —> 0. 


4.9. Flows around a circular cylinder 


When a long rod of circular cross-section is placed in a uniform 
stream of water, it is often observed that vortices are formed on 
the back of the body. The vortices sometime form a regular queue, 
and sometime fluctuate irregularly. On the other hand, if a rod is 
moved with some speed with respect to water at rest, then similar 
vortex formations are observed too. The hydrodynamic problem of 
motion of a rod and associated generation of vortices are studied as 
Flow of a viscous fluid around a circular cylinder. 
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When a flow has the same velocity vector U at all points in the 
flow without presence of a rod, the flow is called a uniform flow. If 
a circular cylinder of diameter D is placed in such a uniform flow, a 
characteristic flow pattern is observed downstream of the body. Such 
a flow pattern is called the wake. Particularly well-known wake is 
the Kármán vortex street, observed at some values of the Reynolds 
number Re = UD/v (observed when 70 < Re S 200 experimentally 
and computationally). The Kármán vortex street consists of two lines 
of vortices with one line having a common sense of rotation but 
the other line having its opposite and the vortices being located at 
staggered positions. At much higher values of the Reynolds number, 
the wake becomes irregular and turbulent, but there is still some 
periodic component immersed in the turbulent wake. 

However, far downstream from a body in the uniform flow in the 
x direction, the velocity decays and the stream lines become nearly 
parallel (but not exactly parallel). There the flow may be regarded as 
a certain kind of boundary layer with its breadth being relatively thin 
compared with the distance from the body. The pressure variation 
across the wake may be very small. The limiting form of the wake is 
considered in Problem 4.6. 

Flow around a circular cylinder is the most typical example 
of flows around a body, and regarded as exhibiting the Reynolds 
similarity in an idealistic way, where the Reynolds number Re plays 
the role of control parameter exclusively. Various types of flows are 
summarized in Table 4.2. Figure 4.7 shows stream-lines of such flows 
obtained by computer simulations. Figure 1.2 is a photograph of an 
air flow around a circular cylinder at Re = 350. 


4.10. Drag coefficient and lift coefficient 


Suppose that a body is fixed in a uniform stream of velocity U, and 
subjected to a drag D D and a lift L. The drag is defined as a force 
on the body in the direction of the stream, while the lift is defined 
as a force on the body perpendicular to the stream direction. 

In fluid mechanics, these forces are normalized, and they are repre- 
sented as dimensionless coefficients of drag and lift. They are defined 
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Table 4.2. A sequence of flows around a circular cylinder (diameter 
D) with respect to the Reynolds number Re = UD/v with uniform 
velocity U in the direction of x axis (horizontal), the z axis coinciding 
with the cylinder axis, and the y axis taken vertically. 


Re S5 : Slow viscous flows, with the stream-lines 
symmetric w.r.t. x axis (up-down symmetry), and 
symmetric w.r.t. y axis (fore-aft symmetry). 


5S Re S 40 : A pair of steady separation eddies are formed on 
the rear side of the cylinder. 
The fore—aft symmetry is broken. 


405 Re S70 : Wake oscillations are observed: Hopf bifurcation. 
The up-down symmetry is broken. 


70 < Re $500 : Karman vortex streets are observed in the wake. 
Nonlinear modulation to the Hopf bifurcation. 
500 < Re : Wake is in turbulent state on which Karman 


vortex street is superimposed. 
Transition to turbulent wake. 


as follows. 
; D 
Drag coefficient: Cp = 155 > (4.75) 
, : L 
Lift coefficient: CL = 1z? (4.76) 


where S is a specific reference surface area (cross-section or others), 
regarded as appropriate for the nomalization. 


4.11. Problems 


Problem 4.1 Hagen-Poiseuille flow 


(i) Using the cylindrical coordinates (x,7r,@) (Appendix D.2, by 
rearranging from (r,6,z) to (z,7r,@)), show that Eq. (4.39) can 


be written as 
10 o 1 a P 
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Fig. 4.7. Stream-lines from computer simulations of flows around a circular 
cylinder, by courtesy of K. Kuwahara and M. Hashiguchi [1994]. The flows of 
(c)-(e) are time-dependent so that the stream-lines are snapshots. 


(ii) Suppose that a steady parallel viscous flow is maintained in 
a circular pipe of radius a under a constant pressure gradient 
gradp = (—P,0,0) with P > 0 in the z-direction, so that 
Eq. (4.77) is valid. Assuming that u = u(r), derive the following 
velocity profile, 


P 
upp(y) = a (a*—r?), (r<a) (4.78) 
(Hagen, 1839 and Poiseuille, 1840). 
111 ow that the total rate of flow Q per unit time is given by 
iii) Sh hat th l ffl it ti is gi b 
nmat*P rat Ap 


8u Bu L’ 





where Ap is the magnitude of pressure drop along the length 
L: P = Ap/L. [Note that Q « a*/p.| 
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Problem 4.2 Oscillating boundary layer 


Suppose that the plane wall y = 0 is oscillating with velocity Uy(t) 
and angular frequency w in its own plane with: Uy = Ucos ut, 
and that velocity u of a viscous fluid in space y > 0 is subject to 
Eq. (4.44). Show that the solution decaying at infinity is given by 


unt) =Von [fa] as (ue a 


(Fig. 4.8). In addition, express a representative thickness 6 of the 
oscillating boundary layer in terms of w and viscosity v. 


Problem 4.3 Taylor—Couette flow 


Suppose that there is a viscous fluid between two concentric cylinders 
of radius rı and rə (> rı) and the cylinders are rotating steadily 
with angular velocity Q, and Q2, respectively (Fig. 4.9). Determine 
the steady velocity distribution u(r), governed by (4.56). 


Problem 4.4 Blasius flow 


(i) By applying the estimates of order of magnitude described in 
Sec. 4.5, show the consistency of the approximate Eq. (4.32) 
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Fig. 4.8. Oscillating boundary layer. 
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Fig. 4.9. Taylor—Couette flow. 


and describe what is the order of the neglected term vuz,. In 
addition, show that Eq. (4.30) can be replaced by 


Op/Oy = 0. (4.80) 


(ii) The velocity (u, v) in the boundary layer along a flat plate is gov- 
erned by Eq. (4.32) with p, = 0. By assuming that the stream 
function takes the following similarity form, 


1 U3 
(x,y) = (vU2)? Fm), n=y(—)*, a8) 
under the boundary conditions (4.27) and (4.28), show that the 
equation for f(7) and the boundary conditions are written as 
1 
fy + ee =0 (0<<0o), (4.82) 
f=f'=0 atn=0, f'-1 asn—-oo. (4.83) 


[The boundary layer flow determined by the third-order ordi- 
nary differential equation (4.82) is called the Blasius flow. Its 
velocity u = Uf’(n) can be determined numerically (Fig. 4.10).] 
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Fig. 4.10. Blasius flow. 


Problem 4.5 Jet flow (2D) 


If a jet from a two-dimensional slit became sufficiently thin in the 
far down stream, the boundary layer equations (4.32) (with p, = 0) 
and (4.33) may be applied together with the boundary conditions 
(Fig. 4.11): 





dyu=0, v=0 aty=0; and u—0 asy— +o. (4.84) 


(i) Assume that the stream function takes the following similarity 
form, 


wa,y) =Axsf(Q, C=. (4.85) 


By choosing the constant A appropriately, show that the func- 
tion f(¢) satisfies the following ordinary differential equation 


Fig. 4.11. Jet flow. 
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and boundary conditions: 


FU + FF + FP =0  (0<n<0v), (4.86) 
f=f"=0 atc=0, f,f’-0 as¢— +00. (4.87) 





(ii) Show that the following integral M is independent of z: 


co 
M=p | u?dy, 


—co 


where M is the momentum-flux. 
(iii) Determine the function f (C) and the jet velocity profile u(x, y). 
This is called the Bickley jet. 


Problem 4.6 Wake flow (2D) 


We consider a two-dimensional steady flow around a cylindrical body. 
Suppose that the cylindrical body is fixed in a uniform stream of 
velocity U in the g direction and the (x, y)-plane is taken perpendic- 
ularly to the cylindrical axis with the origin inside the cross-section. 

In the wake far downstream from the body, the velocity decays 
significantly and the stream-lines are nearly parallel, and the pres- 
sure variation across the wake would be very small (Fig. 4.12). The 
velocity in the steady wake may be written as (U — u, v), where u > 0 
is assumed, and Eq. (4.32) could be linearized with respect to small 
components u and v, as follows: 


Uôðru =v ðu, (4.88) 


with the boundary condition for u > 0, 





u— 0, as y > +00. (4.89) 


(i) Determine the velocity u(x, y) of the steady wake satisfying the 
above Eq. (4.88) and the boundary condition. Furthemore, show 
the following integral (volume flux of inflow) is independent of z: 


i u(x, y)dy = Q (indep. of x). 


—co 
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Fig. 4.12. Wake (right) and a source-like flow away from the body (left). 





(ii) Show that the drag D on the cylindrical body giving rise to the 
wake is given by 


co 
D = pu | u(x, y) dy = pug. (4.90) 
—Co 

(Hint: The Momentum Theorem may be applied. Namely, the drag 
is related to a momentum sink in the flow, which can be estimated 
by the momentum conservation integral (3.23) over a large volume 
including the body. This result shows D œ pQ (mass flux of dragging 
fluid).] 


Problem 4.7 Stokeslet 


Derive the expression (4.66) of the force F of the Stokeslet (4.62), 
according to the drag formula (4.70), by using (4.63) and (4.65). 


Problem 4.8 Force by an irrotational flow 


Show that an irrotational flow outside of a closed surface S' does not 
give rise to any force on S if there is no singularity out of S, according 
to the drag formula (4.70) and Stokes equation (4.60). 


Chapter 5 


Flows of ideal fluids 


Theory of flows of ideal fluids not only provides us the basis of study 
of fluid flows, but also gives us fundamental physical ideas of con- 
tinuous fields in Newtonian mechanics. Extending the ideas of ideal 
fluid flows, the physical concepts can be applied to extensive areas 
in physics and mathematics. 

Governing equations of flows of an ideal fluid derived in Chapter 3 
are summarized as follows: 


Op + div(pv) = 0, (5.1) 
ews -2 MEE (5.2) 
Os +(v-V)s =0. (5.3) 


Boundary condition for an ideal fluid flow is that the normal com- 
ponent of the velocity vanishes on a solid boundary surface at rest: 


Un =v-n=0, (5.4) 


where n is the unit normal to the boundary surface. If the boundary 
is in motion, the normal component vy, of the fluid velocity should 
coincide with the normal velocity component V, of the boundary 


Un Vax (5.5) 


Tangential components of both of the fluid and moving boundary do 
not necessarily coincide with each other in an ideal fluid. 
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5.1. Bernoulli’s equation 


One of the basic theorems of flows of an ideal fluid is Bernoulli’s 
theorem, which can be derived as follows. Suppose that the fluid’s 
entropy is uniform, i.e. the entropy s per unit mass of fluid is constant 
everywhere, and the external force has a potential x represented by 
f = —grad x. Then, Eq. (5.2) reduces to (3.30), which is rewritten 
here again: 


2 
Ov +w X v = —grad (E +r), (5.6) 


where h is the enthalpy (h = e + p/p) and e the internal energy. 
From this equation, one can derive two important equations. One is 
the case of irrotational flows for which w = 0. The other is the case 
of steady flows. Here, we consider the latter case. 

In steady flows, the field variables like the velocity is independent 
of time t, and their time derivatives vanish identically. In this case, 
we have 


2 
w x v = —grad (> +h+ x) , v= jvf. (5.7) 


Since the vector product w x v is perpendicular to the vecor v (also 
perpendicular to w), the inner product of v and w x v vanishes. 
Taking the inner product of v with Eq. (5.7), we have 


v? 0 (v? 
vigrad (S4ntx)= 2 (S4+ntx) =o, (5.8) 


where v = |v|. The derivative 0/0s in the middle is the differentiation 
along a stream-line parameterized with a variable s.! Thus, it is 


According to the relation (1.9) along a stream-line, v-grad = (02/0s)0x + 
(Oy/Os)0y + (0z/0s)0, = 0/Os. 
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Fig. 5.1. Bernoulli surface. 


found that 


2 
H := > +h+ x= const. along a stream-line. (5.9) 


This is called the Bernoulli theorem. The function H is constant 
along a stream-line. Its value may be different for different stream- 
lines. 

In view of the property that the inner product of w and w x v 
vanishes as well, the function H is constant along a vortex-line? 
(defined in Sec. 5.3) analogously. This implies that the surface given 
by H(z,y,z) = const. is covered with a family of stream-lines and 
the vortex-lines crossing with the stream-lines. In most flows, they 
are not parallel. The surface defined by H = const. is called the 
Bernoulli surface (Fig. 5.1). 

The Bernoulli equation (5.9) is often applied to such a case where 
the fluid density is a constant everywhere, denoted by po, and x = 
gz (g is the constant gravity acceleration). Then Eq. (5.9) can be 
written asf 

2 


v 
poH = poz + p + pogz = const., (5.10) 


?A vortex-line is defined by dz/ws = dy/wy = dz/wz where w = (wz, Wy, wz). 
3The flow in which v is parallel to w is said to a Beltrami flow. 

“Daniel Bernoulli (1738) derived this Eq. (5.10), actually a form equivalent to it, 
in the hydraulic problem of efflux. He coined the word Hydrodynamica for the 
title of this dissertation. 
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where h = p/po + € is used, and the internal energy e is included in 
the “const.” on the right since e is constant in a fluid of constant 
density and constant entropy (see (3.27)). 

When the gravity is negligible, the Bernoulli equation reduces to 


1 
show +p = po, po:aconstant. (5.11) 


We consider an example of its application. Suppose that a two- 
dimensional cylindrical body is immersed in a uniform flow of velocity 
U in the z-direction, and a steady flow around the body is main- 
tained in the (x, y)-plane. At distances far from the body, the veloc- 
ity v = (u,v) tends to (U,0), and the pressure tends to a constant 
value poo (Fig. 5.2). The Bernoulli equation (5.11) holds for each 
stream-line. However at infinity, the value on the left is given by the 
same value 5poU 2 4+, for all the stream-lines. Hence, the constant 
on the right is the same for all the stream-lines. Thus, we have the 
following equations valid for all the stream-lines: 


spo? +p= sel? + Poo: (5.12) 
There exists always a dividing stream-line coming from the upstream 
which divides the flow into one going around the upper side By of 
the cylindrical body and the one going around its lower side B_ 
(Fig. 5.2). The dividing stream-line terminates at a point on the body 
surface, where the fluid velocity necessarily vanishes. This point is 
termed the stagnation point (see Problem 5.1), where the pressure ps 





Fig. 5.2. Steady uniform flow around a body. 
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is given by 


1 
Ps = Poo + z000’. 


Namely, the stagnation pressure is higher than the pressure at infin- 
ity by the value $ poU?. This value $ poU? is called the dynamic pres- 
sure, whereas the pressure p on the left of (5.12) is called the static 
pressure. 


5.2. Kelvin’s circulation theorem 


A fundamental theorem of flows for an ideal fluid is the circulation 
theorem. Given a velocity field v(x,t) = (u,v,w), the circulation 
along a closed curve C in a flow field is defined by 


r(C) := $ v-dl = f (ude + ody + wae), (5.13) 


where $ denotes an integral along a closed curve C, and dl = 
(dz, dy,dz) denotes a line element along C. 

An important property of fluid motion can be derived if the closed 
curve C is a material curve, i.e. each point on the curve moves with 
the velocity v of fluid (material) particle a. In this sense, the mate- 
rial curve and material line element are denoted as Ca and dla, 
respectively. 

In the flow governed by Eq. (5.6), the Kelvin’s circulation the- 
orem (Kelvin, 1869) reads as follows. The circulation Ta along the 
material closed curve Ca is invariant with respect to time (Fig. 5.3), 







particle path 


particle a 


Ca(0) 


Fig. 5.3. Motion of a material closed curve. 
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namely, 
Pys f v-dl, is independent of t, (5.14) 
or 
D 
= -dla = 0. 5.15 
Diya, Sa (aa) 


Since each line element dla of Ca moves with the fluid material, the 
time derivative must be the Lagrange derivative D/Dt. The theorem 
is verified as follows. 
Euler’s equation of motion (3.29) is rewritten as 
Dv 


oe —grad(h + x). (5.16) 


In addition, it is noted that, denoting the velocities of two neighbor- 
ing fluid particles at x, and (x + 6x), by v and v + ov respectively, 
we have the relation 


D 
prox = ov, (5.17) 


since D/Dt(x + 6x), = Dx,/Dt + Déx,/Dt (see (1.32)). 
Now, the time derivative DI.,/Dt is given by 


D D 
2 = (n) 
Di v- dla = lim D - di”) = f pe - dla), 


where the curve Ca is divided into a number of small line elements 
with n denoting its nth element and )°,, denotes the summation with 
respect to all the elements. “lim” denotes taking a limit in such a way 
that the total number N of elements is made infinite by keeping each 
line element infinitesimally small. Thus we have 


D Dv D 
—T,= — -dla -—dl,. .1 
Di f dla + fv pit (5.18) 


Due to (5.17), the last term vanishes: 


gv: mile = $ v:dav= f a(50*) =o, 
Ca Dt Ca D 2 
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since v- dv = vidv; = d(5|v|?). Vanishing of the integral is obtained 
because the velocity field is single-valued and |v|? returns to its orig- 
inal value after one circuit of integration. The first integral of (5.18) 
vanishes too because of (5.16), i.e. 


$ Dess dla : grad(h +x) =-— $ d(h+x)=0, 
Ca Dt Ca Ca 

since dx - grad f = df for a scalar function f in general. This is due 
to single-valuedness of h and y. Thus Eq. (5.15) has been verified. 

In summary, the circulation theorem has been verified under the 
condition of Euler equation (5.16) together with the homentropy of 
the fluid and the conservative external force, but the fluid density is 
not necessarily assumed constant. 

The same circulation theorem can be proved as well for the case 
of a uniform density (p is constant), or the case of a barotropic fluid 
(in which the pressure p is a function of density p only, i.e. p = p(p)), 
instead of the homentropic property of uniform value of entropy s. 


5.3. Flux of vortex-lines 


Given a velocity field v(x), the vorticity w = (wz,wy,wz) is defined 
by V x v. In an analogous way to the stream-line, a vortex-line is 
defined by 
d d d dl 
ph op EE. 
Wy(x, y, z) Wy(X,Y, z) wz(z, y, z) [w] 
where the vector w is tangent to the vortex-line and / is the arc-length 
along it (Fig. 5.4). 
The circulation I of (5.13) is also represented with a surface inte- 
gral in terms of w by using the Stokes theorem (A.35) as 


ric|= ¢ veal= f(vxv)-nas= f w-nas, (5.20) 


where S is an open surface immersed in a fluid and bounded by the 
closed curve C with n being a unit normal to the surface element 
dS (Fig. 5.5). The integrand of the surface integral on the right 
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= (wz, Wy, w,) 






vortex-line 





Fig. 5.4. Vortex-line and tube. 





@n=@'n 


Fig. 5.5. Closed curve ČC and surface S. 


represents the magnitude of flux of vortex-lines passing through the 
surface element: 


wd S. (5.21) 


Hence, the circulation ['[C] is equal to the total magnitude of flux of 
vortex-lines passing through the closed curve C. 

Thus, the Kelvin’s circulation theorem is rephrased in the follow- 
ing way. The total magnitude of flux of vortex-lines passing through 
a material closed curve Ca, i.e. circulation T|Ca], is invariant with 
respect to the time for the motion of an ideal fluid of homentropy (or 
uniform density, or barotropy) under the conservative external force. 

A vortex tube is defined as a tube formed by the set of all vortex- 
lines passing through the closed curve C. The strength k, i.e. circu- 
lation, of a small vortex tube of an infinitesimal cross-section 6S is 
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given by k = w,6S, which is invariant along the tube itself. This is 
verified by using the property (a vector identity (A.26)), 


divw = V. (V x v)=0, (5.22) 


because there is no flux out of the tube surface. 


5.4. Potential flows 


From the Kelvin circulation theorem, one can deduce an important 
property. Suppose that the flow field is steady, hence stream-lines 
are unchanged. In addition, suppose that the vorticity curl v is zero 
in a domain D including a point P. Consider a small closed curve 
C within D encircling a stream-line L passing through the point P. 
Then the circulation ['[C] vanishes by (5.20). The circulation theorem 
assures that the zero-value of the circulation ['|C] is kept invariant 
during the translational motion of the closed curve C along the line 
L carried by the steady fluid flow. Namely, once the vorticity was 
zero in a domain D’ including a point on a stream-line L, then the 
vorticity is zero (curlv = 0) in an extended domain D” including 
the stream-line L which is swept by D’ carried along by the flow. If 
the velocity field is unsteady, the property curlv = 0 is maintained 
in a domain carried along by the moving fluid. 

The field where the vorticity is zero (curl v = 0) is termed irrota- 
tional. Any vector field v(x) whose curl vanishes in a simply-connected 
domain D is represented in terms of a potential function ®(x) as 


v = grad ® = (0,®, d,®, 0,6) = V® (5.23) 


(see Appendix B.1). It is obvious by the vector identity (A.25) that 
this is sufficient. In this sense, an irrotational flow is also called a 
potential flow. The scalar function ®(x) is called the velocity poten- 
tial. The flow in which the vorticity is not zero is said to be rotational. 

Suppose that a body is immersed in an otherwise uniform flow and 
that the newly formed flow is steady. At upstream points of infinity, 


°It can be verified that this is also necessary, as verified in Appendix B.1. 
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the vorticty is zero because the velocity field is uniform there. Thus, 
we find that this is a potential flow. 

For a potential flow, setting w = 0 in the equation of motion (5.6), 
we have 


lvl? 


Ov + grad ee +h+ x) =Q. (5.24) 


We can integrate this Euler’s equation of motion. Substituting the 
expression (5.23) for v and writing as v = |v|, we obtain 


a v? 
grad G + 5 +ht+ x) =Q. (5.25) 


This means that the expression in ( ) is a function of time t only, 
1 
3 + xv tAtx= f(t), (5.26) 


where f(t) is an arbitrary function of time. However, if we introduce 
a function ®’ by ® = 6 — fi f(t)dt', we obtain 


grad ®’ = grad = v, AP = 0,6 — f(t). 
Then, Eq. (5.26) reduces to 
A, 0! + Ly? +h + x = const. 
This (or (5.26)) is called the integral of the motion, where 
vu? = (0,8)? + (Op&)? + (Op®)?. (5.27) 


Henceforce, in the above integral, the function ® is used instead 
of p’: 
1 
O,® + x +h +x = const. (5.28) 


When the flow is steady, the first term 0;® vanishes. Then we 
obtain the same expression as Bernoulli’s equation (5.9). However 


®In this case, the function ® is to be supplemented with an arbitrary function of 
time. The invariance with the transformation 6 — ©’ may be termed as gauge 
invariance, which is analogous to that of electromagnetism. See Chapter 12. 


5.5. Irrotational incompressible flows (8D) 87 


in the present potential flow, the constant on the right holds at all 
points (not restricted to a single stream-line). 

If the gravitational potential is written as x = gz, the integral of 
motion (5.28) for a fluid of uniform density po is given as 


1 
3P + y + (p/po) + gz = const. (5.29) 


When the velocity potential ® is known, this equation gives the pres- 
sure p since v? is also known from (5.27). 


5.5. Irrotational incompressible flows (3D)* 


An irrotational flow has a velocity potential ®, and the velocity is 
represented as v = grad ®. In addition, if the fluid is incompressible, 
i.e. divv = 0, then we have the following equation, 


divv =V-V®=V’6 =0, (5.30) 
where V? = 0? + a + 02. This is also written as 
0=V°S = Prr + Pyy +P = AD. (5.31) 


This is the Laplace equation for ® where A is the Laplacian. In gen- 
eral, the functions ®(z, y, z) satisfying the Laplace equation is called 
harmonic functions. Thus, it is found that irrotational incompressible 
flows are described by harmonic functions. 

In other words, any harmonic function ® (satisfying A® = 0) 
represents a certain irrotational incompressible flow. To see what 
kind of flow is represented by ®, we have to examine what kind of 
boundary conditions are satisfied by the function ®. 

When a body is fixed in an irrotational flow, the normal compo- 
nent Vn of the velocity must vanish on the surface Sz of the body: 


Un =n- grad ® = 0®/On = 0, (5.32) 


where n is a unit normal to S. 


13D: three-dimensional, 2D: two-dimensional. 
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It is remarkable that Eq. (5.31) is linear with respect to the veloc- 
ity potential ® (as well as the boundary condition (5.32) is so). If 
two functions ®; and ®2 satisfy (5.31), then their linear combination 
®; + ®2 does satisfy it too. Often the combined potential ®; + ®2 
satisfies a required boundary condition even if each potential does 
not. Then we get a required solution ®; + ®2. 

A Neumann problem for harmonic functions is a boundary value 
problem in the theory of partial differential equations, which is to 
find a function ® satisfying the Laplace equation A® = 0 together 
with the boundary condition: 0®/On given on a surface S. In the 
context of fluid dynamics, if 0®/On = 0 on the boundary S and 
grad ® > U at infinity (with U a constant vector), this is a problem 
to determine the velocity potential ® of a flow around a solid body 
S at rest in a uniform stream U. 


5.6. Examples of irrotational incompressible 
flows (3D) 


A simplest example is given by a linear function, ® = Ax+ By+ Cz 
(with A, B,C: constants), which satisfies the Laplace equation A® = 
0 identically. The velocity v = grad® = (A,B,C) is a constant 
vector at every point, and hence this expresses a uniform flow. 

In particular, Py = Uz is the velocity potential of a uniform flow 
of velocity U in the x direction. 


5.6.1. Source (or sink) 


Consider a point x = (x,y,z) in the cartesian (x,y,z) coordinates. 
In the spherical polar coordinates (r,@,¢) (see Appendix D.3), the 
radial coordinate r denotes its distance from the origin. A flow due 
to a source (or a sink) located at the origin is represented by the 
velocity potential ®,: 


6,=—-—, (5.33) 


m 
r 


where r = yx? + y? + 22. 
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Applying the Laplacian (A.33), or (D.22) in the spherical coordi- 
nates, we obtain 
10 om 10 
V6, = ->| r —— ) ==-S—(-m)=0, f 0 
3 =H (r 2x) Par PE EEEN, 
where a singular point r = 0 (the origin) is excluded. This verifies 
that the function ®, is a harmonic function except when r = 0. The 


property that the function ®, is the velocity potential describing 
a flow due to a source can be shown by its velocity field, which is 


given by 
v = grad (—-) = (=. £ Z), 
r re\r rr 


since Or/Ox = x/r, etc. Taking a sphere Sp of an arbitrary radius R 
with its center at the origin, the volume flux of fluid flow out of Sr 
per unit time is given by 
Mm (LX Zz m 
$ v: ndSR = $ “(= pee =) dsr = = 4r R? = 4nrm, 
Sk suit rr rr R 


since n = (x/r, y/r, z/r). Equivalently, we have the relation, 
$ v-ndSp = / divvdV = | V?®,dV =4rm, 
SR VR 


where Vp is the spherical volume of radius R with its center at the 
origin. This implies [V?(1/r)dV = —47, namely 


v= = tye ay SC) 8G), (5.34) 


(see Appendix Sec. A.7 for the definition of 6-function).® Thus, it is 
found that the flux out of the spherical surface is independent of its 
radius and equal to a constant 4am. Therefore, the velocity potential 
®, = —m/r describes a source of fluid flow from the origin if m > 0, 
or a sink if m < 0. Figure 5.6 shows such a source flow (left), and a 
sink flow (right) in the upper half space. 


’The function 1/(47r) is called a fundamental solution of the Laplace equation 
due to the property (5.34). 
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Fig. 5.6. (Left) source (m > 0); (right) sink for a half space (m < 0). 


5.6.2. A source in a uniform flow 


One can consider a linear combination of two potentials: 

m 
Oy, := Py +, = Ur — —. (5.35) 

r 
What kind of flow is represented by ® y,? The velocity field is given by 

M (z yY z 

MS (U, 0, 0) += (=. Si) Z), 

TONE OT P 
in the cartesian (x,y,z) space. At large distances as r — oo, the 
velocity v approaches the first uniform flow. On the x axis (y = 0, 
z = 0), the x component velocity is given by u = U+-ma/r?, whereas 
the other two components are zero. There is a stagnation point where 


the velocity vanishes. The xz component u vanishes at a point x = —T, 
(rs > 0, y = 0, z = 0) on the negative x axis, where r, is given by 


te Salm) U: 


Evidently the flow field has a rotational symmetry with respect to 
the x axis. The stream-lines emanating from the stagnation point 
forms a surface of rotation symmetry Są around the x axis, which 
divides the fluid coming out of the origin (the source) from the fluid 
of the on-coming uniform flow from the left (Fig. 5.7). At sufficiently 
downstream, this surface S, tends to the surface of a circular cylinder 
of radius a (say). The rate of outflow per unit time is 47m as given 
in the previous case. This amount is equal to the uniform flow of 
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Fig. 5.7. A source at O in a uniform flow of velocity U. The external flow is 
equivalent to a flow around a semi-infinite cylindrical body By. 


velocity U passing through the circular cross-section of radius a. 
Thus, we have 


4am = na? U, :. a=2,/m/U 


One can replace the surface S, (and its inside space) by a solid 
body B,, which is a semi-infinite cylinder with a rounded head. The 
flow around the solid body B, is given by the same velocity potential 
of (5.35) (if the body axis coincides with the uniform flow) with the 
restriction that only the flow external to B, is considered. 


5.6.3. Dipole 


Differentiating the source potential ®, of (5.33) with respect to x, we 
obtain 0,®, = ma/r?. This form x/r? is called a dipole potential. 
The reason is as follows. 

Suppose that there is a source -m f(x,y,z) at the origin (0,0, 0) 
and a sink mf(x + €,y,z) at (—€,0,0), where f(x,y,z) is defined 
by 1/\/a? + y? + 2? (where m,e > 0). The velocity potential of the 
combined flow is given by 


d= m(f(e +6,2) - fley, 2) = mefe, y, 2) +0) 


= -m5 + O(e?). 
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Sphere (radius a) 


Fig. 5.8. Stream-lines of a dipole. 


Furthermore, consider the limit that the pair of the source and sink 
becomes closer indefinitely as « > 0, but that the product me tends to 
a nonzero constant u. Then, we obtain the following dipole potential 


(Fig. 5.8), 


T 
y= nS, (5.36) 


where p is termed the strength of a dipole in the x direction. The 
function ®g = wO,(1/r) is a harmonic function except at the origin 
because the derivative of a harmonic function 1/r is another har- 
monic function. In a mathematical expression, if Af = 0 is satisfied, 
we have A(0,f) = 0. 


5.6.4. A sphere in a uniform flow 


Let us consider a flow represented by the linear combination of a 
uniform flow ®y and a dipole —®q: 


x 
Pya := y = Pa = Ur + H mA (5.37) 


Using the spherical coordinates (r,0,ġ) where the x axis coincides 
with the polar axis, this is written as 


ya = u(r + six) 0, (5.38) 


since x = rcos 6. This is an axisymmetric flow. In fact, using (A.30), 
or (D.17) for the V operator of the spherical coordinates (r,6,@) in 
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Appendix D.3, the velocity in the spherical frame is given by 


2 
v= (u(1- Ay) cose, (1+ Ay) sind,0). (5.39) 


At infinity as r — oo, the velocity tends to the uniform flow (U cos 6, 
—U sin 6, 0) in the spherical frame, which is equivalent to (U,0,0) in 
the (x,y,z) frame. 

The radial component v, is given by v, = U(1 — (2u/ Ur?)) cos 0. 
From this, it is found that there is a sphere of radius a = (2u /U)!3 on 
which the normal velocity component vy vanishes for all 0 (Fig. 5.9). 
This implies that the expression (5.39) represents the velocity of a 
flow around a sphere of radius a. A dipole placed in a uniform flow 
can represent a flow field around a sphere placed in a uniform stream. 
If the radius a is given in advance, the dipole strength u should be 
iUa’. 

Thus, it is found that the velocity potential of the uniform flow 
of velocity U around a sphere of radius a is given by 


1. 32 a? 
PUsph = Ur+ 3 Ua 73 =U|r+ Jr2 cos @. (5.40) 
For this axisymmetric flow, we can introduce the Stokes’ stream func- 


tion defined by (B.11) in Appendix B.3 as 


1 oY 1 əy 
Hanae a = : Al 
r2 sind 00’ (5A) 


—rsind Or 
Using (5.39), we obtain the stream function Vyspy of the uniform 
flow of velocity U around a sphere of radius a: 





Ur 


y eee in? 6 5.42 
Usph = 5 Ur 73 } sin’ é. (5.42) 








Fig. 5.9. Flow around a sphere, represented by a dipole and a uniform flow. 
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Obviously, this shows that the sphere r = a coincides with a stream- 
line, more precisely a surface of stream-lines. 
The first term represents the stream function of a uniform flow: 


1 
wss Ur? sin? 6. (5.43) 


The second term represents the stream function of a dipole toward 
the negative x-direction: 


Te. 
Me sin? 0. (5.44) 


5.6.5. A vortex line 


In the cylindrical coordinates (r,@,z) with z as the polar axis, the 
following function ®, is a harmonic function: 


0, = ~ 6, (r#0, k: a constant). (5.45) 


In the cartesian (x,y,z) coordinates, the variable ð is an angle 
defined by 


0 = tan! (y/x) = tant é, €= z (5.46) 


It can be readily verified that ®,, in fact, satisfies the Laplace equa- 
tion, V2, = 0, by using the formula (D.10). The function ®, is 
actually the velocity potential of a vortex-line of strength k coincid- 
ing with the z axis (Fig. 5.10). This can be shown as follows. 

First, the function ®, is independent of z by the above definition. 
Hence the z component of velocity is zero: w = 0,®, = 0. Next, the 
x component is given by 


n,n,  Ofk.\ kəõæ&ð 4 


k yY 1 k y 
ara aes , 4 
=( J +E? 2T x? +y? Gn 








Similarly, the y component is 


k x 
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vortex filament 





Fig. 5.10. A vortex-line coinciding with the z axis. 


Thus, the velocity is given by v = (u,v,0), which is rewritten as 


k 1 


v= z pepe Ov #9) = (0,0, 2) x (x, y, 2), 


where Q = (1/27) k/(a? + y’) is the angular velocity of rotating 
motion around the z axis depending on r = ,/x? + y? only. The 
velocity circulation along a closed curve C around the z axis (sur- 
rounding it once), called the strength of a vortex, is 


$ v-dl= $ (0,8, dx + Oy®,dy) = $ d®, = [®,]c = i 27 = k. 
c C C 2 


T 

Thus, it is found that the velocity potential ®, represents the flow 
field due to a concentrated vortex of strength k coinciding with the 
z axis. 


5.7. Irrotational incompressible flows (2D) 


Let us consider the velocity at a point x = (x,y) in the two- 
dimensional cartesian space, given by 


v(x) = (u(x, y), v(x, y)). 
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Any two-dimensional irrotational flow of an incompressible fluid can 
be represented by a complex function of the complex variable z 
defined as 


z=a+iy=rcosé+irsind = re®, (5.49) 


where i = /—1 is the imaginary unit. The magnitude r = \/x? + y? 
and the angle 6 = tan~!(y/x) are written by the modulus |z| = 
r and the argument, arg(z) = 0, where z = ret? is called polar 
representation. 

Conversely, any analytic complex function f(z) represents a cer- 
tain two-dimensional irrotational flow of an incompressible fluid. The 
present section is devoted to such a powerful method. 

An irrotational flow can be represented by a velocity potential 
(x,y) (Appendix B.1). In the two-dimensional space, velocity com- 
ponents are expressed as 


u(x, y) = O,P(x,y), v(x, y) = y(x, y). (5.50) 

On the other hand, a two-dimensional incompressible flow can be rep- 

resented in terms of a stream function U(x, y) as well (Appendix B.2), 
such that 

u = yV (x,y), v= —0rY (x,y), (5.51) 


which satisfies 0,u+Oyv = 0 identically. A contour curve is defined by 
(x,y) = C (a constant), which coincides with a stream-line because 


0O=d¥ =V,dzr+ Ydy = —vdz + udy. 


This is equivalent to the equation of a stream-line: dx/u = dy/v. 
From (5.50) and (5.51), we have the relation, 


J,@ =O, V, Jy =—A,W. (5.52) 


This is nothing but the Cauchy—Riemann’s relations [CKP66] which 
are the fundamental property to be satisfied by a complex analytic 
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function defined by 
F(z) = (x,y) + it (z,y), z=x+iy. (5.53) 


From (5.52), it can be readily shown that both the velocity potential 
(x,y) and the stream function VU (2, y) satisfy the Laplace equation: 


Pre +y =0, Wee + Yyy =0. (5.54) 


The analyticity condition (5.52) is another word for differentiability. 
In fact, the Cauchy—Riemann’s conditions assure that the complex 
function F(z) has a well-defined derivative,’ 


dF 06 ðv OW (00 © 

i Os oe a y =u-—iv. (5.55) 
(See Problem 5.1.) In addition, it is assured by (5.52) that the com- 
plex function F(z) is differentiable any number of times [CKP66]. 

The function F(z) is called the complex potential, and dF'/dz the 

complex velocity. The complex velocity is written as w = u — iv. 
The magnitude |w| gives the magnitude of velocity v = (u,v), while 
the argument of w is —¢, where ¢ is defined by the counter-clockwise 
angle of v from the z axis: 


ucise n ae, u+iv= qe". (5.56) 
z 
Since u? + v? = q? = |dF/dz|?, the Bernoulli equation (5.11) can be 
rewritten in the form for the pressure p as!? 
og 2 |dF|? ae ar 
ae on (eae a 5.57 
P=Po- spoT, =| ae aes (5.57) 








where the overline denotes complex conjugate. 
The definition of the complex function F(z) = ® + iW by (5.53) 
is regarded as a map from a complex variable z = x + iy to another 


°The form d(® + iW) = (u— iv)(dax + idy) was first given by d’Alembert (1761). 
The second expression of (5.55) is the derivative with Az = Az, whereas the third 
one is that with Az = iAy. Namely, differentiability means that the derivative 
does not depend on the direction of differentiation. 

10 A = a — ib is the complex conjugate of A = a+ ib (a, b: real). 
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complex variable F = ® + iW, or an inverse map from F to z. This 
is called the conformal map. In fact, in the (x, y)-plane, we have two 
families of curves defined by 


(x,y) = const., P(x,y) = const. (5.58) 


The second describes a family of stream-lines as explained in 
Appendix B.2, while the first may be called a family of equi-potential 
curves. The two families of curves form an orthogonal netin the (x, y)- 
plane (see Problem 5.3). In the (®, Y)-plane, the family of curves 
® = const. are straight lines parallel to the imaginary axis, while the 
family of curves V = const. are parallel to the real axis. Thus the 
two sets of orthogonal parallel straight lines in the (®, VW) plane are 
mapped to the orthogonal net in the (, y)-plane by the complex func- 
tion F(z). The property of angle-preservation by a complex analytic 
function F(z) is valid for any intersecting angle (see Problem 5.4). 
From (5.55), we have 


dF = wdz = (u — iv)(dx + idy) = (udax + vdy) + i(udy — vdz). 


Integrating this along a closed curve C, we obtain 


f vaz = f (ude + vdy) +i f (udy — vdz) =T(C) + iQ(C). 
(5.59) 


The first real part is just the velocity circulation [(C) along C, 
according to (5.13). The second imaginary part, if multiplied by p, 
is the mass flux across C’. In fact, we can write 


Q(C) = f (uy —vdz) = fom + uny) dl, (5.60) 


where (Nng, ny) = n is the unit normal to the closed curve C.'' The 
right-hand side clearly means the outward flux across the counter- 
clockwise closed curve C. 


“Using the line element dl = (dx, dy) and its magnitude di = |dl|, the unit 
tangent is defined by t = (tz,ty) = (da/dl, dy/dl), while the unit normal is 
defined by n = (nz, ny) = (dy/dl, —da/dl), directed to the right of t. Obviously, 
n-t=0. 
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The contour integral of a complex function w(z) round a counter- 
clockwise closed contour C is given by the sum of residues within C 
by the theory of complex function [CPC66]: 


f w(z) dz = 2ri `> Rr, (5.61) 
¢ k 


where Ry is the residue of w(z) at the simple pole z, within C 
(Problem 5.6). 


5.8. Examples of 2D flows represented by complex 
potentials 


Monomials like z” (for n = 1,2,...) represent typical flows: 


(i) F = Cz (where C = Ue~” with U and 6 real constants): 
This represents a uniform flow of magnitude U of velocity in the 
direction inclined at an angle 6 counter-clockwise with respect 
to the x axis because dF/dz = Ue~”’. 

(ii) F = 5Az? (A is a real constant): 
w = dF/dz = Az = Az + iAy (= u — iv). This represents a 
stagnation-point flow where (u, v) = (Ax, — Ay) (Problem 5.2). 

(iii) F = (A/(n +1)) 2”! (A > 0 and n 2 —1/2): 
dF/dz = Az” = Ar™(cosn@ +14 sinn) where z = re. This 
represents a corner flow in a sector of angle m/n. If n > 0, the 
velocity at the origin z = 0 vanishes, while the velocity at z = 0 
diverges for 0 > n 2 —1/2. The case n = 0 corresponds to a 
uniform flow. The case n = —1/2 corresponds to the maximum 
sector angle 27 and describes the flow around a semi-infinite 
plate from the lower to the upper side (or vice versa). 


5.8.1. Source (or sink) 
A source (or sink) at the origin z = 0 is represented by 

F(z) =mlogz (m: real). (5.62) 
Substituting the polar representation z = re’’, 


F; = ® + iY = mlogr + imð. 
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Stream-lines, expressed by VW = m0 = const., are all radial. The 
velocity field is given by dF,/dz = w = |v| e~*?: 





_ dks Sa iA 


dz z r ee) 


Volume flux of outflow per unit time from a domain bounded by a 
closed curve C' is given by Q(C) of (5.59), which is the imaginary 
part of the contour integral of the complex velocity w round C. Such 
a contour integral is given by (5.61). 

The complex velocity w(z) has only one simple pole at z = 0. 
Hence, if C encloses the origin, we have 


z 


QC) = of £ waz z of g Za Goninon, C 


If C does not enclose the origin, we have Q(C) = 0. The circulation 
I(C) along C is zero since the contour integral fo wdz = 2rim is 
purely imaginary with a real m. 

Thus it is found that the complex potential F, describes a source 
of fluid flow from the origin if m > 0, or a sink if m < 0. 


5.8.2. A source in a uniform flow 


Consider the following complex potential: 
Fys := Uz + F; = Uz + mlogz. (5.65) 


The complex velocity is given by 





At large distances as |z| — œœ, the velocity w approaches the first 
uniform flow w = U. There is a stagnation-point on the real axis (x 
axis) where the velocity w vanishes (see Problem 5.2 for a stagnation- 
point flow). On the real axis, we have z = x, and the x component is 
given by u = U+ m/z, whereas the y component vanishes. u vanishes 
at a point zs on the negative x axis, where x, = —m/U. The flow 
field has a symmetry with respect to the x axis. The stream-lines 
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emanating from the stagnation point forms a curve C, of mirror- 
symmetry with respect to the x axis, which divides the fluid emerging 
out of the source at z = 0 from the fluid of oncoming uniform flow 
from the left. At sufficiently downstream, this curve Cy tends to two 
parallel lines of distance d (say). The rate of outflow per unit time is 
27m as given in the previous example. This amount is equal to the 
uniform flow of velocity U between the two parallel lines of width d. 
Thus, we have 


2am = Ud, .«. d=2am/U 


One can replace the curve C,, (and its inside space) by a solid body 
C,, which is a semi-infinite plate of thickness d with a rounded 
edge. 


5.8.3. Dipole 


A derivative of the source potential F, of (5.62) with respect to x 
becomes a dipole potential. The reason is as follows. 

Suppose that there is a source mlog z at the origin (0,0) and a 
sink —m log(z + €) at (—€,0), where m, € > 0. The complex potential 
of the combined flow is given by 


F 


mlog z — mlog(z + €) 


—mllog(z + €) — log z] 
= ð 2) _ 1 2 
= — mez log z + O(e*) = —me oak O(e*). 


Furthermore, consider the limit that the pair of source and sink 
becomes closer indefinitely as € — 0, but that the product me 
tends to a nonzero constant u. Then, we obtain the following dipole 
potential, 


panh (5.66) 
z 
where u is termed as the strength of dipole in the x-direction. The 
dipole in the y-direction is obtained by replacing € by ie, and hence 
replacing ps by ip. 
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The function Fg = —(d/dz) log z is an analytic function except 
at the origin because the derivative of an analytic function log z 
(z # 0) is another analytic function. According to the theory of 
complex functions, if f(z) is an analytic function in a domain, then 
the derivative d” f /dz” is another analytic function for any integer 
n in the same domain. 


5.8.4. A circular cylinder in a uniform flow 
The dipole — Fy in a uniform stream Uz, 
Ree we Se (5.67) 
z 


describes a uniform flow around a circle. 
The complex velocity is given by dFya/dz, which is 


w=u-iw=U- 4 =(U- $ cos20) +if sin20, (5.68) 
z r r 
where z? = r7e’?9. As z — ov, the velocity tends to the uniform flow 


(U,0). 
Consider a circle C, of radius r centered at z = 0. The radial 
component of velocity at the angular position 6 on C; is given by 


Up = u cos 0 + vsin 8 


= (u-4 cos 20) dose = sin 20 sin 0 


r2 r2 


E (u- 5) cos 0. 


From this, it is found that there is a circle of radius a = \/u/U 
on which the normal velocity component v, vanishes for all 6. This 
implies that the expression (5.68) represents the velocity of a flow 
around a circle of radius a. A dipole (in the negative x-direction) 
placed in a uniform flow (in the positive x-direction) can represent a 
flow field around a circle placed in a uniform stream. If the radius a 
is given in advance, the dipole strength p is given by Ua’. 
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Thus, it is found that the complex potential of the uniform flow 
of velocity U around a circle of radius a is given by 


a2 
Fucire = u(: + =) (5.69) 


a? a? 
= u(r + =) cos 0 + i(r — =) sin 0. (5.70) 


5.8.5. Point vortex (a line vortez) 


A vortex at the origin z = 0 is represented by the complex potential, 


k 
F(z) = a logz (k: real). (5.71) 
Substituting the polar representation z = re’, 
k k 
f= Ot aoa izz Er 


The velocity field is given by dF,/dz = w = u — iv: 


w(z) = Ala (—sin0 — i cos 9), (5.72) 


2ri z 27r 


k k k 
= —— sing = -— £, PER E (5.73) 
Qrr Qn r2’ 27 2r r° 
where r? = x? + y?. It is seen that these are equivalent to (5.47) and 
(5.48). 


Circulation ['(C) and volume flux Q(C) with respect to a contour 
C is given by the contour integral of (5.59). If C encloses the origin, 
we have 


k dz k 
=T j = = 2ri — = k. 74 
fi wae (OQO) = f SoS = 28th. (6.74) 
Therefore, the velocity circulation round C enclosing z = 0 is given 
by I(C) = k, whereas Q(C) = 0. If C does not enclose the origin, 
we have I'(C) = 0 and Q(C) = 
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Thus it is found that the complex potential F, = (k/277) log z 
represents a concentrated vortex located at z = 0 with the circulation 
k, counter-clockwise if k > 0, or clockwise if k < 0. 


5.9. Induced mass 


5.9.1. Kinetic energy induced by a moving body 


Let us consider an ingenious analysis of potential flow induced by 
a solid body moving through an invisid fluid otherwise at rest in 
the three-dimensional space (x,y, z). This is a formulation in which 
the total momentum and energy of fluid motion thus induced can 
be represented in terms of a constant tensor depending only on 
the asymptotic behavior of velocity potential ®(r) at infinity, where 
r = (x,y,z). [LL87, Sec. 11] 

Potential flow of an incompressible fluid satisfies the Laplace equa- 
tion V?® = 0. We investigate the fluid velocity at great distances 
from the moving body. Since the fluid is at rest at infinity, the veloc- 
ity grad ® must vanish at infinity. We take the origin inside the mov- 
ing body at a particular instant of time. We already know (Sec. 5.6) 
that the function 1/r is a particular solution of the Laplace equation 
(r £0), where r is the distance from the origin. In addition, its space 
derivatives of any order are also solutions. Their linear combination 
is also a solution. All these solutions vanish at infinity. Thus, the 
general form of solutions of Laplace equation is represented by 


1 
oo Se Au grad — + [higher order derivatives of l/r], (5.75) 
r r 


at large distances from the body, where a and A are constants inde- 
pendent of coordinates. The constant a must be zero in incompress- 
ible flows since the first term represents a flow due to a fluid source 
at the origin (Sec. 5.6.1). The second term represents a flow due to a 
dipole at the origin (Sec. 5.6.3). The series form (5.75) is called the 
multipole expansion. 

We concentrate on the dipole term including A, since the terms 
of higher order could be neglected at large distances in the following 
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analysis. Then, we have 


1 A. 
= A - grad - = — a e= L, (5.76) 
r r |r| 





where r = (x,y,z) is the radial vector. The velocity is given by 


v = grad ® = (A - grad) grad ~ = a (5.77) 

It is remarkable that the velocity diminishes as r~? at large distances, 

which is a characteristic property of dipoles. The constant vector A 
depends on the detailed shape of the body.” 

The vector A appearing in (5.76) can be related to total momen- 

tum and energy of fluid motion induced by the moving body. The 


total kinetic energy ist? 


1 
E=3p | wav, 
2 Jv, 


where the integration is to be taken over all space outside the body, 
denoted by V,. The integral in the unbounded space is dealt with 
in the following way. First, we choose a region of space V bounded 
by a sphere Sp of a large radius R with its center at the origin and 
integrate over V. Next, we let R tend to infinity. We denote the 
volume of the body by V, and its surface by Sj. 

Denoting the velocity of the body by U, we note the following 
identity: 


IvP2dV = T jUPav +f watje Gy 

Va Ve x 

The first integral on the right is simply U? (V — Vp), since U = |U] is a 
constant. In the second integral, we use the expressions: v = grad ®, 


12The vector A can be determined by solving the equation V?® = 0 in the 
complete domain, taking into account the boundary condition at the surface of 
the moving body. 

13The internal energy of an incompressible ideal fluid is constant. 
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and U = grad(U -r) for the second factor. Then, we have 
(v—U)-(v+U) = (v—U)-grad(®@+U -r) = div|(®+U.-r) (v—U)], 


since divv = 0 and divU = O. The second integral is now trans- 
formed into a surface integral over Sr and Sp. Thus, we have 


| wav =v Vv -v)+ $ (6+ U-r)(v—U)-nd5, 
x SRS» 

where n is the unit outward normal to the bounding surface. On the 
body’s surface 5,, the normal component v-n must be equal to U - n. 
Hence the surface integral over Sẹ vanishes identically. On the remote 
surface Spg, we can use (5.76) for ® and (5.77) for v. Then, we obtain 


frea = u? (Fars — v) +f [3(A -e)(U -e) 
-— R?(U - e)? — 2R? (A - e)?] dQ, (5.78) 


where, on the spherical surface SpR, we used the expressions: n = e 
and dS = R? dQ with dQ an element of solid angle (dQ = sin 6 déd@). 

Here, we apply the following formula for the integral of (A - e)x 
(B - e) over dQ divided by 47 (equivalent to an average over a unit 
sphere): 


= (A-e)(B-e)d2=—A-B, (5.79) 
for constant vectors A and B (see Problem 5.9 for its proof). 
Carrying out the integration of (5.78) by using (5.79), neglecting 
the last term (x R~3) since it vanishes as R — oo and dropping 
the cancelling terms of (4/3)7R°U?, we finally obtain the following 
expression for the total energy of fluid motion (multiplying by 2 p): 


1 1 
E = sp | \wPav = 5p (47 A-U —V,U"). (5.80) 


In order to obtain the exact expression of A, we need a complete 
solution of the Neumann problem of the Laplace equation, 


V’76=0, foreV,; n-V@=n-U on $. (5.81) 
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From this, we can make a deductive reasoning about the general 
nature of the dependence of A on velocity U of the body. In view 
of the properties that the governing equation is linear with respect 
to ®, and that the boundary condition for the normal derivative of 
® is linear in U, it follows that the complete solution can be repre- 
sented by a linear combination of potentials in the form of multipole 
expansion (5.75), and that the coefficient A of the dipole term must 
be a linear function of the components of U, i.e. A; = cijU;.14 


5.9.2. Induced mass 


Thus, the energy E of (5.80) is represented by a quadratic function 
of U;, and can be written in the following form: 


1 


Mij = p(4Tcij = Vz 5:3), (5.83) 


where mj; is a certain symmetrical tensor (the expression (5.82) 
enables symmetrization of mj;; even if the original mj;; is not so). 
mj; is called the induced-mass tensor, or the added mass. The latter 
meaning will become clear by the reasoning given next. 

Knowing the energy E, we can obtain an expression of the total 
momentum P of fluid motion. Suppose that the body is subject to an 
external force F. The momentum of fluid will thereby be increased 
by dP (say) during a short time dt. This increase is related to the 
force by dP = Fdt. Scalar multiplication with the velocity U leads 
to U -dP = F . Udt, i.e. the work done by the force F through the 
distance Udt. This must be equal to the increase of energy dE of 


“The dipole potential & of (5.76) are of the form A;¢; by using three dipole 
components ¢;. On the other hand, with 6 = U;w;, the Neumann problem (5.81) 
can be transformed to V7); = 0 with the boundary condition n- V4; = nj. The 
three solutions w; thus determined depend on the body shape, but are indepen- 
dent of U;. p; may include a dipole term po = cj; in the asymptotic multipole 
expansion at large distances. Therefore, we have A;¢; = U. vo = Uj;aj;¢:. From 
this, we obtain A; = cj;U;. For the problem in Sec. 5.6.4 of a sphere of radius a 
moving with (—U,0,0), we found A = (Az, Ay, Az) = ($a°(—U),0,0). 
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the fluid. We already have an expression of E from (5.82). Hence, we 
obtain two expressions of dE: 


dE=U. dP, dE = mijU;jdU;, 


where symmetry of the mass tensor m;; is used. From the equivalence 
of the two expressions, we find that 


P; = m;jUj, or P = 4rpA — p% U. (5.84) 


It isremarkable that the total fluid momentum is given by a finite quan- 
tity, although the fluid velocity is distributed over unbounded space. 


5.9.3. d’Alembert’s paradox and virtual mass 


The momentum transmitted to the fluid by the body is dP/dt per 
unit time, the reaction force F’ from the fluid on the body is given by 


F’ = -dP/dt. 


Suppose that the body is moving steadily in an ideal fluid at a veloc- 
ity U and inducing an irrotational flow around it. Then, we should 
have P = const., since U is constant, so we obtain F’ = 0. Hence, 
there would be no force. This is the result known as the d’Alembert 
paradox. This paradox is clearly seen by considering the drag. The 
presence of a drag in uniform motion of a body would mean that 
work is continually done on the fluid by the external force (required 
to maintain the steady motion) and that the fluid will gain energy 
continually. However, there is no dissipation of energy in an ideal fluid 
by definition, and the velocity field decays so rapidly with increasing 
distance from the body that there can be no energy flow to infinity 
(out of the space). Thus, no force is possible for uniform motion of a 
body in an ideal fluid.!° If there was a nonzero force in such a case, 
that would be a real paradoz. 

Suppose that a body of mass m is moving with acceleration under 
the action of an external force f. This force must be equated to 


15Except for the lift L in the two-dimensional problem of uniform flow around a 
cylindrical body with a circulation (Problem 5.8). We have L- U = 0. 
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the time derivative of the total momentum of the system. The total 
momentum is the sum of the momentum mU of the body and the 
momentum P of the fluid. Thus, 


dU dP 
—4—e=f. 5.85 
Tage ap (aao 
This can also be written as 
dU; 
(mdi; + my) = Fi (5.86) 


This is the equation of motion of a body immersed in an ideal fluid. 
This clearly shows that mj; is an added mass (tensor). The factor 
(mdi; + mij) in front of the acceleration dU;/dt is the virtual mass 
(tensor). 

The added mass can be estimated from ®y spn of Sec. 5.6.4 (and 
from the remark of the footnote in Sec. 5.9.1), which implied ci; = 
50364, for the motion of a sphere of radius a. Hence, the formula 
(5.83) with Vj = (47r /3)a? yields 


1 (40 3 


1 
TS (Fa P) dij = z (Muia) Õij. (5.87) 


Namely, the added mass for the motion of a sphere is a half of the 
fluid mass displaced by the sphere. 

For the motion of a circular cylinder, we will obtain mij = 
(mguia) 61; from Sec. 5.8.4. 


5.10. Problems 


Problem 5.1 Complex velocity 


Taking differential of a complex function F(z): dF = 0,F'dx+0,F dy, 
show the equalities of (5.55). 


Problem 5.2 Stagnation-point flow 


Determine the stream-lines of two-dimensional velocity field given 
by v = (u, v) = (Az, —Ay) with A a real constant (Fig. 5.11). [The 
origin (0,0) is called the stagnation-point because v vanishes there.| 
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Fig. 5.11. Stagnation-point flow (W: stream function, ®: velocity potential). 


Problem 5.3 Orthogonal net of a complex analytic 
function 


The expressions (5.58) define two families of equi-potential lines 
and stream-lines. Show mutual orthogonal-intersection of the two 
families. 


Problem 5.4 Conformal property 


Suppose that we are given two complex planes z = x + iy and 
Z = X+iY, and that there is a point zp in the z plane and two points 
z, and 22 infinitesimally close to zo. The two planes are related by a 
complex analytic function Z = F(z), and the three points zo, 21, z2 
are mapped to Zo, Z1, Z2 in the Z plane by F(z), respectively. Show 
that the intersecting angle 0 between two infinitesimal segments 
(from zı — zo to z2 — zo) is invariant by the map F(z), namely the 
intersecting angle between two infinitesimal segments (from Z1 — Zo 
to Zo — Zo) is 0. 


Problem 5.5 Joukowski transformation 


Suppose that we have two complex planes z = x + iy and Ç = E+ in, 
and that we are given the following transformation between z and ¢: 


2 


z= fO, fO =ċ+ - (a: real positive), (5.88) 
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called the Joukowski transformation. 


(i) 


(iii) 


Using the polar representation C = oe’®, show that the circle 
c = a in the Ç plane is mapped to a segment L on the real 
axis of z plane: x € [—2a,+2a], y = 0. In addition, show that 
the exterior of the circle ø = a of the ¢ plane is mapped to the 
whole z plane except L (a cut along the real axis x), and that 
the interior of the circle ø = a is mapped to the entire z plane 
except L, too. 

Show that the following potential F,(¢) describes an inclined 
uniform flow around a circle of radius a in the ¢ plane: 


a2 ee 


Ç 


In addition, determine what is the angle of inclination with 
respect to the real axis € [Fig. 5.12(a)]. 

Show that the corresponding flow in the z plane is an inclined 
uniform flow around a flat plate of length 4a [Fig. 5.12(b)]. 





R(O= u (ce + ) (a: real). (5.89) 
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(iv) Show that the potential F, (Å) represents a flow impinging on a 
vertical flat plate (on the imaginary axis) in the Z plane at right 
angles from left (from the negative real axis of Z) [Fig. 5.12(c)]: 


F\(¢) = -w(< = =) , Z= -i(¢ + =) (5.90) 


Problem 5.6 Residue 


Show that the following contour integral of a complex function F(z) 
along C around z = 0: 


f F(z)dz = 271 A_1, 
C 


6s x (5.91) 
F(z) = ` Anz” = È foot isi 


n=— o0 


where C is a counter-clockwise closed contour around the origin z = 0. 
The coefficient A_ is called the residue at the simple pole z = 0. 


Problem 5.7 Blasius formula 


Suppose that a body B is fixed within a two-dimensional incompress- 
ible irrotational flow represented by the complex potential F(z) on 
the (x,y) plane, and that the force acting on B is given by (X, Y). 
By using the expression (5.57) for the pressure p on the body surface 
(given by a closed curve C), show the following Blasius’s formula: 


n dF\? 
X-iY = zio ¢ (=) dz. (5.92) 


Problem 5.8 Kutta—Joukowski’s theorem 


(i) Show that the following complex potential F(z) represents a 
uniform flow (of velocity U) around a circular cylinder of radius a 
(Fig. 5.13): 


2 
F,(z) = u(: + <) — = log z, y= const. (> 0). (5.93) 
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Lift = SUr 











Fig. 5.13. Flow of F(z). 


In addition, compute the velocity circulation around the 
cylinder. 

(ii) Determine the force (X, Y) acting on the cylinder C in the flow 
F(z) by using the Blasius formula (5.92). 
[The force formula to be obtained is the Kutta—Joukowski’s for- 
mula for the lift, Y = ppUy (with X = 0), acting on the cylinder.| 


Problem 5.9 Integral formula 


Verify the integral formula (5.79) for any constant vectors A and B, 
where e is the unit vector in the radial direction, expressed as 


e = (ei) = (ex, €y, €z) = (sin 0 cos ġ, sin 0 sin ġ, cos 0) (5.94) 


in the (x,y,z) cartesian frame in terms of the polar angle 0 and 
azimuthal angle ¢ģ of the spherical polar system, and dQ = sin 6 déd¢. 


Problem 5.10 Motion of a sphere in a fluid 


According to the formulation in Sec. 5.9, determine the equation of 
motion for a sphere of mass m,, subject to a force f in an incompress- 
ible inviscid fluid, assuming that the flow is irrotational. In addition, 
apply it to the motion of a spherical bubble (assuming its density 
zero) in water in the gravitational field of acceleration g. 
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Chapter 6 


Water waves and sound waves 


Fluid motions are characterized by two different elements, i.e. vor- 
tices and waves. In this chapter, we consider water waves and sound 
waves. There exists a fundamental difference in character between 
the two waves from a physical point of view. The vortices will be 
considered in the next chapter. 

A liquid at rest in a gravitational field is in general bounded above 
by a free surface. Once this free surface experiences some disturbance, 
it is deformed from its equilibrium state, generating fluid motion. 
Then, the deformation propagates over the surface as a wave. Waves 
are observed on water almost at any time and are called water waves 
which are sometimes called a surface wave. The surface wave is a 
kind of dispersive waves whose phase velocity depends on its wave 
length. 

On the other hand, a sound wave is nondispersive and the phase 
velocity of different wave lengths take the same value. This results 
in a remarkable consequence, i.e. invariance of wave form during 
propagation. 


6.1. Hydrostatic pressure 


Suppose that water of uniform density p is at rest in a uniform field 
of gravity. Then, setting v = 0 and f = g = (0,0,-—g) in (5.2), 
with respect to the (x,y, z)-cartesian frame, the z axis taken verti- 
cally upward (where g is a constant of gravitational acceleration), 
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the Euler equation of motion reduces to 


gradp= pg, =(0,0,-g). (6.1) 


Horizontal x and y components and vertical z component of this 
equation are 


o o o 
Ox Oy Oz 
Since the density p is a constant, we obtain 
p = p(z) := —pgz + const. 


Provided that the pressure on the surface is equal to the uniform 
value po (the atmospheric pressure) at every point, the surface is 
given by z = const., called the horizontal plane. Since the surface 
is determined by the pressure solely without any other constraint, it 
is also called a free surface. 

Let the horizontal free surface be at z = 0, where p = po. Then 
we have from the above equation, 


P=po—pgz (z<0). (6.2) 


This pressure distribution is called the hydrostatic pressure 
(Fig. 6.1). 

Our problem is as follows. Initially, it is assumed that the water 
is at rest. Next, a small external disturbance pressure acts on the 
surface of water and deforms it. Needless to say, the state of rest is 
irrotational since v = 0. Kelvin’s circulation theorem tells us that the 


iene z=0 > 


horizontal 


fi 
surface DEMNE 


Fig. 6.1. Hydrostatic pressure. 
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irrotationality maintains itself in the fluid motion thereafter because 
the gravity force is conservative. The deformation propagates as a 
wave, and the water motion can be represented by a velocity potential 
®. It will be found that the wave motion is limited to a neighborhood 
of the surface, and the water motion decays rapidly with increasing 
depth from the surface. Hence, it is called a surface wave. The sur- 
face wave is characterized as a dispersive wave which will be clarified 
in the analysis below. 


6.2. Surface waves on deep water 


It is assumed that the water is inviscid and that its motion is incom- 
pressible and irrotational. Then according to Sec. 5.5, the velocity 
potential is governed by the Laplace equation. Furthermore for sim- 
plification, the motion is assumed to be two-dimensional in the x 
(horizontal) and z (vertical) plane, uniform in the y (horizontal) 
direction. In this case, the velocity is represented as 


v = grad (zx, z, t) = (u, 0, w) (6.3) 

(with ¢ the time), and the velocity potential satisfies the following 
equation: 

AF = Prr 4+ ®,, =0. (6.4) 


In addition, it is assumed that the depth is infinite. The surface 
deformation is expressed as 


aa): (6.5) 


Under the surface, there is an irrotational fluid motion. The Laplace 
equation (6.4) is investigated in the domain, —co < z < C(a,t). 
The wave is determined by two boundary conditions imposed on the 
surface z = ¢, which are now considered (Fig. 6.2). 


6.2.1. Pressure condition at the free surface 


This is the condition that the surface z = ¢ is acted on by the uniform 
atmospheric pressure po. The fact that the fluid motion is irrotational 
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Fig. 6.2. Surface wave on deep water. 


enables us to use the integral (5.29), which can be written as 


1 
P: +50 + (p/p) +92 =C, 
2 (6.6) 


gq =u? + w? = 62 + p2. 


In Eq. (6.6), p is set equal to po on the surface z = ¢ and the constant 
C is equal to po/p at the initial instant when the water is at rest: 
namely p = po at z = 0, ® = 0, and q? = 0. Thus, we obtain the 
first condition, 


1 
BC1: $, + T +9C¢=0 at z=C(z,t). (6.7) 


This is called the dynamic condition. 
From (6.6) with C = po/p, the pressure within the fluid is given by 


p=m~e(O +50 +02) (z <¢) (6.8) 


This is an extension of the formula (6.2) taking account of additional 
terms of pẹ, and žog. 


6.2.2. Condition of surface motion 


Surface deformation is caused by the motion of fluid particles moving 
with velocity (u,w) on the surface. Its mathematical representation 
is given as follows. Using a function (x,t) of the surface, we define 
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a new function f by 


fle eat) =e Ob) (6.9) 


Every point (x, z) on the free surface satisfies the equation f(z, z,t) = 
O at any time t. At a time t + At infinitesimally after t, a particle 
located at (x, z) at t displaces to (a +uAt, z+wAt), and still satis- 
fies f(a + uAt, z+ wAt, t+ At) = 0. This means that the following 
equation holds: 

Df _ 

ia 
Here, we have f; = —G:, fe = —¢, and f, = 1 from (6.9). Substituting 
these in the above equation, we obtain the second condition, 


0, or equivalently ft + uf, + wf, = 0. 


BC2: Ceti =u tat 2S (a, 1): (6.10) 


This is called the kinematic condition. 
In steady problem, one has the form ¢ = C(x) and hence 
¢, = 0. Then, the above equation (6.10) reduces to d¢/dx = w/u. 
This describes simply that the surface coincides with a stream-line, in 
other words, fluid particles move over the surface as its stream-line. 
Another condition is for the bottom. The fluid motion decays at 
an infinite depth: 


BC3: q= |grad | = Vu? +w? => 0 as z —> —o. (6.11) 


The three conditions BC1-BC3 are the boundary conditions for the 
motion in deep water. 

Note that the governing equation (6.4) is linear with respect to ®. 
However, the boundary conditions (6.7) and (6.10) on the free surface 
are nonlinear with respect to the velocity and surface deformation. 


6.3. Small amplitude waves of deep water 


6.3.1. Boundary conditions 


It is assumed that the displacement ¢ of the free surface and the fluid 
velocities u, w are small in the sense described in Sec. 6.3.3 below. 
Then one may linearize the problem by neglecting terms of second or 
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higher orders with respect to those small quantities. This is called a 
linearization. The magnitudes of velocity potential |®| is assumed to 
be infinitesimally small as well because the water was at rest initially. 
Equation (6.4) of ® is linear originally, hence no term is neglected. 

The surface boundary condition (6.7) has a quadratic term q?. 
Neglecting this, we have 


®.+96=0 at z=C(z,t). 
Taylor exansion of the first term with respect to z is 
(zx, Ç; t) = (z, 0, t) + C0, ®, (a, 0, t) or og’). 


The second term consists of two first order terms Ç and ô;®+, i.e. of 
second order. Thus, keeping the first term only, we have 


+g =0 atz=0. (6.12) 
Likewise, the boundary condition (6.10) is linearized to 
Ġ&=w (w=Ẹ,) atz=0. (6.13) 
Eliminating Ç from (6.12) and (6.13), we obtain 
Pa +g, =0 atz=0. (6.14) 


Thus, we have arrived at the following mathematical problem includ- 
ing ® only: 


AF = 6,,+0,,=0 (0>2>-00), (6.15) 
[grad | = \/(®,)2 + (®,)? +0 as z— —on, (6.16) 

together with the surface condition (6.14). 
This is a system of equations (6.14)—(6.16) which determine water 


waves of small amplitude. Once ®(z,z,t) is found, the wave form 
C(x, t) is determined by (6.12). 
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6.3.2. Traveling waves 


Let us try to find a solution of the following form, 
® = f(z) sin(kz — wt), (6.17) 


(k, w: constants, assumed positive for simplicity), which represents 
a sinusoidal wave of the free surface traveling in the æ direction 
with phase velocity w/k. The constant k is called the wavenumber 
and w the angular frequency, and \ = 27/k is the wavelength 
(Fig. 6.3). The amplitude f(z) is a function of z to be determined. 

Substituting (6.17) in the Laplace equation (6.15), and dropping 
off the common factor sin(kx — wt), we obtain 


f"(2) — 2 f(2) =0. 
Its general solution takes the following form, 
f(z) = Be*® + Ce-™* (B,C: constants). (6.18) 
The boundary condition (6.16) requires C = 0. Therefore, 
® = Be** sin(kax — wt). (6.19) 
This must satisfy the condition (6.14). Using (6.19), we find 
w? = gk, (6.20) 
which represents a relation to be satisfied by the frequency and 


wavenumber. Such a relation is called the dispersion relation. 


g= = Ç= Acos (kz — w t) 
nxn em mA 
2A 
AZA 


Fig. 6.3. Traveling wave. 
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The surface form is given by 


¢ =A cos(kx — ut), (6.21) 
A=(k/w)B, A, B>0O, (6.22) 


from (6.12) and (6.20). This is a surface wave generated by gravity 
and often called the surface gravity wave, or simply gravity wave.' 
The velocity of a fluid particle is found from derivatives of ®: 


u = ®, = kBe* cos(kx — wt), 


(6.23) 
w = ©, = kBe* sin(kx —wt), (wA = kB). 
The velocities u and w decay rapidly owing to the factor e** as the 
depth |z| (z < 0) increases. Thus the particle motion is practically 
limited in the neighborhood of surface, permitting the name surface 
wave. 
Fixing (a, z) to a point (x9, 29), we obtain u? + w? = (k Bet”)? = 
const. Namely, the velocity vector rotates along a circle of radius 
|kB| et% in the (u, w) plane for a fixed point (a9, 20). 


6.3.3. Meaning of small amplitude 


Let us estimate the linear approximation made in (Sec. 6.3.1) for the 
traveling wave. The term $q” at z = 0 is from (6.23) 


1 2 1 2 2 1 22 1 2 42 
— z= = z= = z= = A 
5d 5 (2 + ©) 5h B xu A, 


which was neglected. On the other hand, the two terms in the bound- 
ary condition (6.7) are of the form +gAcos(kx — wt). Hence, the 
condition by which the q? term can be neglected is 

Jw? A? 1 


A 





1This must be discriminated from the gravity wave in the general relativity theory 
for gravitation. 
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from (6.20) where \ = 27/k. Hence, the condition for the linear 
approximation to be valid is that the wave amplitude A is much less 
than the wavelength A. 

In the kinematic condition (6.10), a term of form u¢, was 
neglected. Its magnitude is of order k7AB = kwA? from (6.21) and 
(6.23). On the other hand, the linear terms ¢ and w retained are 
of form wAsin(kx — wt). The condition for linear approximation to 
be valid is still the same as before, kA < 1, stating that the wave 
amplitude should be much smaller than the wavelength. 


6.3.4. Particle trajectory 


Let us consider the trajectories of fluid particles moving in the trav- 
eling wave (6.21). Suppose that a particle position is denoted by 
(X(t), Z(t)). Assuming that its deviation from the mean position 
(xo, Zo) is small, the variables x and z in the expressions of u and w 
are replaced by £o and zo, respectively. Then the equation of motion 
of the particle is given by 


dX 


TE = u(zo, z0,t), 


7 w(£o, Z0, t). 


Using (6.23) and kB = wA, these equations can be integrated, giving 


X(t) — 29 = —Ae* sin(kap — wt), 


(6.24) 
Z(t) — zo = Ae** cos(kay — wt). 


It is found that the particle moves around a circle centered at (£o, zo) 
and that its radius Ae**° decays rapidly as the depth |zo|(zo < 0) 
increases. Most part of the kinetic energy is included within the 
depth of a fourth of a wavelength under the surface (|zo|/$A = k|zo|/ 
5m <1). 


6.3.5. Phase velocity and group velocity 


The surface elevation of the form ¢ = Acos(ka — wt) represents a 
traveling wave. This is understood from the phase ka — wt of the 
cos-function. Requiring that the phase is equal to a fixed value go, 
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we have kx — wt = ġo, from which we obtain 


=) w 
— == Cp. (6.25) 
( dt ¢o=const. k : 


This means that the same value of elevation Co = Acos ọ moves 
with the speed cp = w/k in the x direction. The velocity cp is termed 
the phase velocity. In the case of water waves, we have another 
important velocity. That is, group velocity c, is defined by the 
following: 


dw 

i= Sy 6.26 

Cg dk ( ) 
In general, wave motion is characterized by a general dispersion 


relation, 
w = w(k). (6.27) 


This functional relation immediately gives cp and cg defined above. 
In water waves characterized by the dispersion relation (6.20), we 
have 


w(k) = vgk. (6.28) 


This leads to (recall A = 27r /k the wavelength) 


Cp(k) = w/k = /g/k = V9A/27, (6.29) 
n= 5 Valk 2 Lop. (6.30) 


The two velocities are interpreted as follows. The phase velocity 
denotes the moving speed of a phase ġọ of a component with 
wavenumber k and frequency w. On the other hand, the group 
velocity Cg(k) is given various interpretations of different physical 
significance: 


(a) Speed of a wave packet, a group of waves having a wavenumber ko 
and wavenumbers of its immediate neighborhood (Problem 6.3). 
(b) Speed of transport of wave energy of wavenumber k. 
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(c) Suppose that initial disturbance is localized spatially. Then, 
dw/dk is the traveling speed of k component characterized by 
wavelength Ay, = 27/k. 


It is remarkable that waves of larger wavelength moves faster than 
shorter ones in deep water, according to (6.29) of phase velocity. 
Suppose that the initial wave is composed of wave components of 
various wavelengths. Because the phase velocities are different for 
different wavelengths, each component of the wave moves with differ- 
ent speeds. Therefore, the total wave form obtained by superposition 
of those components deforms in the course of time. This indicates 
that the waves disperse. Namely, the waves are dispersive if the 
phase velocity depends on the wavenumber k. 

Water wave is a familiar example of dispersive waves. An example 
of nondispersive waves is the sound wave, which is investigated in 
Sec. 6.6. 


6.4. Surface waves on water of a finite depth 


Here we consider surface gravity waves at a finite depth of water, a 
more realistic problem. The bottom is assumed to be horizontal at 
a depth h (Fig. 6.4). The boundary condition at the bottom is given 
by vanishing normal velocity, 


BC3’: w=®,=0 atz=—A. (6.31) 
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Fig. 6.4. Surface wave at a finite depth. 
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The general form of the velocity potential ® is given by (6.17) and 
(6.18). After some calculations, we obtain the wave displacement ¢, 
velocity potential ©, dispersion relation w(k), and phase velocity cp 
as follows: 


¢ = A cos(ka — ut), 
® = Bcoshk(z + h)sin(ka — wt), 
w? = gk tanh kh, 
2 = (g/k) tanh kh = (gA/27) tanh(27h/X) 


It is seen that the phase velocity cp tends to /gh as the wavelength 
AÀ increases since tanh(2rh/A) is approximated with 2rh/A for small 
2rh/A. 

If the water becomes shallower so that kh = 27h/X < 1 is satis- 
fied, we obtain 


op Vai (1— Lanes)" = vai (1 ham? +--), 
(6.36) 


since we have tanh kh = kh — 3(kh)? +--+ for small kh. 

Namely, the wave speed is given approximately as \/gh in shallow 
water, and becomes slower as the depth decreases. This property is 
applied to explain the fact that crests of sea water wave near a coast 
become parallel to the coast line as the waves approach a coast, because 


the wave speed slows down according to \/gh, as the depth decreases.” 


6.5. KdV equation for long waves on shallow water 


John Scott Russel observed large solitary waves along canals between 
Glasgow and Edinburgh (or and Ardrossan) of Scotland in 1834, which 
are now recognized as the first observation of solitary waves, called 
the soliton. One day (the happiest to him), something unexpected 


? Lagrange (1782) solved Eq. (6.15) for water waves at shallow water of depth h, and 
obtained the dispersion relation w? = gk tanh kh and the phase speed cp = gh on 
the basis of the boundary conditions (6.12) and (6.14). Laplace also obtained 
w? = gk tanh kh earlier in 1776 by solving the Laplace equation (6.15) under a 
different formulation [Dar05]. 
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happened. He was on a vessel moving at a high velocity in order to 
understand an anomalous decrease of resistance as a young engineer of 
naval architecture. He observed that a large wave was generated when it 
stopped suddenly. He immediately left the vessel and got on horseback. 
The wave propagated along distance without change ofits form. He then 
confirmed it was in fact a large, solitary, progressive wave [Dar05]. 

Later, both Boussinesq (1877) and Korteweg and de Vries (1895) 
(apparently unaware of the Boussinesq’s study [Dar05]) succeeded 
in deriving an equation allowing stationary advancing waves without 
change of form, i.e. solutions which do not show breakdown at a finite 
time. In the problem of long waves in a shallow water channel of depth 
h,, it is important to recognize that there are two dimensionless 
parameters which are small: 


2 
o=, s= (4) (6.37) 


where a, is a wave amplitude and A is a representative horizontal 
scale characterizing the wave width. 

In order to derive the equation allowing permanent waves (trav- 
eling without change of form), it is assumed that a ~ 3 < 1. Per- 
forming a systematic estimation of order-of-magnitudes under such 
conditions, one can derive the following equation, 


3 oe 
oru + 5 uðgu + 6 Jeu = 0 (6.38) 


(see [Ka04, Ch. 5 & App. G] for its derivation), where 


iji 1/2 
Aee 


The function u(x, t) denotes not only the surface elevation normalized 
by ax, but also the velocity (normalized by ga./cx), 





u = dz,/dt, (6.40) 


of the water particle with its location at x = xp(t). 

One of the characteristic features is the existence of the third 
order derivative term peu in Eq. (6.38). A significance of this term 
is interpreted as follows. Linearizing Eq. (6.38) with respect to u, 
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we obtain 0,u + ad?u = 0 (where a= é 


Uw x expli(wr — k&)] (the wavenumber k and frequency w) and 


). Assuming a wave form 


substituting it, we obtain a dispersion relation, w = —ak?. Phase 
velocity is defined as c(k) := w/k = —ak?. Namely, a small amplitude 
wave Uy, propagates with the nonzero speed c(k) = —ak?, and the 


speed is different at different wavelengths (= 27/k). This effect was 

termed as wave dispersion in Sec. 6.3. What is important is that the 

new term takes into account the above wave propagation, in addition 

to the particle motion dx,/dt (a physically different concept). 
Replacing u by v = žu, we obtain 


1 
O,v + vdgv + 6 Ogu =, (6.41) 


This equation is now called the KdV equation after Korteweg and 
de Vries (1895). Equation (6.41) allows steady wave solutions, which 
they called the permanent wave. Setting v = f(€—br) (b: a constant) 
and substituting it into (6.41), we obtain f” + 6ff’ — 6bf’ = 0. This 
can be integrated twice. Choosing two integration constants appro- 
priately, one finds two wave solutions as follows: 


v = A sech? E («-47) 
Ei) 


where sech x = 2/(e” + e77) and cng = cn(8x, k) (Jacobi’s elliptic 


function) with 6 = \/d/2 and k = \/a/d. The first solitary wave 
solution is obtained by setting two integration constants zero (and 


(solitary wave), (6.42) 





v=Acn? , c=2A-d, (6.43) 








b = A/3) (Fig. 6.5). The second solution represents a periodic wave 
train called the cnoidal wave. These are called the soliton solutions. 


6.6. Sound waves 


In general, fluids are compressible, and the density changes with 
motion. So far, we have been interested in the flow velocity itself by 
assuming that density does not change. Here, we consider a sound 
wave which depends on the compressibility essentially. 


6.6.1. 
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Fig. 6.5. (a) Solitary wave, and (b) cnoidal wave. 


One-dimensional flows 


In order to simplify the equations, we consider one-dimensional 
unsteady problems of an inviscid fluid. That is, the density p, pres- 
sure p, entropy s and velocity v are assumed to depend on the time 
t and a spatial coordinate x only. Furthermore, the velocity vector 
is assumed to have the x component u only: v = (u, 0, 0). Thus we 
have: p(z,t), p(x,t) and u(z,t). In Problem 3.1, we considered three 
conservation equations of one-dimensional unsteady flows, which are 


reproduced here: 


Mass: p; + (pu)x = 0, (6.44) 


Momentum : (pu); + (pu*)« + Pe = 0, (6.45) 


1 1 
Energy : Ç Ge + e)| + [ou Ge + n)| = 0. 
t x 


(6.46) 
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compression rarefaction 





Fig. 6.6. Rarefaction and compression wave. 


The continuity equation (6.44) is rewritten as 


O:p + pOzu + udzp = 0. (6.47) 
Euler’s equation of motion (5.2) without external force (f = 0) 
reduces to 

du + ud,u = —p dzp, (6.48) 


which can be obtained also from (6.44) and (6.45). The entropy equa- 
tion (5.3) becomes 


ois + urs = 0. (6.49) 


This can be derived also from (6.46) with the help of (6.44), (6.48) 
and the thermodynamic relations.? These three are the governing 
equations of one-dimensional unsteady motions of an inviscid fluid. 


6.6.2. Equation of sound wave 


Sound is a wave of infinitesimal amplitude in a compressible fluid 
(Fig. 6.6). Suppose that the density, pressure and entropy of a uni- 
form fluid at rest are denoted as pg, po and sg respectively, and 
that the uniform state is perturbed by a disturbance of infinitesimal 


3h =e+pp ', with dh = Tds + p~‘dp and de = Tds — pdp™*. 
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amplitude. We denote the perturbed density and pressure by 


P=PpotPi, P=PortPi, 


where pı and pı are perturbations, satisfying |p1|/po < 1 and |p;|/ 
po & 1. 

The unperturbed velocity uo is zero, and |u| is assumed so small 
that the nonlinear term u0,u in (6.48) can be neglected in the equa- 
tion. Then, Eq. (6.48) can be approximated as 


Ou = — 





1 
0 py~-— Pi: 6.50 
ptp ” po ( ) 


Likewise, the term pu, in the continuity equation is approximated as 
pOrU = (po + p1) Oru & podzu. (6.51) 


The third term of the continuity equation (6.47) becomes ud,/1, 
which is of the second order of smallness, therefore can be neglected. 
Thus, the continuity equation (6.47) becomes 


vp: + poOru = 0. (6.52) 


This sort of procedure is called linearization, since all the terms in 
the equations are linear with respect to the small terms p1, pı or u. 
The third entropy equation becomes simply as 


ð;s = 0. (6.53) 


That is, the entropy is unchanged with respect to time and takes the 
uniform value sọ always. 

Under the condition of constant entropy, we have a functional rela- 
tion between p and p, because a thermodynamic state of a uniform 
gas of a single species is represented in terms of two thermodynamic 
variables and the entropy s is now constant. Namely, if the pressure p 
is expressed in general by p and s like p(p, s), we have now an expres- 
sion p = p(p). In view of a differential relation dp = (ôp/3p)sdp, 
we have 


_ {2 
pı = (2) Pl; (6.54) 
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where (Op/Op); denotes the partial differentiation of p with respect 
to p keeping s fixed. We define the value of (3p/3p)s at p = po by ¢? 
which is a constant. Then we obtain 


P=Cpi, (6.55) 


c= V(Op/Op)s- (6.56) 


Thus, the linearized equations (6.50) and (6.52) are written as 


pou + c7Oxp1 = 0, (6.57) 
pı + poru = 0. (6.58) 


Differentiating the first with respect to x and the second with t, 
and eliminating u between the two resulting equations, one obtains 
a second order differential equation, 


0/1 — 2821 = 0. (6.59) 


Similarly, interchanging x and t in the differentiations, and eliminat- 
ing p; this time, one obtains the equation of u in the same form, 


fu — eu = 0. (6.60) 


Owing to (6.55), the pressure pı satisfies the same differential equa- 
tion. This type of second order differential equation is called the 
wave equation. 

There is a standard method to find the general solution to the 
wave equation. To that end, one introduces a pair of new variables 
by the following transformation, 


E=xr-ct, n=xr+cet. 


Using the new variables € and 7, the x derivatives are 
Pe a S a a 
ðr rð ðrôņ ðE On 
Ea a ee ae 
ðr? NE On) OR SOLON 3n?’ 
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where 0€/0x = 1, On/Ox = 1 are used. Similarly, the t derivatives are 


IO RO ON Na ee hae 
at atoe | dtdn O& | “on 


GO a Oe ON a Oe yO ae 
O° \ BE On)  ° \OE “BEN ay 


since 0€/Ot = —c, On/Ot = c. Substituting these into Eq. (6.59) for 
pı, one obtains 
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—— po =0. .61 
Deon ”! 0 (6.61) 


Integrating this equation with respect to 7, we find 0p1/0& = f(§), 
where f(€) is an arbitrary function of €. Integrating again, we obtain 
pi = filE)+fo(n). Thus, we have the d’Alembert’s expression (1750): 


pr = fil€) + fo(n) = fila — ct) + falx + ct), (6.62) 


where fi(€) = f £ f(§)d€ is an arbitrary function of the variable € 
only, while f2(7) is an arbitrary function of 7 only. Both are to be 
determined by initial condition or boundary condition. It is readily 
verified that this satisfies Eq. (6.61). Same expressions can be given to 
u and pı, too. This can be shown by noting that these are connected 
to pı with (6.55) and (6.57) (or (6.58)). 

The solution just found can be easily understood as follows. 
Regarding the first term fı(x — ct), if the time t is fixed, fı is a 
function of x only, which represents a spatial wave form. Next, if the 
coordinate x is fixed, fı is a function of t only, which represents a 
time variation of p1. Furthermore, it is important to recognize that 
the value of function fı is unchanged if the value æ — ct has the same 
value for different values of x and t. 

For example, suppose that x is changed by Ax = cAt when the 
time t advanced by At, then we have x + Ax — c(t + At) = x — ct. 
Hence the value of fı is unchanged. This means that the value of 
fı is moving forward with the velocity Az/At = c in the positive 
direction of x. Namely, the wave form fı(x — ct) is moving with the 
velocity c at all points on gz since c is a constant. 
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This is understood to mean that the function f;(x—ct) represents 
propagation of a wave of speed c, which is the sound speed. 

Likewise, it is almost evident that the second term fo(x + ct) 
represents propagation of a wave in the negative x direction (Ar = 
—cAt). Thus, it is found that Eq. (6.59) or (6.60) is a differential 
equation representing waves propagating in the positive or negative x 
directions with the speed c. The wave is called longitudinal because 
the variable u expresses fluid velocity in the same «x direction as the 
wave propagation. 

Provided that the propagation direction is chosen as that of posi- 
tive x, the velocity, density and pressure are related by simple useful 
relations. Suppose that 


pi = f(z — ct). 
In view of 0p, /Ox = f'(x — ct), Eq. (6.57) gives 
pou = =e f'(x — ct), hence u = (c/po) f(x — ct). 


Therefore, the velocity and density variation are related by 
c 
PO 


pı. (6.63) 


— 


Furthermore, using (6.55), we have 


1 
u = — pı. (6.64) 
poc 
In the case of an ideal gas, the sound speed c is proportional to the 
square root of temperature T. In fact, using the adiabatic relation 


where s = const., 


p/po = (p/po)", 
the definition of the sound speed (6.56) leads to 
ð ies RT 
P), Po p 


where the equation of state p = pRT/{1m is used with T as the 
temperature, Hm the molecular weight and R the gas constant (see 
the footnote in Sec. 1.2 and Appendix C). 


6.6. Sound waves 135 


Historically, in early times, Newton (1986) gave the expression 
c? = p/p (an isothermal relation, obtained by an ad hoc model). 
Later, Laplace (1816) improved it by giving the above form, and 
found a good agreement with experiments. The sound speed is c = 
340.5 m/s in air at 15°C and latm, whereas it is about 1500 m/s in 


water. 


6.6.3. Plane waves 


Let us write a solution of the wave equation (6.60) in a form of 


complex representation,* 


u = u(r) e™* = G(x) (cos wt — i sin wt), (6.66) 


where i is the imaginary unit (i.e. i? = —1) and w the angular fre- 
quency (assumed real). Substituting this into (6.60), using the rela- 


tion 0?u = —w?u, and omitting the common factor e~““’, we obtain 
an equation for the complex amplitude u(x), 


w2 


C 


A general solution to this differential equation is represented as 
u(x) = Aexpli(w/c)a] + Bexp[—i(w/c)a], (6.67) 


where A, B are arbitrary constants. The real part (Re) of the com- 
plex expressions is considered to represent the sound wave in the real 
world: 


u(z,t) = Re[u(z) ma 


The imaginary part also satisfies the wave equation. 

Such a type of solution as (6.66) characterized by a single fre- 
quency w is called a monochromatic wave, according to optics. Fur- 
thermore, if the solution (6.67) is substituted, it is found that u of 
(6.66) becomes 


u(x,t) = A expli(w/c)(x — ct)] + B exp[—i(w/c)(x + ct)], 
which has the form of (6.62). 


4See (5.49) for the definition of a complex number z by z = re”. 
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Setting A = ae’ (where a, a are real constants) and taking the 
real part of the first term of the above expression (assuming B = 0), 
we obtain 


u(x,t) = a cos(kx — wt + a) = a cos ¢, (6.68) 
k=w/ce, ¢:=kx-—wtt+a (6.69) 


where a is the wave amplitude, and ¢ the phase of the wave. In 
addition, k = w/c is the wavenumber. This is due to the property 
that the phase ¢ of the above wave increases by 27k when zx increases 
by 27. That is, the number of wave crests is k in the x-interval 27. 
The wavelength is given by \ = 27/k. 

The wave we have investigated so far is regarded as a plane wave 
in the (x, y, z) three-dimensional space, because x = const. describes 
a plane perpendicular to the x axis. The wave of the form (6.68) is 
called a monochromatic plane wave. 

A complex monochromatic plane wave is given by 


ug(a,t) = Ap expli(ka — wt)] = Az explik(ax — ct)]. (6.70) 


The theory of Fourier series and Fourier integrals places a particular 
significance at this representation, because arbitrary waves are rep- 
resented by superposition of monochromatic plane waves of different 
wavenumbers. So, the monochromatic plane waves are regarded as 
Fourier components, or spectral components. 

The relation (6.69) between the wavenumber k and frequency w 
is the dispersion relation considered in Sec. 6.3.5. Using the above 
dispersion relation k = w/c of the sound wave, we can calculate the 
phase velocity cp) and the group velocity cg: 


Ww 
Se eo ae = 


Namely, in the sound wave, the phase velocity is the same at all 
wavelengths, and in addition, it is equal to the group velocity. Owing 
to this property, the wave form of sound waves is unchanged during 
propagation. This property is an advantage if it is used as a medium 
of communication. Interestingly, light has the same nondispersive 
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property, and light speed is the same for all wavelengths in vacuum 
space. 


6.7. Shock waves 


Shock waves are formed around a body placed in a supersonic flow, 
or formed by strong impulsive pressure increases which act on a sur- 
face surrounding a fluid. Shocks are sometimes called discontinuous 
surfaces because velocity, pressure and density change discontinu- 
ously across the surface of a shock wave. So far, we have considered 
continuous fields which are represented by continuous differentiable 
functions of position x and time t, and the governing equations are 
described by partial differential equations. Let us investigate what is 
the circumstance when discontinuity is allowed. 

Fluid motions are governed by three conservation laws of mass, 
momentum and energy considered in Chapter 3. These are basic 
constraints to be satisfied by fluid motions. Even when there exists a 
discontinuous surface, if these conservation laws are not violated, it 
should be allowed to exist physically. For example, mass conservation 
is satisfied if the rate of inflow of fluid into the discontinuous surface 
from one side is the same as the rate of outflow from the other side 
(Fig. 6.7). 


Fig. 6.7. Discontinuous surface. 
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In the one-dimensional problem considered in Sec. 6.6.1, the dis- 
continuous surface should be a plane perpendicular to the x axis. 
Suppose that a discontinuous surface S, i.e. a shock wave, is at rest 
at position x = xo (Fig. 6.7), and that the fluid is flowing into the 
surface S from the left with velocity u and flowing out of S to the 
right with velocity ug. It is assumed that the states on both sides of 
S are steady and uniform, and that the density and pressure are pı 
and pı on the left and 2 and p2 on the right, respectively. The mass 
flux into the surface S$ from the left is o,u, per unit time and per unit 
area of S. The outflux is expressed by pgu2. Therefore, the mass con- 
servation is given by p,u, = p2u2. Precisely speaking, the equation 
must be considered on the basis of the conservation equations. 

Because the problem under consideration is steady, the time 
derivative term 0; in the equation of mass conservation (6.44) van- 
ishes. Then we have 0,(pu) = 0, giving pu = const. This leads to 


P1Ul = p2U2. (6.71) 


This is equivalent to the relation obtained in the above consideration. 

Similarly, neglecting the time derivative terms in the conserva- 
tion equations of momentum (6.45) and energy (6.46), we obtain the 
following: 


piu? + pı = pzu? + po, (6.72) 


l 2 ci 1p 


te (6.73) 

















y= J 
where the enthalpy h has been replaced by the expression of an ideal 
gas, h = c?/(y — 1), given as (C.6) 

Introducing J by 


Js= Plu = p2U2, (6.74) 
Eq. (6.72) leads to the following two expressions: 


Pip2 
Fe — p1) ——., 6.75 
(p2 — pı) i= Di ( ) 


P2 — pı 1 1 
U1 — U2 7 (p2 pı) (+ ~) ( ) 
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Furthermore, using (6.72) and (6.74), the third equation (6.73) 
results in 


2 2 


ci C5 1 G = 
= = (pi = E 6.77 
ad y- z p2) Di. B ( ) 





These relations connecting the two states of upstream and down- 
stream of a discontinuity surface are called Rankin-Hugoniots 
relation (Rankin (1870) and Hugoniot (1885)), known as the shock 
adiabatic. 

For given pı and pı, the relations (6.76) and (6.77) determine p2 
and pz with the help of the relation c? = yp/p of (C.2), depending 
on the parameters J and y. 


6.8. Problems 


Problem 6.1 One-dimensional finite amplitude waves 


We consider one-dimensional finite amplitude waves on the basis of 
the continuity equation (6.47) and the equation of motion (6.48). 


(i) Using the isentropic relation (6.55) and rewriting (6.47) in terms 
of pressure p and velocity u, derive the following system of 
equations: 


1 
pc pc 


ru — 2 op + (u = c) (anu = ~ 0.0) = 0. (6.79) 
pc pc 


(ii) The two equations of (i) can be written as 


(O, + (u+c)d,|J_ = 0, (6.80) 
(O, + (u — c)ôz] J- = 0. (6.81) 


Determine the two functions J, and J_. 
(iii) The functions J, are called the Riemann invariants. Explain 





why and how J+ are invariant. 
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Fig. 6.8. A weak shock wave. 


Problem 6.2 Burgers equation 


The following Burgers equation for u(x,t) can represent a structure 
of weak shock wave (Fig. 6.8): 


Ut + Uug = VUgzr. (6.82) 


Assuming a solution of the steady progressing wave u(x — cot) with 
a constant co, determine a solution which satisfies the conditions: 
u— cy as © > —œ and u > c) as © — +00, where cj, ce are 
constants and cy > cg > 0. 


Problem 6.3 Wave packet and group velocity cg 


Suppose that we have a linear system of waves characterized by a 
dispersion relation w = w(k) for the frequency w and wavenumber k 
(see Sec. 6.3.5), and that there is a traveling wave solution of the form 
C(x,t) = Aedlke—ot). In view of the assumed linearity of the wave 
system, a general solution is represented in the form of the following 
integral (a Fourier representation): 


co 

clat) = f Aeta, (6.83) 
—Co 

Consider a wavemaker which oscillates at a single frequency wp. Its 

amplitude first increased from zero to a maximum and then returned 

to zero again, slowly with a time scale much larger than the oscil- 

lation period 27/wo. By this wave excitation, it is found that most 
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of the wave energy is concentrated on a narrow band of wavenum- 
bers around kg. Hence, the dispersion relation is approximated by 
the following linear relation: 


w(k) =wo+ceg(k—ko), wo=w(ko), ce = dw/dk. (6.84) 


(The amplitude A(k) is regarded as zero for such k-values in which 
the above linear relation loses its validity.) 


(i) Show that the resulting wave would be given by the following 
form of a wave packet, with € = x — Cet: 


(ajar, (6.85) 


In addition, write down Fourier representation of the amplitude 
function F (£). 

(ii) When the Fourier amplitude is A(k) = Ao exp|—a(k — ko)’], a 
Gaussian function around kọ, give an explicit form of the wave 
packet. 


The function F(€) is an envelope moving with the group velocity cg 
and enclosing carrier waves e020) within it (Fig. 6.9). 





F(z—ce;t) et (kox — wot) 
envelope 


Fig. 6.9. Wave packet and group velocity cg. 
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Chapter 7 


Vortex motions 


Vortex motions are vital elements of fluid flows. In fact, most dynam- 
ical aspects of fluid motions are featured by vortex motions. Already 
we considered some motions of vortices: vortex sheet and shear layer 
(Sec. 4.6.2(b)], vortex line and point vortex (Secs. 5.6.5 and 5.8.5), etc. 

Analytical study of vortex motions is mostly based on vortic- 
ity which is defined as twice the angular velocity of local rotation 
(Sec. 1.4.3). The vorticity equation is derived in Sec. 4.1 from the 
equation of motion. It is to be remarked that the no-slip condition 
and the boundary layer are identified as where vorticity is generated 
(Sec. 4.5). In Chapter 12, it will be shown that vorticity is in fact a 
gauge field associated with rotational symmetry of the flow field, on 
the basis of the gauge theory of modern theoretical physics. 


7.1. Equations for vorticity 


7.1.1. Vorticity equation 


Equation of the vorticity w = curl v was given for compressible flows 
in Sec. 3.4 in an inviscid fluid (v = 0) as 


ðw + curl (w x v) = 0. (7.1) 


For viscous incompressible flows, two equivalent equations given in 
Sec. 4.1 are reproduced here: 


ðw + curl (w x v) = vV7w, (7.2) 
ðw + (v - V)w = (w - V)v +vV’°w. 
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7.1.2. Biot—Savart’s law for velocity 


Let us consider a solenoidal velocity field v(x) (defined by div v = 0, 
i.e. incompressible) induced by a compact vorticity field w(x). That 
is, the vorticity vanishes out of a bounded open domain D: 


(7.4a) 


G #0, frxeD 
w(x 
=0, for x out of D. 


It is to be noted in this case that the following space integral of each 
component w;(y) vanishes for k = 1, 2,3: 


J wgly)d?y = | Vy: (yw)d?y = | YRundS = 0, (7.4b) 
D D S 


because the normal component wn = 0 should vanish on the bounding 
surface S of D, where Vy - (yw) = Oi(yRwi) = We + YROiw; is used 
together with 0;w; = 0. 

Introducing a vector potential A(x) defined by v = curlA, the 
solenoidal velocity v is expressed as 





1 t 
v(x,t) =curlA, A(x,t)= z/ oe dy, (7.5a) 
p x- 


where y denotes a position vector for the integration (with t fixed). 
It can be shown that curlv = w in the free space for the compact 
vorticity field w(x) of (7.4a) (Problem 7.1). 

The velocity v is derived from the vector potential A by taking 
its curl: 
1 f &=y) xy) 3s 


v(x) = curl A = —7— ye 


y, (7.5b) 
where the formula V x (a/|x|) =a x x/|x|? (a is a constant vector) 
is used. This gives the velocity field when the vorticity distribution 
w(y) is known, called the Biot-Savart law. Originally, this law was 
given for a magnetic field (in place of v) produced by steady electric 
current (in place of w) of volume distribution in the electromagnetic 
theory. 
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As |x| — oo, the velocity (7.5b) has an asymptotic behavior: 


v(x) = xx (f wid'y + O(a) = Ollxt), (7.50) 


~ Ar|x|3 
owing to (7.4b). 


7.1.3. Invariants of motion 


When the fluid is inviscid and of constant density and the vorticity 
is governed by the vorticity equation (7.1), we have four invariants 


of motion: 
1 243 
Energy: K= 5 vd°x (7.6) 
1 3 
=-— | w(x,t)-A(x,t)d°x (7.7) 
2 Jp 
a v(x xw)d?®x, [Lamb32, Sec. 153] 
D 
(7.8) 
1 
Impulse: P= sf x x w(x, t) d°x, (7.9) 
D 
; 1 3 
Angular impulse: L = 3 | ** (x x w) d°x, (7.10) 
D 
Helicity: H =) v- wdx, (7.11) 
D 


where div v = 0, and V» is unbounded space of inviscid fluid flow. 
Here, we verify invariance of the total kinetic energy K for fluid 
motion under the compact vorticity distribution (7.4a). Alternative 
expressions of P and L are given in the end. 

To show K = const. for an inviscid fluid under 0,0; = 0 and 
(7.4a), we take scalar product of v; and (3.14) with p = const. and 
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f; = 0, and obtain 


ô; (=) EO (a) ~ a (2) (7.5d) 


since O;(v?/2) = vjO,v; and O,(vgv2/2) = v;v,O,v;. Integrating this 
over a bounded space V, the right-hand side is transformed to surface 
integrals. If the surface S recedes to infinity (i.e. V — Væ) and the 
pressure tends to a constant value (assumed reasonably), the velocity 
decays as O(|x|~?) given by (7.5c), whereas the surface grows as 
O(|x|?). Hence both of the surface integrals vanish. Thus, we have 
dk /dt = 0, the invariance of the total kinetic energy K. 

Setting v = V x A for the second v of v? = v- v, the expres- 
sion (7.6) becomes 


1 


K=; f v- (V x A)d?x = = 


p 3 
5 J (V x v) - Ad’x, 


co 


by omitting integrated terms since A O(|x|~?) obtained by 
c). 


the same reasoning as in the case of (7.5c). This is (7.7) since 
Vxv=w. 


In order to show (7.8), first note the following identity: 


(x x w)i = (x x (V X V)); = COVE — LROKV; 
= 2v; + O;(LkUk) — Of (ERVi), (7.5e) 


where ixj = 6;; and 0;x; = 3 are used to obtain the last equality, 
and in the second equality of the first line the vector identity (A.18) 
is applied. Hence, the integrand of (7.8) is given by 


v- (xx w) = u(x x w)i = Qu? + U;0;(LEVE) — V;OK (LEV; ) 
= Ly? + Oj (ZEU_V;) — On (aze) : (7.5f) 


where 0;v; = 0 and v;Oz(apv;) = (3/2)? + Ox (LFV?) are used to 
obtain the last expression. Integrating (7.5f) over Vo, the right- 
hand side results in 2 f v?d?x, because the last two divergence terms 
vanish. 
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The impulse P of (7.9) is given by integral of (7.5e) multiplied by 
5 over V> which reduces to an integral of v over Væ, and the other 
two integrals are transformed to vanishing surface integrals. 

Regarding the angular impulse L, note the following identity: 


Ex cwu -ixw ~ (1/6) Ox (we|x|2x). 


Omitting terms of surface integrals, we obtain alternative expression 


of L: 


1 
L= -+ | |x|"wd?x. (7.4g) 
2 Jp 


Problem 7.2 questions how to verify invariance of P, L and H of 
(7.9)-(7.11). 


7.2. Helmholtz’s theorem 


7.2.1. Material line element and vortex-line 


In an inviscid incompressible fluid where v = 0 and divv = 0, the 
vorticity equation (7.3) reduces to 


D 
pie = (w-V)v, (7.12) 
where Dw/Dt = Ojw + (v - V)w. In order to see the meaning of this 
equation, we consider the motion of an infinitesimal line element. 
We choose two fluid particles located at sufficiently close points 
x and x + ds, at an instant, 6s, denoting the material line element 
connecting the two points. Rate of change of the line element vector 
ÔSa is given by the difference of their velocities, that is 


D is, = v(x + dsq) — v(x) = (68q - V)v + (|68q|”). 


Neglecting the second and higher order terms, we have 


D 
Dios = (ôSa - V)v. (7.13) 
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The similarity between this and (7.12) is obvious. Taking the line 
element 6Sq = |dsale parallel to w(x) = |wle at a point x where e is 
a unit vector in the direction of w, the right-hand sides of (7.12) and 
(7.13) can be written as |w|(e- V)v and |ds,q|(e- V)v, respectively. 
Hence, we obtain the following equation: 


1D _ 1D 
|w| Dt Jósa] Dt 





ÔSa, (7.14) 


since both terms are equal to (e- V)v. Thus, it is found that relative 
rate of change of w following the fluid particle is equal to relative 
rate of stretching of a material line element parallel to w. 


7.2.2. Helmholtz’s vortex theorem 


Regarding the total flux of vortex-lines passing through a material 
closed curve, Kelvin’s circulation theorem of Sec. 5.3 states that it 
is invariant with time for the motion of an ideal fluid of homentropy 
(subject to a conservative external force). This is valid for flows of 
compressible fluids. 

For the case of variable density p, the vorticity equation is already 


given by (3.33): 
BOE om 


which reduces to (7.12) when p = const. This equation states that 
w/p behaves like a material line element parallel to w. 

For the vortex motion governed by Eq. (7.15), one can deduce 
the following laws of vortex motion, originally given by Helmholtz 
(1858): 


(2) Fluid particles initially free of vorticity remain free of vorticity thereafter. 
(ii) The vortez-lines move with the fluid. In other words, fluid particles on a 
vortex-line at any instant will be on the vortex-line at all subsequent times. 

(iii) Strength of an infinitesimal vortex tube defined by |w|6 does not vary with 
time during the motion, where 0 is the infinitesimal cross-section of the 


vortex tube. 


This is called the Helmholtz’s vortex theorem derived as follows. 
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Multiplying a constant A on both sides of (7.13) and subtracting 
it from (7.15), we obtain 


D /w w 
ni (2 — Aisa = (2 — Aisa -Vv. (7.16) 


We choose a vortex-line, which is a space curve x, = (2(o), 
y(o), z(o)) parameterized with a variable o. Suppose that the 
line element ds, coincides with a local tangent line element at s, 


defined by 
Sa = So = (2'(c), y'(c), 2'(2)) do 
for a differential do (Fig. 7.1). With a fixed o, one may define X, by 
w 
p B AôSolo = (E(t), n(t), ¢(t)) = X,(t). 


Then Eq. (7.16) is regarded as the equation for Xo = (£, 7, ¢): 


d 
s = (Eð; + nð + C3) |, 

d 

Sp = (Oe + my + 632) 0 |, (7.17) 
d 

£ = (E0z F noy + Cô) w E 


where v = (u,v,w). Let us investigate the evolution of the system 
by following the material particles on the vortex-line with a specified 
value of o and do. 

Equation (7.17) is a system of ordinary differential equations for 
Elt), n(t) and (t). Suppose that we are given the initial condition, 






vortex-line 


Fig. 7.1. A vortex-line (x(c), y(o), z(o)) and a material line element ôsa. 
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such that 
Xq(0) = (€(0), (0), ¢(0)) = (0,0, 0). (7.18) 
The above equations (7.17) give the (unique) solution, 
X,(t)=0, atallt>0, (7.19) 
for usual smooth velocity fields v(x).! Hence, we obtain the relation, 
w(x,,t) = Ap(x,,t)ds,(t), (7.20) 


for all subsequent times t. Therefore, the vortex-line moves with the 
fluid line element, and the material line element 6s, forms always 
part of a vortex-line at x,. This is the Helmholtz’s law (ii).? 

Thus, it is found that the length 6s = |ds,| of the line element 
will vary as w/p (since w = Apds), where w = |w|. Using the cross- 
section @ of an infinitesimal vortex tube, the product pds@ denotes 
the fluid mass of the line element which must be conserved during the 
motion. Since the product pds is proportional to w, we obtain that 
the strength of the vortex defined by the product w@ is conserved 
during the motion. This verifies the Helmholtz’s law (iii). 

Regarding the law (i), we set 4 = 0 since À was an arbitrary 
constant parameter. Then, the above problem (7.18) and (7.19) states 
that a fluid particle initially free of vorticity remains free thereafter, 
verifying the Helmholtz’s first law. 


7.3. Two-dimensional vortex motions 


Two-dimensional problems are simpler, but give us some useful infor- 
mation. Let us consider vortex motions of an inviscid fluid governed 


'Mathematically, uniqueness of the solution is assured by the Lipschitz condition 
for the functions on the right-hand sides of (7.17), which should be satisfied 
by usual velocity fields u(x), v(x) and w(x). See the footnote in Sec. 1.3.1. In 
[Lamb32, Sec. 146], the solution X,(t) = 0 was given by using the Cauchy’s 
solution. 

In [Lamb32, Sec. 146], it is remarked that the Helmholtz’s reasoning was not 
quite rigorous. In fact, his equation resulted in the form (7.16), but there was no 
term on the right-hand side. 
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Fig. 7.2. Vorticity in a two-dimensional domain D: (a) Continuous distribution, 
(b) discrete distribution. 


by (7.12). Suppose that the vorticity is given in an open domain D 
of (a, y) plane and vanishes out of D [Fig. 7.2(a)]: 


w=w(r,y), (x,y) ED 


(7.21) 
= 0, (x,y) €D, out of D. 


It is assumed that the vorticity w tends to zero continuously toward 
the boundary ðD of D. Discrete vorticity distribution like the delta- 
function of a point vortex is regarded as a limit of such continuous 
distributions [Fig. 7.2(b)]. 


7.3.1. Vorticity equation 


Assuming that the fluid motion is incompressible, the x, y compo- 
nents of the fluid velocity are expressed by using the stream function 
P(x,y, t) as 


u=0,¥, v=-0,V, (7.22) 
(Appendix B.2). The z component of the vorticity is given by 
w = O,v — Oyu = —O2U — 02V = -V?V, (7.23) 


where V? = 02 + OF The x, y components of vorticity vanish iden- 
tically because w = 0 and 0, = 0, where w is the z component of 
velocity and the velocity field is independent of z. 
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The vorticity equation (7.12) becomes 


D 
—w =0 7.24 
Pwo =0, (7.24) 
since (w- V)v = w0,v = 0. This is rewritten as 

Ow + UO,W + VOyw = 0, (7.25) 


which is the vorticity equation in the two-dimensional problem. 

If the function w(z, y) is given, Eq. (7.23) is the Poisson equation 
V? = —w(x,y) of the function U(x, y). Its solution is expressed by 
the following integral form, 


ee) = Š II w(2',y') log ((2! — x)? + (y' — y)? )dz'dy'. 
(7.26) 


u and v are obtained by differentiating U(x, y) from (7.22) (see the 
next section). Moreover, Eq. (7.25) gives the evolution of w by 


Ow = —uðrw — VOyw. (7.27) 


7.3.2. Integral invariants 


The domain D may be called a vortez domain. There exist four inte- 
gral invariants for a vortex domain D: 


ps I A tedris (7.28) 


X= J xw dzdy, (7.29) 
D 


pa | fi EN (7.30) 
R= a (2? + y’) w dady. (7.31) 


It can be shown that these four integrals are constant during the 
vortex motion. The first T is the total amount of vorticity in D, which 
is also equal to the circulation along any closed curve enclosing the 
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vortex domain D. The Kelvin’s circulation theorem (Sec. 5.2) assures 
that T is invariant. Below, this is shown directly by using (7.27). 
From the three integrals, T, X and Y, we define two quantities by 


Jp cw dady _ Sfp yw dady 
Sfp wdady ’ a Jp w dady ` 


These are other invariants if T’, X and Y are invariants. An interesting 


Xe = (7.32) 


interpretation can be given for Xe and Y. If we regard w as a hypo- 
thetical mass density, then I corresponds to the total mass included 
in D, and the pair (Xe, Yc) corresponds to the center of mass, in 
other words, the center of vorticity distribution with a weight w. 

In order to verify that T, X and Y are invariant (see Problem 7.3 
for the invariance of R°), let us first derive the expressions of the 
velocities u and v by using the stream function (7.26): 


tea = a= sf ae ie da'dy’, (7.33) 


(x! = £)? + (y' - y) 


ve) =-= -5 ff at da'dy'. (7.34) 


We define the function Xa by 


k= x“w dredy, a=0, 1. 
D 


Obviously, T = Xo, X = X1. Differentiating it with t, we obtain 


Ka = Í, xr Ohw dady = -Jf x” (uðrw + vdyw) dady 
D 


=- f| (8 (x%wu) + Oy(x%wv) — ax? "wu) dxdy, (7.35) 





where we used the continuity 0,u + Oyv = 0 and (7.27). 

Integrating the first and second terms of (7.35) (a divergence of 
the vector x°wv), we obtain the contour integral of x%wv,, along the 
boundary ðD by the Gauss theorem where w = 0 (vn is the normal 
component). Hence, they vanish. The last term vanishes as well. It 


154 Vortex motions 


is obvious when a = 0. For a = 1, substituting (7.33), we obtain 


dx, 1 ! w(x, y)w(x', y’) 1 
=E dA = — = y) ——————a—KmKe—nse dAdA 
dt I oe 27 a [iw v) (x! = £)? + (y' — y) e 


where dA = dady and dA’ = da'dy’. The last integral is a four- 
fold integral with respect to two pairs of variables, drdy and da'dy/’. 
Interchanging the pairs, the first factor (y’— y) changes its sign (anti- 
symmetric), whereas the second factor of the integrand is symmetric. 
The integral itself should be invariant with respect to the interchange 
of (x,y) and (2’,y’). Therefore, the integral must be zero. Hence, 
dxX/dt = 0. Similarly, one can show dY/dt = 0. Thus, it is verified 
that the three integrals T, X and Y are invariant. 


7.3.3. Velocity field at distant points 


Let us consider the velocity field far from the vortex domain D. We 
choose a point (x',y') within D and another point (x,y) far from 
D, and assume that r? = z? + y? > x? +y? = r°. Using the 
polar coordinates (r,0), we may write (x,y) = r(cos0, sin), and 
(x’,y’) = r'(cos 6’, sin 0’). Then, we have 


(x! — x£)? + (y' — y)? = r? — 2rr' cos(0 — 0) +r? 


yl 


= r? hap (0—0) + i 
r 
COS T2 


--(v0(2) 


The second and third terms are written simply as O(r'/r), meaning 
the first order of the small quantity r’/r, which are negligibly small. 
Similarly, we may write as y — y' = r sin 0 (1 — O(r'/r)) and z — x' = 
rcos@(1—O(r'/r)). 

Substituting these estimates into (7.33) and (7.34), we obtain 
asymptotic expressions of u and v as r/r’ — oo: 


r y r' r y 
=-—=(] a 
u(x, y) On 4( +o(2)) On r? +y?’ (7.36) 
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rT z r' T x 
ere | Baal gene es 
v(x, y) om =( +o(2)) on tye (7.37) 


where T is the total vorticity included in the domain D defined by 
(7.28), and called the vortex strength of the domain. 


7.3.4. Point vortex 


When the vortex domain D of Fig. 7.2(a) shrinks to a point P = 
(x1,y1) by keeping the vortex strength [ to a finite value k, then we 
have the following relation, 


Jj w(x,y)dzdy = k. 
lim D=>P 


This implies that there is a concentrated vortex at P, and that the 
vorticity can be expressed by the delta function (see Appendix A.7) as 


w(x, y) = kd(x — x1) d(y — y1), (7.38) 
Substituting this to (7.33) and (7.34), the velocities are 


k y — y 


m= a ee 


u(x, y) 4 


teas En 


2m (x — x1)? + (y — y1)?’ een 


This is the same as the right-hand sides of (7.36) and (7.37) with T 
replaced by k, and also the expressions (5.47) and (5.48) (and also 
(5.73)) if a and y are replaced by x — xı and y — yj, respectively. 

From the definitions of the integral invariants (7.28)—(7.30) and 
(7.32), we obtain T = k, Xe = zı and Yo = yı. Thus, we have the 
following. 


The strength k of the point vortex is invariant. In addition, 
the position (x1, y1) of the vortex does not change. 


Namely, the point vortex have no self-induced motion. In other words, 
a rectilinear vortex does not drive itself. 
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To represent two-dimensional flows of an inviscid fluid including 
point vortices, the theory of complex functions is known to be a 
powerful tool. A vortex at the origin z = 0 is represented by the 
following complex potential (Sec. 5.8.5), 


F(z) = + logz (k: real). (7.41) 


The velocity field is given by dF,,/dz = w = u — iv, and we obtain 


k y k x 
= —— sinô = -5 a We CORO y a (7.42) 
where r? = 2? + y?. It is seen that these are equivalent to (7.39) 
and (7.40). 


7.3.5. Vortex sheet 


Vortex sheet is a surface of discontinuity of tangential velocity 
[Fig. 4.5(a)]. Suppose that there is a surface of discontinuity at y = 0 
of a fluid flow in the cartesian (x,y,z) plane, and that the velocity 
field is as follows: 


1 1 
v= (50.0.0) for y < 0; VS (~ 50.0.0) for y > 0. (7.43) 


(Directions of flows are reversed from Fig. 4.5(a).) The vorticity of 
the flow is represented by 


w= (0,0, w(y)), w=Ud(y), (7.44) 


where 6(y) is the Dirac’s delta function (see A.7). This can be con- 
firmed by using the formula (5.20) (Problem 7.4). 


7.4. Motion of two point vortices 


First, we consider a system of two point vortices by using the complex 
potential (7.41) (see Sec. 5.8.5) on the basis of the theory of complex 
functions (Appendix B), and derive the invariants directly from the 
equation of motion. After that, we learn that a system of N point 
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vortices (of general number JV) is governed by Hamiltonian’s equation 
of motion. 

Suppose that we have two point vortices which are moving under 
mutual interaction, and that their strengths are ky and kg, and 
positions in (x,y) plane are expressed by the complex positions, 
zı = zı + iyı and z2 = £2 + iy2, respectively. The complex potentials 
corresponding to each vortex are 


F(z) = E log (z — 21), Fo(z)= 2 log (z — 22). (7.45) 
The total potential is given by F(z) = Fi(z) + Fo(2). 

Each point vortex does not have its own proper velocity as shown 
in Sec. 7.3.4, and the strengths kı and kə are invariants. Hence, the 
vortex kı moves by the velocity induced by the vortex k2, and vice 
versa. The complex velocity u — iv is given by the derivative dF/dz. 
The complex velocity of vortex k; is the time derivative of Z,(t) = 
xı(t) — iyı (t) (complex conjugate of z,). Thus, equating dz, /dt with 
dF,/dz at z = z1, we have 


d dF» k2 1 











dt al dz Z=Z1 271 Z1 — 22 ( ) 
Likewise, the equation of motion of vortex kə is 

d df, ky 1 

ety es ae = — ; 7.47 

dt 2 dz le=zg 2ri zə — zı ( ) 





From the above two equations, we obtain immediately the following: 


eli ee 
di di Z2 = qg (07 t k22) = 0, 


since kı and kz are constants. Therefore, we obtain 


d d 
kı — Z1 + k2 — 


kızı + kəzə = const. (7.48) 


This corresponds to the invariant X + iY of the previous section. In 
fact, the present vorticity distribution can be written by two delta- 
functions, 


w(x, y) = kið(x — x1) ôly — y1) + k2ô(x — z2) ôly — y2). (7.49) 
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It is seen that the integral X +7iY defined by (7.29) and (7.30) gives 
the above expression kızı + kəz2. The center of vorticity Xe + iYe 
defined by (7.32) is also an invariant: 


= kızı F k2z2 


c= 7.50 
kı + k2 ( ) 


We consider two typical examples. 


Example (a). In the system of two point vortices of the same strength 
k, the distance d between the two is invariant. Both vortices rotate 
around the fired center O = (X-,Ye) with the angular velocity k/md? 
and the radius sd. The rotation is clockwise or counter-clockwise 
according as k is negative or positive (Fig. 7.3). 

In fact, denoting the positions of the two vortices by z1 = rye? 
and z2 = re’, the square of the distance d? between the two is 
given by (z1 — 22)(z1 — 22). Subtracting Eq. (7.47) from (7.46), we 
obtain 


01 


d _ d — — k 1 


a! 7 72) = a 7 22) = Ti ZL ~= zo 





(7.51) 





K 


U 





Fig. 7.3. Rotating pair of two identical vortices: v = ri (d/dt)61. 
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Therefore, 

d d ———_—- _ ———_ k k 

— f= — z2) — (z1 — — z2)— (z1 — =—-——=0. 
dt (a ag za) + (21 ag z2) mi ri 
Choosing the origin at the center O, we have ry = rg = zd and 


02 = 6, + 7, leading to 2, = —z9 = sde™, Using these, Eq. (7.51) 
reduces to 

d k 

—h, =—. 

dt md? 
Thus, the angular velocity is k/md?, and the rotation is clockwise or 
counter-clockwise according as k is negative or positive. The rotation 
velocity vg of each vortex is given by 


> d 6, = k 
vg = rı di — Ird’ 
Example (b). Vortex pair: In the system of two point vortices of 
strength k and —k, both vortices move with the same velocity. Hence 
the distance d between the two is constant and a “vortex pair” is 
formed. The pair moves at right angles to the mutual direction with 
velocity k/(27d) (Fig. 7.4). 

Writing kı = k and kp = —k, Eqs. (7.46) and (7.47) give the same 
velocity, 

= d k 1 k eb am). 


d 
ee mi a= ond 











Fig. 7.4. A vortex pair (¢ = 2r — 0). 
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where z — 21 = de’®. That is, dz,/dt = (k/27d) ei($+3")_ Therefore, 
the velocity is directed at right angles to the direction from z; to z2, 
rotated counter-clockwise by ir. In this system, the total vorticity 
T vanishes, and the center of vorticity Ze recedes to infinity (hence 
of no use). 


7.5. System of N point vortices (a Hamiltonian 
system) 


Suppose that there are N point vortices in motion under mutual 
interaction, and that their strengths are k1, k2,..., ky and their com- 
plex positions are 


z1 = %1 +y, ..-, ZN = TN +îyN. 


Paying attention to the mth vortex in particular, its motion is influ- 
enced by all the vortices except itself, and the velocity of the mth 
vortex is given by the sum of those induced by the other vortices at 
the point zm = £m + iym. Hence, the complex velocity of the mth 
vortex is represented as 


N 
d . 1 kn 
T ER 


a Zm — & 
n=1(n4#m) ny s 


Multiplying km to both sides and separating the real and imaginary 
parts of the resulting equation, we obtain 


dEm 1 ! kmkn(Ym = Yn) 
km —— = -— ————_._—, 52 
dt an — Te (iaa) 
dym 1 ı kmkn(£m — Tn) 
km u n a ot (7.53) 


where )~’, denotes the summation with n from 1 to N excluding 
m, and 


2 


Tmn 7 (Em — eee 


+ (Ym = tn) 
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A Hamiltonian function H can be defined for the system of N 
vortices by 


N 


N 
Aa Se ea ET (7.54) 


m=1 (mn) n=1 


Using H, the system of equations (7.52) and (7.53) can be rewrit- 
ten as 


dEm OH dym OH 

It would be useful for the calculation to regard each term 
(kmkn log r2,,,) in the Hamiltonian H as an entry (m,n) in a matrix, 
which is a symmetric matrix without diagonal elements. The system 
of equations (7.55) is of the form of Hamilton’s equation of motion 
for generalized coordinate x, and generalized momentum kmYym (or 
coordinate km£m and momentum ym). 

The Hamiltonian H is another (fifth) invariant, because from 
(7.55), 
dH OH dtm OH dym 1 OH OH 1 OH OH | 


Gr de ee ee es Oe a i Oe 


7.6. Axisymmetric vortices with circular vortex-lines 


We consider axisymmetric vortices in this section. An axisymmetric 
flow without swirl is defined by the velocity, 


v(x) = (vz(z, r), vr(x,r),0), 


in the cylindrical coordinates (#,r,¢@) (instead of (r, 6, z) of 
Appendix D.2). A Stokes’s stream function U(x,r) can be defined 
for such axisymmetric flows of an incompressible fluid by 


1 ow 1 ow 
Ur = = =—, U =-=. 

7 rðr i r Ox 
The continuity equation of an incompressible fluid, divv = O,v,z + 
+0,(rv,) = 0 (see (D.9)), is satisfied identically by the expressions. 


(7.56) 


162 Vortex motions 


The vorticity of such a flow (defined by (D.15)) has only the 
azimuthal component w¢(z,7r): 


W = (Wz, Wr, We) = (0, 0, we(z,7)), 
wp = Ory — Ops = —— (aw +7U — OW). (7.57) 
Introducing the vector potential A = (0, 0, Ag(z,r)), we obtain 
V = (vz, Up,0) = curl A = (r71d,(rAg), —O,Ag, 0). 


Therefore, we have Ag = r—'W. Then, the Biot-Savart’s formula 
(7.5a) results in 


Le T Il I 
Ag => We 0). = xz fa’ pe i r'dg' DoT IO 9) OR o 
r x -yl 

(7.58) 
since the projection of ¢ component of w(y) to ¢-direction at x = 


(x,r, $) is given by w¢(2",r’) cos(¢’—¢), where y = (z’,r’, ¢’), d°y = 
r’ da’ dr’ dd’ and 


Ix —y| = ee = r)? +r? —2rr' cos(¢ — ¢') + (r’)?] 1/2 ; (7.59) 


7.6.1. Hill’s spherical vortex 


Hill’s spherical vortex (Hill, 1894) is an axisymmetric vortex of the 
vorticity field occupying a sphere of radius R with the law w = Ar 
(A: a constant) and zero outside it: 


we = Ar (vær? < R); we = 0 (Va? +r? > R). (7.60) 


The total circulation is given by 


= I Ar dadr = 2 AR, 
R.<R 3 


where R, = vx? + r2. This vortex moves with a constant speed 


T 


2 2 
=—RA=— 61 
EL a (7.61) 
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Fig. 7.5. Hill’s spherical vortex. 


without change of form. In the frame of reference in which the vortex 
is stationary, the stream function is given by 


3 
VA — R?2/R?) fo R, <R, 
U(z,r) = (7.62) 
1 2 
= s R/R) for R, >R. 


where V = —5U r? is the stream function of uniform flow of velocity 
(—U,0,0). Obviously, the spherical surface R, = R coincides with 
the stream-line UV = 0 (Fig. 7.5). 

The impulse of Hill’s spherical vortex is obtained from (7.9) by 
using (7.60), and found to have only the axial component P;: 


P= (P00), Fe [vsr?ndvar = 2r R? U. 


7.6.2. Circular vortex ring 


When the vortex-line is circular and concentrated on a circular core 
of a small cross-section, the vortex is often called a circular vortex 
ring. The stream function of a thin circular ring of radius R lying 
in the plane z = 0 is obtained from (7.58) by setting wẹọ(x',r') = 
70(x") d(r’ — R) as 


cos @ 


27 
a 
W,(0,7) = Lor I ae We (7.63) 


[z? + r? — 2rRcos ¢ + R? 


where y = ff wgda'dr’ is the strength of the vortex ring. 
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The impulse of the vortex ring of radius R and strength y is given 
by (7.9): 


P= (P00); P= | vor?ndvar = TR’ 4. 


The stream function of a thin-cored vortex ring of radius R and 
strength y, defined by (7.58), can be expressed [Lamb32, Sec. 161] as 


Uy(z,r) = Ž VFR (G 7 r) K= Z E) | , (7.64) 


where K(k) and E(k) are the complete elliptic integrals of the first 
and second kind of modulas k? = 4rR/(x? + (r + R)?), defined by 


aJ 1 a ed 1/2 
K() = [ aera za) =f (1 — k? sin? £) "2d. 


Considering a thin-cored vortex ring of radius R and a core radius 
a with circulation y (Fig. 7.6), Kelvin (1867) gave a famous formula 





vortex-lines 


Fig. 7.6. A vortex ring of radius R and a core radius a with circulation y (a 
definition sketch). 
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for its speed as 


y 8R 1 
smi ip mae 65 
“ = P a h, (63) 


under the assumption € = a/R « 1. Its kinetic energy is given by 


2 


a 4 


Hicks (1885) confirmed Kelvin’s result for the vortex ring with uni- 
form vorticity in the thin-core. In addition, he calculated the speed 
of a ring of hollow thin-core, in which there is no vorticity within the 
core and pressure is constant, as 


pee fe) rao) 


7.7. Curved vortex filament 


In this section, we consider three-dimensional problems. The first 
case is a curved vortex filament F of very small cross-section o 
with strength y, embedded in an ideal incompressible fluid in infinite 
space. We assume that the vorticity at a point y on the filament F 
is w(y) and zero at points not on the filament. 

Considering a solenoidal velocity field u(x) which satisfies 
divu = 0, the vorticity is given by w = curlu. This vanishes by 
definition at all points except at y on F. The vortex filament F of 
strength y is expressed by a space curve of a small cross-section o, 
assumed to move about and change its shape. We denote its volume 
element by dV = odl(y) where a is the cross-section and dl(y) a 
line element of the filament at y. Note that we have wdV = ydl(y), 
where y = |w| øo. The Biot-Savart law (7.5b) can represent velocity 
u at x induced by a vorticity element, wd°y = wdV = ydl = ytds 
at a point y(s). The velocity u(x) is expressed as 


y f (K=y(s)) x t(s) | 


uO) =a Je YOR 


s, (7.67) 
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where s is an arc-length parameter along F, ds is an infinitesimal 
arc length and t unit tangent vector to F at y(s) (hence dl = tds). 

We consider the velocity induced in the neighborhood of a point O 
on the filament F. We define a local rectilinear frame K at O deter- 
mined by three mutually-orthogonal vectors (t,n,b), where n and b 
are unit vectors in the principal normal and binormal directions at 
O (and t the unit tangent to F), as given in Appendix D.1. With the 
point O as the origin of K, the position vector x of a point in the 
plane normal to the filament F (i.e. perpendicular to t) at O can be 
written as 


x= yn + zb 


(Fig. 7.7). We aim to find the velocity u(x) obtained in the limit as x 
approaches the origin O, i.e. r = (y? + z?)!/? 
In this limit it is found that the Biot-Savart integral (7.67) gives 


— 0. 


u(x) = — (Sp z <n) + Z ko( log 2) b+ (b.t.), (7.68) 


On r 


where the first two terms increase indefinitely as r — 0, and the term 
(b.t.) denotes those that remain bounded. The first term proportional 
to y/2m represents the circulatory motion about the vortex filament 
F, counter-clockwise in the (n, b) plane, regarded as the right motion 
so that this filament is said to be a vortex. However, there is another 
term, i.e. the second term proportional to the curvature ko which is 
not circulatory, but directed to b. 

The usual method to resolve the unboundedness is to use a cut- 
off. Namely, every vortex filament has a vortex core of finite size a, 
and r should be bounded below at a value of order a. If r is replaced 











> 
t 


O 


Fig. 7.7. Vortex filament and local frame of reference (t, n, b). 
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by a, the second term is 


iie (ios *) b, (7.69) 
4T a 


which is independent of y and z. This is interpreted such that the 
vortex core moves rectilinearly with velocity ugr in the binormal 
direction b. 

The magnitude of velocity ugr is proportional to the local curva- 
ture ko of the filament at O, and is called local induction. This term 
vanishes with a rectilinear line-vortex because ko becomes zero. This 
is consistent with the known property that a rectilinear vortex has 
no self-induced velocity, noted in Sec. 7.3.4. 


7.8. Filament equation (an integrable equation) 


When we are interested in only the motion of a filament (without 
seeing circulatory motion around it), the velocity would be given as 
upr(s), which can be expressed as 


uyi(s) = ck(s) b(s) = ck(s) t(s) x n(s), (7.70) 


where c = (7/47) log(A/a) is a constant independent of s. Rates 
of change of the unit vectors (t,n,b) (with respect to s) along the 
curve are described by the Frenet-Serret equation (D.4) in terms of 
the curvature k(s) and torsion 7(s) of the filament.’ 

A vortex ring is a vortex in the form of a circle (of radius R, say), 
which translates with a constant speed in the direction of b. The 
binormal vector b of the vortex ring is independent of the position 
along the circle and perpendicular to the plane of circle (directed from 
the side where the vortex-line looks clockwise to the side where it 
looks counter-clockwise). The direction of b is the same as that of the 
fluid flowing inside the circle. This is consistent with the expression 
(7.70) since k = 1/R = const. 


3For a space curve x(s) = (a(s),y(s),z(s)), we have dx/ds = t(s), dt/ds = 
k(s) n(s), dn/ds = —k(s)t — 7(s) b. See Appendix D.1 for more details. 
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It is found just above that the vortex ring in the rectilinear trans- 
lational motion (with a constant speed) depicts a cylindrical surface 
Sc of circular cross-section in a three-dimensional Euclidean space 
R°. The circular vortex filament fe coincides at every instant with 
a geodesic line of the surface S, depicted by the vortex in space R3. 
This is true for general vortex filaments f in motion under the law 
given by Eq. (7.70), because the tangent plane to the surface Sf to 
be generated by vortex motion is formed by two orthogonal tangent 
vectors t and uyjdt. Therefore, the normal N to the surface Sp coin- 
cides with the normal n to the curve f of the vortex filament. This 
property is nothing but that f is a geodesic curve.4 

Suppose that we have an active space curve C: x(s,t), which 
moves with velocity ugr. Namely, the velocity ôx at a station s 
is given by the local value: 


Ox = us, Ux = ck(s) b(s), 


where u, is the local induction velocity. It can be shown that the 
separation distance of two nearby particles on the curve, denoted by 
As, is unchanged by this motion. In fact, 


Tas = (Asd,u,) - t, (7.71) 


where su, = ck'(s)b + ckb’(s). From the Frenet-Serret equation 
(D.4), it is readily seen that b-t = 0 and b’(s)-t = 0. Thus, it is 
found that (d/dt)As = 0, i.e. the length element As of the curve is 
invariant during the motion, and we can take s as the Lagrangian 
parameter of material points on C. 

Since b=txn and in addition 0.xx=t and x= kn 
(Appendix D.1), the local relation (7.70) for the curve x(s,t) is 
given by 

ix = O,x x 02x, (7.72) 


where the time is rescaled so that the previous ct is written as t 
here. This is termed the filament equation. In fluid mechanics, the 


“A geodesic curve on a surface S is defined by the curve connecting two given 
points on S with a shortest (or an extremum) distance. See [Ka04, Sec. 2.6] for 
its definition. 
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same equation is called the local induction equation (approximation).° 
Some experimental evidences are seen in [KT7]]. 

It is remarkable that the local induction equation can be trans- 
formed to the cubic-nonlinear Schrodinger equation. Introducing a 
complex function w(s,t) by 


E í f es as! 


(called Hasimoto transformation [Has72]), where k and 7 are the 
curvature and torsion of the filament. The local induction equation 
(7.72) is transformed to 


On =i (au ze sues) ; (7.73) 


As is well-known, this is one of the completely integrable systems, 
called the nonlinear Schrodinger equation. This equation admits a 
soliton solution, which propagates with a constant speed c along an 
infinitely long vortex filament as w(s,t) = k(s — ct) exp[itos], where 
k(s,t) = 2(79/a) sech (79/a)(s — ct) with T = To = $c = const. and 
qa a constant. 


7.9. Burgers vortex (a viscous vortex with swirl) 


There is a mechanism for spontaneous formation of a vortex in a 
certain flow field. In Sec. 10.4, we will see a mechanism of sponta- 
neous enhancement of average magnitude of vorticity in turbulent 
flow fields. 

The viscous vorticity equation without external force is written as 


ðw + (v - grad)w = (w : grad)v + vV7w, (7.74) 


from (7.3). It is interesting to see that this equation has a solution 
which shows concentration of vorticity without external means. 


5This equation was given by Da Rios (1906) and has been rediscovered several 
times historically. 
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Fig. 7.8. Burgers vortex under an external straining vo. 


Suppose that the velocity field consists of two components 
(Fig. 7.8): v = Vp + Vw. In the cylindrical frame of reference (r, 0, z), 
the first component v, is assumed to be axisymmetric and irrota- 
tional, and represented as 


vp, = (—ar, 0, 2az), (7.75) 
where a is a positive constant. This satisfies the solenoidal condition, 
div vp, = 0z(vo)z + r18,(r(v5)r) = 2a — 2a = 0. 


The component v, also has a velocity potential ®. In fact, 


1 
vp = grad, O= = ar? + az’. 
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Hence, vy is clearly irrotational and regarded as a background strain- 
ing field which is acting on the second rotational component Vw, 
assumed to be given as (0, vg(r),0). Its vorticity has only the axial z 
component: 


w = V x Vu = (0, 0, w(r,t)), w=r1d,(rvg). 
The total velocity is given as 
vV = Ve + Vu = (—ar, vo(r), 2az). (7.76) 


Then, the first and last terms of the vorticity equation (7.74) have 
only the z component. Similarly, the second term on the left and the 
first term on the right of (7.74) can be written respectively as 


(v: grad)w = (—ard, + vor“! + 2azðz)w(r, t) 
= (0, 0, —arð,w(r,t)), 
(w - grad)v = w0,v = (0, 0, 2aw). 


Hence both have only the z component as well. Thus, the vorticity 
equation (7.74) reduces to the following single equation for the z 
component: 


ðw — ardpw = 2aw + vr—'d,(rd,w). (7.77) 


In order to see the significance of each term, let us consider first 
the equation formed only by the two terms on the left-hand side: 
Ojw — arO,w = 0, neglecting the terms on the right. We immediately 
obtain its general solution of the form w = F(re%), where F is 
an arbitrary function. One can easily show that this satisfies the 
equation. At t = 0, the function w takes the value F'(rq) for r = ro. 
At a later time t > 0, the same value is found at r = roe * < ro 
since a > 0. The same can be said for all values of rg € (0, 00). 
Therefore, the initial distribution of w is convected inward at later 
times and converges to r = 0 as t — oo. Thus, the term —ard0,w on 
the left of (7.77) represents the effect of an inward convection. 
Next, the influence of the first term on the right-hand side can 
be seen by considering another truncated equation w = 2aw. This 
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gives a solution w(t) = w(0)e?% 


of the vorticity. The term 2aw from (w - grad)v represents vortex 
stretching, as seen in Sec. 7.2.1. The last term vr~‘0,(r0,w) repre- 
sents viscous diffusion. 

The steady form of Eq. (7.77) is ar0,w+2aw+vr—!0,(rd,w) = 0. 
Its solution is readily found as [see Problem 7.9(i)]. 


, which represents an amplification 


wp(r) = wp(0) exp[—r?/I2], le = /2v/a. (7.78) 


This steady distribution wp(r) is called the Burgers vortez. 

For an unsteady problem of the whole equation (7.77), a general 
solution can be found in the form w(r,t) = A? (t) W (ø, T) in Problem 
7.9(iii). As time tends to infinity (t — oo for a > 0), this solution 
tends to an asymptotic form of the Burgers vortex: 


Mics Ses e _ Seale, (7.79) 
B 


where r = f° Qo(s) 27s ds denotes the initial total vorticity [Ka84]. 

This asymptotic state is interpreted as follows. The vorticity is 
swept to the center by a converging flow v. However, the effect of 
viscosity gives rise to an outward diffusion of w. Thus, as a balance 
of the two effects, the vorticity approaches a stationary distribution 
wp(r) represented by the Gaussian function of (7.79). The parameter 
lp represents a length scale of the final form. The swirl velocity vg(r) 
around the Burgers vortex is given as 


vlr) = — = (1- e’), f = r/lp. (7.80) 


T 
2rlg 


| = 


As a result of detailed analyses, evidences are increasing to show 
that strong concentrated vortices observed in computer simulations 
or experiments of turbulence have this kind of Burgers-like vortex. 
This implies that in turbulence there exists a mechanism of sponta- 
neous self-formation of Burgers vortices in the statistical sense. 
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7.10. Problems 


Problem 7.1 Vector potential A 


Verify the relation curl v = w by using the vector potential A defined 
by (7.5a). State in what cases the div A = 0 is satisfied. 


Problem 7.2 Invariants of motion 


Verify the conservation of the five integrals (7.9)-(7.11) of Impulse 
P, Angular impulse L and Helicity H for the vorticity w evolving 
according to the vorticity equation (7.1). 


Problem 7.3 Invariance of R? 


Verify that the integral (7.31) for R? is invariant during the vor- 
tex motion, according to (7.27) for 2D motions of an incompressible 
inviscid fluid. 


Problem 7.4 Vortex sheet 


Suppose that a flow is represented by (7.43) having a discontinuous 
surface at y = 0. Show that its vorticity is given by the expression 
(7.44). 


Problem 7.5 Vortex filament 


Derive the asymptotic expression (7.68) for the velocity u(x) from 
the Biot-Savart integral (7.67) 


Problem 7.6 Helical vortex 


Show that the following rotating helical vortex x, = (2, y, z)(s,t) 
satisfies Eq. (7.72): 


xp, = a(cos 9, sind, hks + Awt ), (7.81) 
ta = ak(— sin 8, cos, h), 60 = ks — wt (7.82) 


where a, k, h, w, are constants and tp is its tangent. 
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Problem 7.7 Lamb’s transformation 
[Lamb32, Sec. 162] 


Consider a thin-cored vortex ring in a fixed coordinate frame in which 
velocity u(x,t) vanishes at infinity. Suppose that the fluid density is 
constant and the vortex is in steady motion with a constant veloc- 
ity U. Show the following relation between the kinetic energy K, 
impulse P and velocity U: 


K=2U-P+ fu: (xxw)dx, (7.83) 


where u, = u— U is the steady velocity field in the frame where the 
vortex ring is observed at rest. 


Problem 7.8 Vortex ring 


The kinetic energy K, impulse P and velocity U of a thin-cored 
vortex ring of a ring radius R and a core radius a are given by 


k= | vovrazar 


1 8R 7 3 3 
SER ioe =a aa e 84 
5k tog = at 7ge Sat | (7.84) 
3 

P= | wgr?’ràzdr = nRêT hłe ee], (7.85) 
T 8R 1 3 8&8 15 

(a2 Nigga ey ie ee 
a |e an ( 10g * +) 


+0 G iog 3) , (7.86) 


for e = a/R « 1 (Dyson, 1893). Taking variation ôR of the ring 
radius, show the following relation (Roberts and Donnelly, 1970): 


OK 
U ==. (7.87) 
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Problem 7.9 Burgers vortex 
Let us try to find solutions to the vorticity equation (7.77): 
Ow — arð, w = 2aw + vr—'d, (rd,w). 


(i) Show the steady solution to the above equation is given by 
wp(r) = wp(0) exp =| , = V2v/a. (7.88) 
B 
(ii) Let us introduce the following transformation of variables: 
o¢=A(t)r, r= [ A*(t') dt’, W =w(r,t)/A*(t), 


where A(t) = e®’. Show that Eq. (7.77) reduces to the following 
diffusion equation for W with the new variables (0,7): 


o 1 Jn D 

z” = v = ðs (oð W), or W=v (0: + oz) W, (7.89) 
where € = Az, 7 = Ay and o = yE + n2. 

(iii) Show that, for an arbitrary axisymmetric initial distribution 
W(r = 0) = Qo(r), a general solution to (7.89) is given by 


Wio,r) = z f| (VEF) 


ATVT 





(€— &)? + (n-—m)? 


Avr 


x exp | | d&idm. (7.90) 
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Chapter 8 


Geophysical flows 


Atmospheric motions and ocean currents are called 
Geophysical Flows, which are significantly influenced 
by the rotation of the Earth and density stratifications 
of the atmosphere and ocean. We consider the flows in 
a rotating system and the influence of density stratifi- 
cation on flows compactly in this chapter.! This sub- 
ject is becoming increasingly important in the age of 
space science and giant computers. 


8.1. Flows in a rotating frame 


To study geophysical flows, we have to consider fluid motions in a 
rotating frame such as a frame fixed to the Earth, which is a non- 
inertial frame. The equation of motion on such a noninertial frame 
is described by introducing a centrifugal force and Coriolis force in 
addition to the forces of the inertial system. It is assumed that a 
frame of reference FR is rotating with angular velocity Q relative to 
an inertial frame S fixed to the space. The Navier-Stokes equation 
in the inertial frame S is given by (4.10), which is reproduced here: 


1 1 1 
OVv+(v-V)v =—--VpntvAv, -Vpm = —-Vp-g, (8.1) 
p p p 


‘For a more detailed account of the present subject (except Sec. 8.5), see for 
example: [Hol04; Ach90, Sec. 8.5; Hou77] or [Tri77, Secs. 15, 16]. 
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where pm is the modified pressure, defined originally by (4.11) for 
a constant p, and g is the acceleration due to gravity expressed by 
—Vx (x: the gravity potential). The formula of pm can be extended 
to variable density p. Assuming that the atmosphere is barotropic, 
i.e. assuming p = p(p), one can write as p` !Vp = VII by using H 
defined below. Thus, we have 


Vpn = grad Pm, (8.2) 
Palo =T) x) = f B (8.3) 
Po 


where pg is a reference pressure. 

Suppose that the position of a fluid particle is represented by x(t) 
in the inertial frame S. Then, its velocity (Dxs/Dt)s = vs in the 
frame S is represented as 


D D 
vs = (3) = (2) +Qxx=vrRt+OQxx, (8.4) 
s Dt JR 


where the subscript R refers to the rotating frame and Xs = XR = X 
since the coordinate origins are common. The expression (Dxr /Dt)r 
is the velocity relative to the rotating frame. The first term vR 
denotes the velocity as it appears to an observer in the rotating 
frame R, while the second term, 


vrF=Q xx, (8.5) 


is a velocity due to the frame rotation which is an additional velocity 
to an observer in the inertial frame S (Fig. 8.1) [see (1.30) for the 
rotation velocity with an angular velocity sw). 

Analogously, the acceleration (Dvs/Dt)s in the inertial frame S 
is given by taking time derivative of (8.4) in the frame S: 


[els neel, eal, 


Dvr Dx dQ 
aie Q Q ZA zat 
(= ) + KYR (F) F 


= (Dvr /Dt)r + 2N x vr +N x (Q xx)+ÜÊ xx. (8.6) 
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Fig. 8.1. ve. 


(Q = dQ/dt), where the first term on the right-hand side is repre- 
sented by 


(Dvr/Dt)r = OVR + (v . Vv)R 


[Hol04, Hou77]. The term (Dvr/Dt)z is the acceleration relative to 
the rotating frame for fluid motions observed in the frame R. Assum- 
ing dQ./dt = 0,? and dropping the subscript R (therefore, all veloci- 
ties will be referred to the rotating frame henceforth), and replacing 
the left-hand side of (8.1) by (Dvs/Dt)s of (8.6), the equation of 
motion (8.1) with (8.2) is transformed to 


Ov + (v- V)v = —grad Py — Q x (Q x x) — 20 xv+vV?v. 
(8.7) 


The second and third terms on the right-hand side of (8.7) are 
the accelerations due to centrifugal and Coriolis forces (Fig. 8.2), 
respectively. 

Choosing a local Cartesian frame (x,y,z) with the z axis taken 
vertically upward and assuming that it coincides with the direction 
of local angular velocity Q, the centrifugal force can be expressed in 


the following form,’ 


Q x (Q x x) = -grad 5 (0 + | ; 


?The rotation of the Earth is regarded as steady for the motions under consider- 
ation. 

’This is verified by the formula (A.19): Q x (Q x x) = (Q - x)Q — (Q - Q)x = 
z (x, Y, 0)9? $ 
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-20xv 
Coriolis acceleration 


Fig. 8.2. Coriolis force. 


where Q = |Q] and r = (a? +y?)!/? is the distance from the rotation 
axis. Hence this can be combined with the modified pressure term as 


—grad P, —2 x (Q x x) = —grad P, (8.8) 
where 
1 Pd 
Pam ra] Lop ya Pa Py. (8.9) 
2 po P po P 
1 
Xx = XT ger", dxx/dz = 9x(z), (8.10) 


where yx. is the geo-potential (see below). Equation (8.7) is given by 
Ov + (v-V)v = —grad P — 20 x v + vV’. (8.11) 


Thus, mathematically speaking, the problem is reduced to the one 
that is identical with a system in which the centrifugal force is absent. 

The function vy, is the geo-potential (per unit mass) due to gravity 
and centrifugal forces, and g,(z) the corresponding acceleration. The 
geopotential height is defined by 


Xx 1 fe 
Zg := = = — gx(z) dz, 8.12 
i go JoJo m ( ) 


where go = 9.807 m/s~?, the mean value at the surface. 
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When there is no motion, i.e. v = 0, the above equation becomes 
grad P = 0, which reduces to the hydrostatic equation: 


oP = —o(2) gu(2). (8.13) 


8.2. Geostrophic flows 


From the previous section, it is seen that an essential difference 
between the dynamics in a rotating frame from a nonrotating frame 
is caused by the Coriolis term —2Q9 x v. We consider flows that are 
dominated by the action of Coriolis force, and suppose that the 
effect of Coriolis force is large compared with both of the effects 
of convection (v - V)v and viscosity terms vV2v. This means 


IQ x v| > |(v-V)v| and |Q x vj > |vV?vI. 


Expressing these with the order of magnitude estimation in an anal- 
ogous way to that carried out in Sec. 4.3, we obtain 


QU > U?/L and QU > vU/L?, 
or 
Ro:=U/QL&1 and Ep:=v/QL «1. (8.14) 


The dimensionless number Ro = U/QL is known as the Rossby num- 
ber, and Ex = v/QL? as the Ekman number, respectively. 

When both the Rossby number and Ekman number are small and 
the flow is assumed steady, the equation of motion (8.11) reduces to 


2Q x v = —grad P, (8.15) 


where grad P is the resultant of grad p/p and grad yx = g, from (8.9). 
The velocity field v = v,(x) governed by this equation is called the 
geostrophic flow (Fig. 8.3). In the equipotential surface 5, defined 
by X = const., we have from (8.15) 


grad P 





Xx =const. 


1 
SP ea: (8.16) 


Namely, grad P is equivalent to the pressure gradient in S,. 
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grad p 





p=pi (< p2) 


Fig. 8.3. Geostrophic flow. 


An important property of the flows on a rotating frame is now 
disclosed. The Coriolis force 2Q. x v is perpendicular to the veloc- 
ity vector v. Hence the pressure gradient in the middle of (8.16) 
is perpendicular to v,. Since the pressure gradient is perpendicular 
to the constant pressure surface, the pressure is constant along the 
stream-line. This is in marked contrast to the flows in nonrotating 
frame where flow velocities are often parallel to the pressure gradient 
(though not always so) and perpendicular to the constant pressure 
surface. 

This feature of geostrophic flows is familiar in weather maps. The 
weather maps are usually compiled from data of pressure obtained 
at various observation stations. Iso-pressure contours are drawn on 
a weather map, and these are also understood as meaning such lines 
along which the wind is blowing, because the Earth’s rotation is a 
dominating factor for the atmospheric wind. If it takes sufficeint time 
(i.e. one day or more) for the formation of a wind system such as low- 
or high-pressures, the atmospheric motion is strongly influenced by 
the Earth’s rotation.* 

In atmospheric boundary layers up to about 1 km or so from the 
ground, the viscosity effect cannot be neglected. In such a layer, the 
wind direction would not necessarily be parallel to the iso-pressure 


“The wind should be observed at a sufficient height above the ground. 
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contours. This is known as Ekman boundary layer, which will be 
considered later in Sec. 8.4. 


8.3. Taylor—Proudman theorem 


In a coordinate frame rotating with a constant angular velocity Q, 
steady geostrophic flows are governed by Eq. (8.15) for an inviscid 
fluid. Setting the axis of frame of rotation as z axis, one can write 
Q = Qk where 2 = |Q| and k is the unit vector in the direction of 
z-axis of the Cartesian frame (x,y,z). Denoting the velocity satisfy- 
ing (8.15) as Vg = (ug, Vg, Wg), the (£, y, z) components of (8.15) are 
written as 


=200, = =0,P,. 20ug ==, P, (8.17) 
0 = —0,P. (8.18) 


Hence, the modified pressure P is constant along the z-direction (par- 
allel to Q)’ and may be expressed as P = P(x,y), and it is found 
that u and v are independent of z as well from (8.17). Thus, we have 


ðzu=0, 00=0, (8.19) 


(the suffix g is omitted for brevity). In addition, the function P/(2Q) 
plays the role of a stream function for the “horizontal” component 
(u, v), since vp := (u,v, 0) = (1/20)(—d,P, 0, P, 0) from (8.17).6 This 
means that the horizontal flow is incompressible: 0,u + Oyv = 0. All 
of these (including the z-independent v;,) are known as the Taylor- 
Proudman theorem. The equation of continuity in the form of (3.8), 
Dp/Dt + div v = 0, reduces to 


O,w = —Dp/Dt. (8.20) 


If the fluid is incompressible (i.e. Do/Dt = 0), we obtain 0,w = 0. 


grad P is the resultant of grad p/p and grady. = g, from (8.9). 

®If the plane z = 0 coincides with the equi-geopotential surface y. = const., 
then we have p (Oz, 0,)P(x,y) = (Oz, Oy)p, the pressure gradient in the horizontal 
plane. 
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Vectorial representation of the horizontal component of vy is 
given by 
bance 
20) 


while the vertical z component w will be determined in the problem 


Vh k x grad P, (8.21) 


below (Sec. 8.4). The z component of vorticity is given by 


B= 945 = a (2 + &)P. (8.22) 


8.4. A model of dry cyclone (or anticyclone) 


We now consider a geostrophic swirling flow in a rotating frame and 
its associated Ekman layer in which viscous effect is important. We 
are going to investigate a very simplified and instructive model of a 
cyclone or an anticyclone (without moisture) in a rotating frame. In 
particular, we are interested in a thin boundary layer of a geostrophic 
flow of a small viscosity over a flat ground at which no-slip condition 
applies. The boundary layer is called the Ekman layer. This is a 
coupled system of a geostrophic flow and an Ekman layer. 


(a) An axisymmetric swirling flow in a rotating frame 

Suppose that we have a steady axisymmetric swirling flow in a rotat- 
ing frame, with its axis of rotation coinciding with the z axis. The flow 
external to the boundary layer is assumed to be a geostrophic flow 
over a horizontal ground at z = 0. Its vorticity wy is given by (8.22) 
and assumed to depend on the radial distance r only, i.e. wy = w(r) 
where r = (x? + y?)1/?. 

A typical example would be the vorticity of Gaussian function, 


wa = wo exp[—r?/a?] 


with a as a constant. For this solution, P = P(r) can be determined 
from (8.22).’ If the constant wo is positive, the pressure is minimum 
at r = 0 by (8.22) in each horizontal plane z = const., which cor- 
responds to a low pressure (i.e. cyclone). This may be regarded to 


"By using (07 + 03)P =r_'D(rDP), where D = d/dr from (D.11). 
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be a very simplified model of tropical cyclone (without moisture). If 
wo <0, the pressure is maximum at r = 0, corresponding to a high 
pressure (anticyclone). 

In the polar coordinate (r,@) of the horizontal (x, y)-plane where 
0 = arctan(y/x), the horizontal velocity vp is given by the azimuthal 
component Vg(r) with vanishing radial componet V,: 


Til 
Var) = E e/a) y,=0, (8.23) 


(see (7.80)), where P = 7a?wy. In fact, we have w = r718, (rV) = wa 
by (D.15). Typical length scale of this swirling flow (8.23) is a, while 
typical magnitude of this flow is given by U, = T /2ra. 

Cartesian components ug and vg of vp are given by 


ug(£, y) = —Vo(r)sin ð, vg(x, y) = Vo(r)cos 6 (8.24) 


(x = rcos0, y = rsin 0). Substituting these into (8.17) and assuming 
P = P(r), we obtain the pressure gradient, dP(r)/dr = 20 Vo(r). 


(b) Ekman boundary layer 
The significance of the Ekman boundary layer is seen clearly and 
is instructive in this axisymmetric model. Motion of the main body 
of fluid away from the boundary is the axisymmteric flow of swirl 
considered in (a). In other words, the horizontal (x, y)-plane at z = 0 
is rotating with the angular velocity Q with respect to the fixed 
inertial frame, whereas the main body of fluid away from the plane 
z = Ois the axisymmetric swirling flow of the velocity vr; = (0, Va(r)) 
in addition to the frame rotation. Namely, the z component of total 
vorticity is given by 20 + we against the inertial frame since the 
uniform rotation of the frame has the vorticity 22. 

The fluid viscosity v is assumed to be very small, so that the 
boundary layer adjacent to the wall is very thin in a relative sense. 
Then, the governing equation is given by 


20. x v = —grad P+ 0V?Vv, (8.25) 
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from (8.11),® instead of (8.15) for inviscid geostrophic flows. We 
assume that the Reynolds number R, is much larger than unity, 
Re := Usa jv > 1. 

Now we consider the boundary layer adjacent to the ground z = 
0. Just like the boundary layer of nonrotating system investigated 
in Sec. 4.5, it is assumed that variations (derivatives) of velocity 
v = (u,v,w) with z are much larger than those with x or y. It is 
found that Eq. (8.25) reduces to 


—20v = —0,P + v Ou, (8.26) 
20u = —AyP + v 8v, (8.27) 
0=-d,P+v02w. (8.28) 


The continuity equation (3.8) is 
Oru + byv + zw + Dp/Dt = 0. (8.29) 


From (8.29), we deduce that w is much smaller than the horizontal 
components, and estimate as |w|/U,; = O(6/a) < 1 according to the 
usual argument of boundary layer theory (see Problem 4.4(i) and its 
solution), where 6 is a representative scale of the boundary layer. 

By applying the same argument of Problem 4.4(i) to (8.28), we 
obtain 


AP 
| y bo O(R;'), Re=U,a/v > 1. 





Namely, variation AP across the boundary layer normalized by U2 
is very small and may be neglected. Therefore, the pressure in the 
boundary layer is imposed by that of the external flow. The flow 
external to the boundary layer is the swirling flow (8.23) whose P 
is essentially a function of x and y only (independent of z). The 
derivatives 0,P and O,P are given by (8.17). 

Eliminating 0, P by using (8.17), Eq. (8.26) is reduced to the form 
—20(v — vg) = vd2u. The right-hand side can be written as v02(u — 
Ug) since Ug is independent of z. Therefore, we have —2Q(v — vg) = 


8In the axisymmetric swirling flow under consideration, the term (v- V)v = 
Ve0ev + wOx on the left of (8.11) vanishes (for incompressible flows). 
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v 02(u—ug). Similarly, Eq. (8.27) is reduced to the form 2Q(u— ug) = 
v 02(v — vg) by eliminating 0,P. Thus, we obtain 
—2N(v — vg) = v 82 (u — ug), (8.30) 
20(u — ug) = v 8? (v — vy). (8.31) 
This can be integrated immediately. In fact, multiplying (8.31) by 
the imaginary unit i = y—1 and adding it to Eq. (8.30), we obtain 
201 X = va2X, (8.32) 
X := (u — ug) + i(v — vg). (8.33) 
Solving (8.32), we immediately obtain a general solution: 


X = AeTCtIE 4 Bet, C= 2/6, (8.34) 
ô = Vv/Q, 


where [+(1 +i)]? = 2i is used. To match with the outer swirling flow 
(ug, Ug), we require the boundary condition: 





X = (u — ug) + i(v — vg) — 0, as ¢ — co. 


So that, we must have B = 0. On the boundary wall at ¢ = 0, we 
impose u = 0 and v = 0. Hence we have A = —(ug + ivg). Thus 
the solution is X = —(ug + ivg) e+), Eliminating X by (8.33), 
using (8.24), and finally separating the real and imaginary parts, we 
find the expressions of u and v.? From these, radial and azimuthal 
components are derived as follows: 


v,(r, Z) = ucos 6 + vsind = —Ve(r) e~S sin, (8.35) 
vo(r, 2) = —usin# + vcosé = Vo(r) (1— e* cos ¢), (8.36) 


where V(r) is given by (8.23), with 6 = tan7!(y/x) and r = (a? + 
y”)'/2. It is found that, as ¢ = z/6 increases from 0 across the Ekman 
layer of thickness 6 = ,/v/Q, the horizontal velocity (v,, vg) rotates 
its direction, and finally asymptotes to (0, Vg) at the outer edge of 
the layer as ¢ — oo. 


°u = Ug —€ (ug cos¢ + vg sin) and v = vg — eS (vg cos Å — ug sin ¢). See (8.24). 
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Note: If wo > 0, we have a low pressure as noted before and Vg > 0 
from (8.23) since I > 0. Then we have v, < 0, i.e. an inward flow 
within the boundary layer. On the other hand, if wo < 0, we have a 
high pressure and Vg < 0. Then we have v, > 0, i.e. an outward flow 
within the layer. 

It is remarkable that there is a small, but significant vertical veloc- 
ity Wg at the outer edge of the boundary layer. To see this, note the 
following by assuming incompressibility div v = 0 and using (D.9): 


zw = —O;u — Oyv = —r!0,(rup) = wg eS sin ¢, 


wo(r) =r! d,(rVe), 


where wg(r) is the vertical vorticity in the outer geostrophic flow, 
assumed as wg = wo exp[—r?/a?] in (a). On integrating this with 


10 we obtain the value of vertical 


respect to ¢ = z/d from 0 to oo, 
velocity wp at the outer edge of the Ekman layer (using w = 0 at 


z = 0), which is found to be proportional to we: 


wely) = wale) f~ eS(sing) 5a = 55 wel aru) 


_ Ja sistas (8.37) 


It is remarkable to find that there is a nonzero vertical flow wg at 
the outer edge of the Ekman layer, which is positive or negative 
according as the sign of wo. Namely, in the case of low pressure (or 
like a cyclone), it is an upward flow (Fig. 8.4). This is connected with 
the inward flow within the boundary layer, and termed as Ekman 
pumping. The total influx Fin at a position r within the Ekman layer 
across a cylindrical surface of radius r is given by the integral of 
influx, f 2rrv,(z)dz, which is immediately calculated as 


1 1 
Fin(r) = —2rrvg z Sazi | 5 na’ wo(1 — exp[—r?/a"}). 


fete S(sin¢) d¢ = 3. 
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Fig. 8.4. Schematic sketch of a dry cyclone with Ekman boundary layer on a 
system rotating with ]. A geostrophic swirling flow of velocity Vo(r) with an 
axial vorticity we(r) of Gaussian form induces upward pumping flow wx(r) at 
the edge of the Ekman layer. 





This kind of structure of low pressure is often observed in tropical 
cyclones, although this model is dry and very simplified. In the case 
of high, wg is downward and connected with the outward flow within 
the Ekman layer. 

Finally, a remark must be made on real atmospheric conditions. 
Observations indicate that the wind velocity in the atmospheric 
boundary layer approaches its upper geostrophic value at about 
1km above the ground. If we let 56 = 1000 m and 2 = 1074 
(= 27 /(24 x 60 x 60)) s~} for the earth spin, the definition 6 = ,/v/Q 
implies the value of v about 4 x 104cm?s~! [Hol04]. This is much 
larger than the molecular viscosity. 

The traditional approach to this problem is to assume that turbu- 
lent eddies act in a manner analogous to molecular diffusion, so that 
the momentum flux is dominated by turbulent action, and the vis- 
cosity terms in (8.26)—(8.28) are replaced by Yyurb O2v, where turb is 
the turbulent viscosity which is found as turp & 4X 104 cm?s~! in the 
above estimate. Later in Sec. 10.1, we will consider Reynolds stress 
Rj =p (uju'). The above is equivalent to 0;Ri; = —pVturb 02 (ui). In 
this case, average velocity field must be considered. 
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8.5. Rossby waves 


Rossby wave is another aspect of flows resulting from the rotation of 
a system, which is responsible for a certain wavy motion of the atmo- 
sphere. Waves of global scales observed on the Earth (or planets) are 
known as planetary waves (Fig. 8.5). Rossby wave is one such wave 
which occurs owing to the variation of Coriolis parameter (f defined 
below) with the latitude ¢. For the global scales or synoptic scales L 
(typically 1000 km or larger in horizontal dimension which are very 
much larger than the vertical scale of atmosphere of about 10km), 
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Fig. 8.5. Planetary waves, exhibited by the geopotential height zy (m) of a 
constant-pressure surface (of 500hPa corresponding to about 5000m) in the 
northern hemisphere ¢ > 15° on 31 Oct. 2005, plotted with the NCEP/NCAR 
reanalysis data, by the courtesy of Dr. T. Enomoto (The Earth Simulator Center, 
Japan). 
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vertical velocities are very much smaller than horizontal velocities 
(see the next section), so that the vertical component of velocity v 
can be neglected in the equation of motion. Such a motion is termed 
as quasi-horizontal. 

The viscous term vV?v is neglected. The equation of motion 
(8.11) reduces to 


Div + 2Q x v = —grad P, Div = v +v- Vv. (8.38) 


A convenient frame of reference at a point O on the earth’s sur- 
face is given by the cartesian system of x directed towards the 
east, y towards the north and z vertically upwards, where the lat- 
itude of the origin O is denoted by @ (Fig. 8.6). Using i,j,k for 
unit vectors along respective axis and writing v = (u,v,w) and 


Q = Q(0, cos ¢, sin ¢), we have 
22. x v = 20(w cos ¢ — v sin d)i + 2Qu sin dj — 2Qu cos dk. 


A simplest Rossby wave solution is obtained for an atmosphere of 
constant density p under the assumption of no vertical motion w = 0. 


-plane 





Fig. 8.6. (@-plane. 
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The equations for a horizontal motion are, from (8.38) and (3.9), 


D,u — fu = —0,P, 
Dv + fu = —ô}P, 
Ozu + Oyv = 0, 
f = 2Q sin@: (Coriolis parameter), 


and D; = ô; + ud, + vdy by neglecting terms of O(L/R) because the 
reference frame is a curvilinear system, where L is the scale of flow 
and R the radius of the earth (assumed a sphere). 

Operating O, on (8.39) and ð; on (8.40), and subtracting, we 
obtain!! 


DiC + vdyf = 0, (8.43) 


(see Problem 8.2), where ¢ = 0,v — Oyu is the z component of the 
vorticity curl v, and the term f (su + Oyv) was omitted due to (8.41). 
Since f (= 2Q sin @) depends only on y = a(¢ — ¢o) (where ¢(O) = 
go), the above equation can be written in the form, 


Di [$ + f] =0. (8.44) 


The quantity C+ f is regarded as the z component of absolute vortic- 
ity, for ¢ is the z component of vorticity which is twice the angular 
velocity of local fluid rotation and f is twice the angular velocity 
of frame rotation around the vertical axis. Therefore Eq. (8.44) is 
interpreted as the conservation of absolute vorticity ¢ + f. 

In order to find an explicit solution of (8.44), we assume a linear 
variation of f with respect to y, ie. f = fo + Gy where ( is a con- 
stant as well as fy. This is known as the 6-plane approximation.'” 
An unperturbed state is assumed to be a uniform zonal flow (wu, 0). 
Writing the perturbed state as u = ū + u’ and v = v', Eq. (8.44) is 
linearized to the form, 


(O; + UOz)(Ozv" — Oyu’) + Bv' = 0. (8.45) 


D,u = jut Ox (v? /2) —v¢ and Dyv = Qu + Ox (v?/2) + u¢ for ¢ = Ozv — Oyu. 
"The horizontal plane (x,y) is called the G-plane. 


8.6. Stratified flows 193 
Owing to the condition of nondivergent flow (8.41), one can introduce 
a stream function w (see Appendix B.2), such that 
ul = Ody, v = ôr. 
Then we have 0,0! — Oyu’ = —V*~. Substituting these in (8.45), 
(O; + GOz)V72y + BOz%) = 0. (8.46) 


Assuming a normal mode for the perturbation, w = A exp[i(—wt + 
ka + ly)], and substituting in the above equation, we obtain 


i(—w + tk)(—k? — 1?) b+ iBky =0, 


since 0} = —iw, 0, = ik, Oy = il. This is rewritten for the phase 
velocity c (positive for propagation to the east) as 
w B 
c= — = ù- =. 8.47 
k k? +1? (8.41) 
The velocity relative to the zonal flow is 
C — U = —CRossb (< 0), CRossby ‘= r oae 
y y k2 + [2 


Therefore, the Rossby waves drift to the west relative to the unper- 
turbed zonal flow u. The phase speed of the wave decreases with the 
wavenumber, hence increases with the wavelength. Note that relative 
to the frame moving with (—cRossby,0) (westward), the wave motion 
becomes steady. 

Rossby waves are observed at mid or higher latitudes and are 
responsible for the high-pressure and low-pressure wavy patterns 
observed there. A typical speed of the wave is estimated to be about 
a few meters per second [Hou77, Problem 8.14]. 


8.6. Stratified flows 


Stratified fluid is named for a fluid having a vertical variation of 
density in a gravitational field. Flows of such a fluid are of consid- 
erable importance in geophysical flows. An example is the thermal 
convection in a horizontal fluid layer which is caused by vertical tem- 
perature variations under uniform vertical gravity. Salinity variations 
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play an important role in dynamical oceanography. The density may 
either increase or decrease with height. In the present section, we are 
concerned with the latter case, that is to say the case of stable strat- 
ification, and in addition, frame rotation is neglected (Q = 0). The 
case of unstable stratification, i.e. the density increases with height, 
will be studied later in the chapter on instability. 

Vertical motions are suppressed in the stable stratification be- 
cause those flows tend to carry heavier fluid upwards and lighter fluid 
downwards, requiring an additional potential energy. This suppression 
modifies the flow pattern of laminar flows. Note that, in the previous 
section of Rossby waves, we studied purely horizontal wave motions. 

For stratified flows, the Boussinesq approximation (see Sec. 9.4.1)!% 
is usually applied to the equations of motion. In this approximation, 
the flow is regarded as incompressible, that is, 


div v = ru + Oyv + O,w = 0. (8.48) 

Then the equations of density (3.8) and motion (8.1) are 
Onp+(v-V)p =0, (8.49) 
plav + (v: V)v) = -grad p + pg + pAv, (8.50) 


where g=(0,0,—gx(z)) is the acceleration of gravity in the z- 
direction. Furthermore, we suppose that the flow is steady, and 
assume that viscous (and diffusive) effect is negligible. Then we 
obtain, from (8.49) and (8.50), as 


(v-V)p=90, (8.51) 
p(v- V)v = —grad p+ pg. (8.52) 


When the fluid is at rest (v = 0), Eq. (8.51) is satisfied identically. 
Since the density depends on z only, Eq. (8.52) reduces to 


d 
0= Ta — ps(Z)gx(Z) 


13 most analysis of thermal convection, density variation is considered for the 
gravity force only in the equation of motion, and is ignored in the other terms. 
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where p(z) is the static density distribution, g, the geo- 
acceleration (8.10) including centrifugal force, and p, is the modified 
pressure given by 


px(z) = const. -f gxps(z2) dz”. (8.53) 


We now consider a flow of velocity field v(x) = (u,v,w) with a 
length scale L and a magnitude of horizontal velocity U. This will 
modify the density field, now represented as p = p(z) + pı and 
p= px(z) + pi. Then, Eq. (8.51) becomes 


(v -V)p1 + wp;(z) = 0. 


In an order-of-magnitude estimate, we have 


WL 
ljal ~ T losl (8.54) 


where p, = dps/dz, and W denotes the scale of vertical velocity 
w. In the Boussinesq approximation, the density variation is taken 
into consideration only in the buoyancy force and the density on the 
left-hand side of (8.52) is given by a representative density pọ. Then 
Eq. (8.52) becomes 


1 
pow x v + po grad (°) = —grad pi + pig. 


In order to eliminate the pressure term (and the grad term on the 
left), we take curl of this equation and obtain 


PoV x (w x v) = Vp xg, (8.55) 


since V x g = 0. Thus, we find another estimate for the magnitude 
of pı. Using the estimates, |Vo1| ~ |o1|/L, |g| = g and |w| ~ U/L, 
we obtain the following: 


poU? 
lail ~ —. (8.56) 
gL 


Comparison of (8.56) with (8.54) indicates that a typical ratio of 
the vertical velocity W with respect to the horizontal velocity U is 
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given as 
W PoU? _ 1 
Ugh? |p| Ri 
where R; is called the Richardson number, and F, the Froud 
number. \4 


= (F,)’, (8.57) 


When the Froud number is small (or equivalently, the Richardson 
number is large), the vertical motion is much weaker than the hori- 
zontal motion. That is the case for most geophysical flows in which 
the length scale L is of the order of earth itself, or so. Actually, 
the Richardson number is very large in such flows and horizontal 
motions are predominating. The jet-stream in the stratosphere is a 
typical example of such a horizontal flow. 

In a laboratory experiment too, such a suppression of vertical 
motion of a stratified flow can be observed in the visualization exper- 
iment of Fig. 8.7. 


8.7. Global motions by the Earth Simulator 


The Earth Simulator (ES)! constructed in Japan as a national 
project (proposed in 1997) was the largest and fastest computer 
in the world as of March 2003. The computer started its opera- 
tion in February 2002. The project aims for computer simulations 
of global motions of atmosphere and ocean that previous computers 
were unable to accomplish, as well as simulations of slow plastic vis- 
cous motions of the earth’s interior, and also predictions of future 
climate and environment of the earth. This is a gigantic computer 
consisting of 5,120 super-computer units. The performance of the 
computing speed was reported as 36Tflops, i.e. 36 x 10!” operations 
per second. 


“The Froud number is defined by F. = U/./gL in hydraulics, where the density 
changes discontinuously at the free water surface and L|p%| is replaced by po. 
The Earth Simulator Center is located at JAMSTEC (Japan Agency for Marine- 
Earth Science and Technology), Kanazawa-ku, Yokohama, Japan, 236-0001. Web- 
site: http://www.es.jamstec.go.jp/esc/eng/ESC/index.html; Journal of the Earth 
Simulator can be viewed at this site. 
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Fig. 8.7. Suppression of vertical motion in a laboratory experiment: Flow of a 
water (from left to right) stratified vertically of density ps(z) (with a stable linear 
salinity component) around a horizontal circular cylinder (on the right) of diam- 
eter d= 1.0cm and U © 1.3cm/s at Re = Ud/v ~ 113. Froude number is F, = 
(a) co (no stratification), (b) 0.2, and (c) 0.1 (with L = 10d). The photograph is 
provided through the courtesy of Prof. H. Honji (Kyushu University) [Hon88]. 


In numerical weather predictions carried out by previous ordinary 
super-computers, the horizontal mesh scale was of the order of 100 km 
or so, while by the Earth Simulator it is 10 km or less. This was made 
possible by the improvement in performance by 10° times of previous 
computers. In future, it aims for 3km or less horizontal resolution, 
in order to improve predictions of local weather considerably. 

In the first three years, experimental computer simulations have 
been carried out by new computation codes in order to test the 
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performance of the giant computer ES, and some innovative results 
have been obtained already. The next two subsections are brief 
accounts of the results of global atmospheric motions and ocean cir- 
culations, reported in the Journal of the Earth Simulator (see the 
footnote). 


8.7.1. Simulation of global atmospheric motion 
by AFES code 


Experimental test simulations of global atmospheric motions were 
carried out by the AFES code (Atmospheric General Circulation 
Model for the Earth Simulator), which is a new computation code. 
This enabled global coverage of both the large-scale general circula- 
tions and meso-scale phenomena, and their interaction [AFES04]. 

The first experimental computation was a long-term simulation of 
twelve years, with intermediate resolutions. The initial condition was 
the data set of January 1, 1979, with the boundary conditions of daily 
fields of sea-surface temperature, sea-ice cover and surface topogra- 
phy. Next, using the resulting data, additional short-term simulations 
were performed with the finest meshes of about 10 km horizontal scale 
and 20 to 500m altitude resolution (with finer meshes in the atmo- 
spheric boundary layer), in order to find detailed local evolutions 
such as (a) Winter cyclones over Japan, (b) Typhoon genesis over 
the tropical western Pacific, and (c) Cyclone-genesis in the south- 
ern Indian Ocean. It has been found that the interactions among 
global atmospheric motions and regional meso-scales are simulated 
in a fairly realistic manner. 


8.7.2. Simulation of global ocean circulation 
by OFES code 


Experimental test simulations of global ocean circulations were car- 
ried out by the OFES code, which is an optimized code of MOM3 
(Oceanic General Circulation Model) developed by GFDL (USA), 
adapted to the Earth Simulator. The OFES enabled a fifty-year 
eddy-resolving simulation of the world ocean general circulation 
within one month [OFES04]. 
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The initial conditions for the experimental integration of 50 years 
are the annual mean sea temperature and salinity fields without 
motion of sea water. Hence, this is called a spin-up problem, and 
also called a climatological 50-year Integration. The computation 
domain was the area from 75°S to 75°N (except the Arctic ocean) 
with the horizontal grid spacing 1/10° (about 10km) and 54 vertical 
levels. The computation used the monthly mean wind stresses aver- 
aged from 1950 to 1999 (hence twelve data sets) taking account of 
fresh water influx from both precipitation and rivers. 

In the spin-up computation, five active regions have been identi- 
fied (Fig. 8.8), where the sea surface height variability is significantly 
large: Kuroshio current in the west of northern Pacific, Gulf stream in 
the west of northern Atlantic, the three currents in the south western 
Indian Ocean, south western Pacific, south western Atlantic. In addi- 
tion, the sea surface height of the Agulhas rings was clearly and real- 
istically visualized. These results demonstrate a promising capability 
of OFES, and the 50-year spin-up run represent realistic features of 
the world ocean both in the mean fields and eddy activities. 

Following the spin-up run, a hindcast run was carried out to study 
various ocean phenomena and compare with the past observations. 
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Fig. 8.8. Five active regions visualized by OFES simulation [OFES04]. 
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Among others, it is remarkable that the modes of El Nino and Indian 
Ocean Dipole have been found and are in good agreement with the 
observations. In view of the fact that tropical oceans play major 
roles in the variability of world climate, this finding is encouraging 
for future investigations. 

These results show that hyper-resolution computations can be 
powerful tools for investigating not only the large-scale global circu- 
lations, but also the meso-scale phenomena such as cyclone-genesis, 
eddies and instability, and thirdly the interaction between global- 
scales and meso-scales, spatially and temporally. 

Owing to the Earth Simulator, the study of global atmosphere 
and ocean has become a science in the sense that experimental tests 
can be done and quantitative comparison with observations is made 
possible. This is in contrast with the analyses in the previous sections: 
Sec. 8.2 for geostrophic flows, Sec. 8.5 for Rossby waves and Sec. 8.6 
for stratified flows. They are all local analyses or approximate model 
analyses, not a global analysis. 


8.8. Problems 


Problem 8.1 Thermal wind and jet stream 


Horizontal pressure gradient arises in the atmosphere owing to tem- 
perature variation which is related to the horizontal density gradient. 
This is responsible to the thermal wind in a rotating system. Global 
distribution of average atmospheric temperature T(x, y, z) generates 
a thermal wind, called the jet stream (i.e. westerly). 

Assuming 2Q = fk (f = 2Qsin@) in (8.15) with k the unit 
vertical vector in the local G-plane approximation (of Sec. 8.5), we 
have the horizontal component va, (projection to the (2, y)-plane) 
of the geostrophic velocity given by (8.21): v, = (1/f)k x grad P. 
Answer the following questions. 


(i) Suppose that z = z(x,y) represents a surface of the altitude 
of constant pressure (p = const.). Using the hydrostatic relation 
(8.13), show the following equation, 


pg» grad z(x,y) = grad p(x, Y; Xx = const.). (8.58) 
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[Hint: On the surface z = z(x,y), dpļy=const = Orpdx + 
0,p dz = 0.] 


Thus, the pressure gradient in the horizontal surface x, = const. 
is related to the inclination of the surface z = z(x,y). The global 
mean pressure in the northern hemisphere is higher toward the south 
(ie. toward the equator), because the temperature is higher in the 
south. In the horizontal plane, we obtain pgrad P = grad p, since 
Xx = const. (see the footnotes to Sec. 8.3). Therefore, the horizontal 
component of geostrophic velocity v;, (proportional to k x grad P) 
is toward the east (i.e. westerly). This will be considered in terms of 
the temperature in the next questions. 


(ii) Suppose that we consider two p-constant surfaces po and 
px(< po) and the layer in-between, by using the equation of state 
p= RpT for an ideal gas (R = Rx/[4m, Rx: the gas constant; see 
the footnote to Sec. 1.2)). Show the following relation (8.59): 


grad P|pp, — grad P|p=p, = grad x+(px) — grad x.(po) 
= RP(p,) grad T, (8.59) 
z(px) P= dp 
where xp- x)= | ad=- f E Bo) 
Po 


2(po) 


= RII (ps) T(z, y), (8.61) 


(ps) =f" dp/p, T(x,y) = f Tana) dz. 


Px 20 





Zz — £0 


(T(x, y) is the vertical average of temperature). Thus, we obtain 
the equation for the thermal wind: 


Jenne FRP(p.)k x grad. (8.62) 
(iii) Suppose that the temperature T is higher toward the south and 
lower toward the north and uniform in the east-west direction. 
This occurs often in the mid-latitudes of the northern hemi- 
sphere and referred to as baroclinic [HouT7]. Which direction 

the geostrophic velocity vp (px) is directed if v, (po) = 0? 
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Chapter 9 


Instability and chaos 


Not every solution of equations of motion can actu- 
ally occur in Nature, even if it is exact. Those which 
do actually occur not only must obey the equations of 
fluid dynamics, but must be also stable (Landau and 
Lifshitz [LL87, Sec. 26]). 


In order that a specific steady state S can be observed in nature, 
the state must be stable. In other words, when some external pertur- 
bation happens to disturb a physical system, its original state must 
be recovered, i.e. the perturbation superposed on the basic state S 
must decay with time. In nature there always exists a source of dis- 
turbance. One of the basic observations in physics is as follows: if a 
certain macroscopic physical state repeatedly occurs in nature, then 
it is highly possible that the state is characterized by a certain type 
of stability. 

If a small perturbation grows with time (exponentially in most 
cases), then the original state S is said to be unstable. In such a 
case, the state would have little chance to be observed in nature. If 
the perturbation neither grows nor decays, but stays at the initial 
perturbed level, then it is said to be neutrally stable. 

When the initial state is unstable and the amplitude of pertur- 
bation grows, then a nonlinear mechanism which was ineffective at 
small amplitudes makes its appearance in due course of time. This 
nonlinearity often suppresses further exponential growth of pertur- 
bation (though not always so) and the amplitude tends to a new 
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finite value. The new state thus established might be a steady state, 
a periodic state, or irregularly fluctuating state. The last one is often 
said to be turbulent. If the initial state is a steady smooth flow, then 
it is said to be laminar. 


9.1. Linear stability theory 


Stability analysis of a steady state (called a basic state) is carried 
out in the following way. Basic state whose stability is to be studied 
is often a laminar flow. Various laminar flows of viscous fluids are 
presented in Chapter 4: boundary layer flows, parallel shear flows, 
rotating flows and flows around a solid body, etc. 

Suppose that the basic state is described by a steady velocity field 
vo(x) and an infinitesimal perturbation velocity v(x, t) is superim- 
posed on it. Then the total velocity is v = vo + v1. It is assumed that 
the velocity satisfies the divergence-free condition and the density po 
is a constant. Then the equation of motion is given by 


OV + (v-V)v = —(1/po) Vp + vAv +f, (9.1) 


(see (4.8)), supplemented with divv = 0. When we consider a sta- 
bility problem of an ideal fluid, the viscosity v is set to be zero. 
Let us write the velocity, pressure and force as 


V=Votvi, p=potm, f=fo+f,. 


Suppose that the basic steady parts vo, po, fo are given. The equation 
the basic state satisfies is 


(vo V)vo = —(1/po) Vpo + vAvo + fo, (9.2) 


and divvo = 0. Subtracting this from (9.1), we obtain an equa- 
tion for the perturbations. Since the perturbations are assumed to 
be infinitesimal, only linear terms with respect to perturbations 
Vi, pi, fy are retained in the equation, and higher-order terms are 
omitted. Thus we obtain a linearized equation of motion: 


vı + (vo ; V)vı + (v1 ‘ V)vo = —(1/po) Vpı + vAvı +fı. (9.3) 
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One can carry out the so-called the normal mode analysis, since the 
coefficients of (9.3) to the perturbations v1, p; and f; are all time- 
independent, so that a time factor of the fluctuating components 
is represented by an exponential function, say e®. In such a case, 
the fluctuating components vj, p; and f; can be represented by the 
product of e% and functions of the spatial variable x. For example, 
the velocity vı is represented as 


vi(x, t, a) = elor F400) u(x, a), (9.4) 


where a = a, + ia; is the complex frequency. We have analogous 
expressions for pı and f1. (This corresponds to a Fourier analysis.) 

In general, the solutions satisfying the above equation (9.3) and 
boundary conditions (to be specified in each problem) are determined 
for particular eigenvalues of a, which may be discrete or continuous, 
and in addition, complex in general.! Correspondingly, the eigen- 
solutions v1(x,t, a), pi(x,t,@) and f;(x,t,a) are complex. A gen- 
eral solution is given by a linear superposition of those particular 
solutions. 

If the real part a, of eigenvalue œ is negative, then the fluctu- 
ation decays exponentially with time, whereas if it is positive, the 
fluctuation grows exponentially with time. Thus it is summarized as 


stable if a, <0; unstable if a, > 0. 


The imaginary part a; of the eigenvalue gives the oscillation fre- 
quency of the fluctuation as seen from (9.4). Suppose that we con- 
sider a transition sequence in which the eigenvalue a, changes from 
negative to positive values when a; Æ 0. In the beginning, the fluc- 
tuating state with a, < 0 decays to a steady state. Once a crosses 
the state a, = 0, a growing mode vı with a frequency a; appears. 
This is understood as the Hopf bifurcation. 

The above analysis is called linear stability theory. In sub- 
sequent sections, we consider the instability and chaos by selecting 
typical example problems, i.e. the Kelvin-Helmholtz instability, sta- 
bility of parallel shear flows and thermal convection. 


"Very often, solutions are determined only for complex values of a. 
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9.2. Kelvin-Helmholtz instability 


One of the most well-known instabilities in fluid mechanics is the 
instability of a vortex sheet which is a surface of discontinuity of 
tangential velocity (Problem 7.4). The Kelvin-Helmholtz theorem 
states that the vortex sheet is unstable in inviscid fluids. Another 
well-known instability is the Rayleigh-Taylor instability, which will 
be considered in Problem 9.1. 

Let us investigate the motion of the surface of discontinuity 
located at y = 0 in the unperturbed state [Fig. 4.5(a)]. It is assumed 
that the velocity of the basic state in (x, y)-plane is given by 


1 1 
(Su. 0) for y < 0; (-50. 0) for y > 0. (9.5) 


9.2.1. Linearization 


Suppose that due to a perturbation the surface of discontinuity is 
deformed and described by 


Both above and below the surface, it is assumed that the flow is 
irrotational and the velocity potential is expressed as 


1 
—-Ux + $1(2,y,t) fr y >À, 
$ = : 


1 
zU? + ġ2(2,y,t) for y < Ç, 


[Fig. 9.1(a)], where ¢, and ¢2 are the perturbation potentials, 
satisfying 


V7¢, =0, V°d2=0 (9.7) 


(see (5.54)). The velocity in the upper half space is expressed as 


(u, v) = (-50 at Or1, 240) . 
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Fig. 9.1. Kelvin-Helmholtz instability: (a) Initial perturbed state, (b) nonlinear 
eddy formation. 





The boundary condition of the velocity at the surface y = ¢ is given 
by Eq. (6.10) of Chapter 6 with w replaced by v, which reads 


1 
Ge + (-30 q Asin Jo = Oy 1 at y= C(x, t). 
Linearizing this with respect to a small perturbation (¢, 61), we have 


1 
Ct — zU se == Oyor| o (9.8) 


Similarly, the boundary condition of velocity of the lower half space 
becomes 


1 
G+ zU Se = Oyb2| y-9° (9.9) 


Furthermore, an additional condition for the pressure is necessary. 
The pressure formula (6.8) with z replaced by y, 


1 
p= c- p(a6+ ze +o’) +w); C = const. 


holds on both sides of the surface. Denoting the pressure by pı and p2 
above y = ¢ and below, and setting p; = p2, we obtain the following 
equation by linearization, 


1 1 
On¢1 — gU spi = p2 + zU z2, at y = 0. (9.10) 
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9.2.2. Normal-mode analysis 


One can solve the three linear equations (9.8), (9.9) and (9.10) and 
determine the three functions ¢, ¢; and ¢2, from which the stability 
of the system is found. All coefficients of the three equations are 
constants, and hence we can carry out the normal mode analysis? 
and express the perturbations in the following forms: 


C = Ae etke, (9.11) 


Qı = Bye™ etkt—by., bo = Boe etka thy | (9.12) 


where A, B,, By are constants. It is readily seen that the functions 
¢ 1 and ¢2 satisfy (9.7), in addition that ¢; — 0 as y — +00, whereas 
%2 + 0 as y > œ. 

Now we have arrived at an eigenvalue problem. For a given pos- 
itive constant k, we seek an eigenvalue ø. Substituting (9.11) and 
(9.12) into Eqs. (9.8)-(9.10) and rearranging them, we arrive at the 
following matrix equation, 


s k 0 A 1 
sı} 0 —k By | =0, se=ot 3 ikU. 
0 -s_ 84 By 











Nontrivial solution requires vanishing of the coefficient determinant: 


S_ k 0 
S+ 0 —k| = 0, 
0 =s- 84 


which results in 


k(s? +54) = 24 (0? — (w) ) =0. (9.13) 


Thus, it is found (for k Æ 0) that 





1 
ESZE aku. (9.14) 


? This is equivalent to the Fourier mode analysis with respect to the x space. The 
mode e“** is orthogonal to another mode e**® for ki Æ k. Arbitrary perturbation 
can be formed by integration with k, e.g. [ f(k,y)e""dk = (2, y). 
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The surface form (for a real A) is given by the real part of (9.11), 
C = Ae” cos kz (9.15) 


(the imaginary part is a solution as well). 

The solution (9.15) with (9.14) has both modes of growing and 
decaying with time t corresponding to o = skU and o = —4kU, 
respectively. A general solution is given by a linear combination of 
two such modes. Therefore, it grows with t in general for any k(> 0). 
Thus, the vortex sheet under consideration is unstable, and waves of 
sinusoidal form grow with time along the sheet. It is remarkable that 
the basic state (9.5) is unstable for any wavenumber k(> 0). Finally, 
it develops into a sequential array of eddies [Fig. 9.1(b)]. This is 
called the Kelvin-Helmholtz instability. 

A similar analysis can be made for the Rayleigh—Taylor problem 
of a heavier fluid placed over a lighter fluid in a constant gravitational 
field (see Problem 9.1). 


9.3. Stability of parallel shear flows 


One of the well-studied problems of fluid mechanics is the stability 
of parallel shear flows [DR81]. A typical example is the stability of a 
two-dimensional parallel flow of velocity in (x, y)-plane, 


vo = (U(y), 0), —b< y< b, (9.16) 


in a channel between two parallel plane walls at y = —b, b. The fluid 
is assumed to be incompressible, either inviscid or viscous. This type 
of flow, i.e. a parallel shear flow, is a typical laminar flow. Some 
steady solutions vo(y) of this type are presented in Sec. 4.6. 

The flow is governed by the two-dimensional Navier-Stokes equa- 
tions, (4.29)-(4.31). Suppose that a perturbation v; = (u1,v1) is 
superimposed on the steady flow vo and the total velocity is writ- 
ten as v = vo + vı. The linearized equation for the perturbation is 
given by (9.3) with fı = 0. In reality, perturbation must be investi- 
gated as a three-dimensional problem. However, it can be shown that 
a two-dimensional perturbation is most unstable (Squire’s theorem, 
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Problem 9.4). Hence, we restrict ourselves to a two-dimensional prob- 
lem here. 

In the two-dimensional problem, one can introduce a stream func- 
tion (a, y,t) for an incompressible flow (see Appendix B.2) by 


ui = Oy, v= oyp. (9.17) 


9.3.1. Inviscid flows (v = 0) 
Setting v = 0, and vp = (U(y), 0), vı = (u1,v1), fı = 0 in the 
perturbation equation (9.3), its x and y components are reduced to 
Opus + U(y)Ocur + v1 U'(y) = —(1/p0)OxP 1, (9.18) 
Ov, + U(y)Ozv1 = —(1/p0)Oyp1- (9.19) 
Eliminating pı between the above two equations (by applying Oy 


to (9.18) and 0, to (9.19), and subtracting) and using the stream 
function w of (9.17), we obtain 


(0; + U(y) Or) (0; + O7)b — U"(y) Ox = 0. (9.20) 

The boundary condition is 
vy = —O,H =0, at y= —b, b. (9.21) 
In view of the property that the coefficients of Pas (9.20) are inde- 


pendent of x, we can take the same normal mode e*” as before with 


respect to the x coordinate (with time factor specially chosen as 
e tke) assuming 


ylz, y, t) = ply)", (9.22) 


We substitute this into (9.20) and carry out the replacements 0, = 
ik and OQ, = —ikc. Dropping the common exponential factor and 
dividing by ik, we obtain 


(U — c) (D? — k*)¢ — U"6 = 0, (9.23) 


where D = d/dy. This is known as the Rayleigh’s equation (Rayleigh 
1880). The boundary condition (9.21) reduces to 


ġ=0, aty=—bd, b. (9.24) 
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Equations (9.23) and (9.24) constitute an eigenvalue problem. Given 
a real wavenumber k, this boundary-value problem would be solved 
with an eigenvalue value cą. In general, this cą is a complex number 
and written as c, = Cr + ici. The imaginary part determines the 
growth rate kc; of the perturbation, since we have from (9.22) 


w(x, y,t) = o(y) e&* [cos k(x — et) +isink(x —c,t)]. (9.25) 
Thus the basic state of parallel flow U(y) is said to be 
stable if c; < 0, unstable if c; > 0. 


The perturbation is a traveling wave of phase velocity cr. 

For the purpose of stating the Rayleigh’s inflexion-point theorem 
for inviscid parallel shear flow, let us rewrite Eq. (9.23) in the fol- 
lowing way: 


n 


o" — k’°ġ — — o=0. (9.26) 


If c Æ 0, the factor U — c = U — c, — ic; in the denominator of the 
third term never becomes zero. 


Rayleigh’s inflexion-point theorem: A neccesary condition for 
instability is that the basic velocity profile U(y) should have an 
inflexion point. [Fig. 9.2. See Problem 9.2(i) for the proof.| 


This theorem may be applied in the following way. The parabolic 
profile Up(y) of (4.41) has no inflexion-point [Fig. 4.3(b)]. Hence it 
is not unstable, i.e. neutrally stable. The perturbation solution will 











(a) U(y) (b) Ux(y) 


Fig. 9.2. (a) No inflexion point, (b) inflexion-point at yo. 
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be characterized by c; = 0 and c, # 0 within the inviscid theory 
according to Prob. 9.2(ii). Namely the perturbation is oscillatory 
with a constant amplitude. On the other hand, the profile of a jet has 
two inflexion-points (Fig. 4.11). This is regarded as unstable within 
the inviscid theory,’ and is actually unstable in real viscous fluids if 
the Reynolds number is greater than a critical value Re (Re œ~ 4.0 for 
Bickley jet U(y) = sech?y see below). As a general feature of flows 
of an ideal fluid, if there is a perturbation solution of c; < 0 (stable 
mode), there exists always another solution of c; > 0 (unstable mode) 
[Problem 9.2(ii)]. 


9.3.2. Viscous flows 


For viscous flows, the viscosity terms vV?u, and vV?v; must be 
added on the right-hand sides of (9.18) and (9.19), respectively. 
Hence, the linear perturbation equation (9.20) must be replaced by 


(OQ; + UOz)V72) — U" On) = aVV"y, (9.27) 
where V? = 0? + 0?, and 
zv — Oyu, = —(02 + 02) = -V7yp =u (9.28) 


is the z-component of vorticity perturbation. All the lengths and 
velocities are normalized by b and Um = max U (y), respectively, with 
Re = Umb/v the Reynolds number. It is seen that the above 
linear perturbation equation (9.27) is the equation for vorticity 
perturbation. 

Assuming the same form of normal mode (9.22) for Y, the above 
equation (9.27) becomes 





(U — c) (D? — k?) ọ — U” ¢ — (D? — k?)? 6 =0 (9.29) 


ik Re 
(D = d/dy). This is known as the Orr—Sommerfeld equation. See 
Prob. 9.4(i) for extension to 3D problem. 


3 Although the stability analysis here is formulated for channel flows of a finite 
y-width, it is not difficult to extend it to flows in unbounded y axis [DR81]. 
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The boundary condition at the walls is the no-slip condition: 
o¢=0 and D¢d=0, aty=—l1,1. (9.30) 


Most stability analyses of parallel shear flows of viscous fluids are 
studied on the basis of Eq. (9.29). 

In general with regard to viscous flows, there exists a certain crit- 
ical value Re for the Reynolds number Re such that steady flows vo 
are stable when Re < R, and becomes unstable when Re exceeds 
Re. This critical value Re is called the critical Reynolds number 
which was calculated for various flows: 


Re ~ 5772 for the 2D Poiseuille flow up(y) of (4.41); 
Re =~ 520 for the Blasius flow u = f'(y) of Problem 4.4; 
Re ~ 4.02 for the Bickley jet u(y) = sech?y of Problem 4.5. 


Furthermore, it is known that Re = oo (i.e. stable) for the plane 
Couette flow uc(y) of (4.40), and Re = 0 (i.e. unstable) for the 
plane shear flow u(y) = tanh y. It is remarked, in particular, that the 
Hagen-Poiseuille flow (i.e. the axisymmetric Poiseuille flow) is stable 
(ie. Re = œ), namely that the imaginary part c; of the eigenvalue 
is negative for all disturbance modes [DR81; SCG80]. 

The next stability problem is the thermal convection, which 
enables us to conduct detailed analysis of chaotic dynamics. 


9.4. Thermal convection 


9.4.1. Description of the problem 


When a horizontal fluid layer is heated from below, fluid motion is 
driven by the buoyancy of heated fluid. However, there exist some 
opposing effects to control such a motion. They are viscosity and 
thermal conductivity. Therefore, it may be said that thermal con- 
vections are interplays between the three effects: buoyancy, viscosity 
and thermal conduction. 

A problem which is historically well studied is the stability anal- 
ysis of a horizontal fluid layer heated from below and cooled from 
above. Suppose that the temperature difference between the lower 
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and upper walls is denoted by AT’. As long as AT is small, the 
fluid layer remains static and is stable. However, once AT’ becomes 
larger than a certain value, the static layer becomes unstable and 
convective motion is set up. This kind of fluid motion is called ther- 
mal convection. Since the driving force is the buoyancy force, the 
temperature dependence of fluid density is one of the controlling 
factors. 

In order to simplify the problem, we consider a thin horizontal 
fluid layer, and the flow field is assumed to be two-dimensional with 
the x axis taken in the horizontal direction and the y axis taken ver- 
tically upward. We apply the Boussinesq approximation (considered 
in Sec. 8.4 partly) for the equations of motion. The velocity v is 
represented as (u,v). One aspect of the Boussinesq approximation is 
that the velocity field is assumed to be divergence-free, div v = 0. In 
the present case, this reduces to 


pu + Oyv = 0. (9.31) 


Such two-dimensional divergence-free motions are described by 
the stream-function w (see Appendix B.2), defining the velocity 
components as 


u = yp, v= —ô0rY. (9.32) 


Equation (9.31) is satisfied automatically by the above. 

As the second aspect of Boussinesq approximation, the density p 
on the left of the equation of motion (8.50) is replaced by a represen- 
tative density pọ (constant), and only the density p in the buoyancy 
term pg is variable. The acceleration of gravity is given the form 
g = (0,—g). Thus, the x-component and y-component (vertical) are 


po(u + uðru + vôyu) = —rp + uV?u, (9.33) 
polv + uðzv + vdyv) = —Oyp + pV? — pg. (9.34) 





The density p in the buoyancy term is represented as p(T), a function 
of temperature T only (its pressure-dependence being neglected). 
This is because the pressure variation is relatively small since the 
fluid layer is assumed very thin. Furthermore, the density is assumed 
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to be a linear function of T as 
p(T) = po(1 — a(T — To)), (9.35) 


since the temperature variation is considered relatively small as well, 
where a is the thermal expansion coefficient of the fluid, and pp = 
p(To) for a representative temperature Tp. 

The equation governing temperature is derived from the general 
equation of heat transfer (4.16) of Chapter 4. Suppose that a fluid 
particle has gained some amount of heat, and that, as a result, its 
temperature is increased by dT together with the entropy increase by 
ôs. Then the heat gained by the particle is given by a thermodynamic 
relation, Tôs = cpôT', where the specific heat cp per unit mass at a 
constant pressure is used because the heat exchange proceeds in fluid 
usually at a constant pressure. Then the entropy term T(Ds/Dt) in 
Eq. (4.16) is replaced by the term cp(DT/Dt), and we obtain an 
equation for the temperature, 


PCy(QT + (v-V)T) = of!) apv; + div(k grad T). (9.36) 


In the stability analysis, the fluid motion is usually very slow. The 
first term on the right represents the viscous dissipation of kinetic 
energy into heat, but it is of second order with respect to the small 
velocity and can be ignored because it is of higher order of smallness. 
The second term denotes local heat accumulation by nonuniform 
heat flux of thermal conduction. This term is taken as the main heat 
source, in which the coefficient k is assumed a constant. Thus, we 
obtain the equation of thermal conduction as follows: 


AT + udeT + vdyT = AVT, (9.37) 


where A = k/(poCp) is the coefficient of the thermal diffusion. 


9.4.2. Linear stability analysis 


Suppose that a horizontal fluid layer of thickness d is at rest, and that 
the temperature of the lower boundary surface at y = 0 is maintained 
at Tı and that of the upper boundary surface at y = d is Tọ. Hence 
the temperature difference is AT = Ti — To > 0. In the steady state 
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without fluid motion, we can set 0,’ = 0, and u = 0,v = 0 in 
Eq. (9.37), and obtain 


0=AV"T = X(0; + OF)T. (9.38) 


The boundary conditions are given by T(x,0) = T, and T(a,d) = 
Tə. The steady temperature satisfying the above equation and the 
boundary conditions is given by 


To -T 


6 = AT/d = —A,T.(y) (9.40) 





(see (2.23)), where 8 (> 0) is the temperature gradient within the 
layer. In this state, heat is being conducted steadily from the lower 
wall to the upper wall through the fluid at rest, and the tempera- 
ture is decreasing linearly with y. For this temperature T\,.(y), the 
corresponding distribution of steady density is given by 


px(y) = po(1 — a(T(y) — To)), Tx(yo) = To, (9.41) 


from (9.35). The steady pressure distribution is determined by the 
equation, dp,./dy = —gpx(y), which is obtained from (9.34) by setting 
the velocities zero. Thus, with defining p; = p,(0), we have 


p(y) = Pi — of px(y)dy. (9.42) 


Suppose that a motion of velocity (u,v) was excited by a certain 
perturbation. Let us represent the perturbed state as 


v = (u,v), T=T;(y) +T, 
p= ply) +p, p=ply) +o, 


where primed variables are infinitesimal disturbances, which are func- 
tions of x, y and t. Substituting these into the governing equations 
(9.31), (9.33)-(9.35) and (9.37), and keeping only linear terms with 
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respect to the perturbations, we have a set of perturbation equations: 


Anu + Oyv = 0, (9.43) 
Oyu = —(1/po)Orp' + vV7u, (9.44) 

ðv = —(1/p0)Oyp! + vV2u — 9 (p'/po), (9.45) 
p'lpo = —aT", (9.46) 

BT’ + vð Ty) = AVT". (9.47) 


Eliminating the pressure between (9.44) and (9.45), i.e. taking 
curl of the equations, we obtain an equation for the z-vorticity 
w = Ôzv — Oyu: 


ðw — VV? w = ga ôT, (9.48) 


where (9.46) is used. The right-hand side denotes the rate of gener- 
ation of the horizontal z component vorticity w by the temperature 
gradient 0,T” in the horizontal x-direction, called a baroclinic effect 
(see Problem 8.2). 

The velocity (u,v) satisfying (9.43) is written as u = Oyy and 
v = —0,%, and the vorticity is given by w = O,v — Oyu = =u: 
From now, we will use the symbol @ instead of T’ for temperature 
deformation from the steady distribution T,(y). Then, Eqs. (9.47) 
and (9.48) are rewritten as 


V7 — VV? V?Y = —gaðz0, (9.49) 
0,0 — \V70 = —BAzw, (9.50) 


where (9.40) is used in (9.50). Thus we have obtained a pair of equa- 
tions for Y% and 9, governing the thermal convection. 

Now, we normalize the above set of equations by introducing the 
following dimensionless variables with a prime, 


(2',y') =(2/d,y/d), t= tr/d?, 
p=p/r, 0 =0/(6d). 


Substituting these in (9.49) and (9.50) and rearranging the equations, 
and dropping the primes of dimensionless variables, we obtain the 
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following set of dimensionless equations: 


(® — A)O = — dz, (9.51) 
(o 1d, — A)Ay) = —R, 070. (9.52) 


where A = V? (Laplacian), and Ra is the Rayleigh number and o 
the Prandtl number defined by 
_ gapd* 


Ra = , = 
vÀ : 





v 
~. 9.53 
Y (9.53) 
Furthermore, eliminating 9 between (9.51) and (9.52), we finally 
obtain an equation for w only: 


(0, —A)(o 1 — AJA y = Ray. (9.54) 


This sixth-order partial differential equation (A is of the second 
order) has a simple solution satisfying the following condition of free- 
boundary: 


p=0, Op=0, 6=0: aty=0 and y=1. (9.55) 


The boundary conditions (w = 0, Ow = ()) is called free because the 
boundaries (y = 0,1) are free from the viscous stress, i.e. the stress 
vanishes at the boundaries. In addition, the boundaries coincide 
with a stream-line by the condition ~ = 0. 

The boundary value problem (9.54) and (9.55) has a solution in 
the following form: 


w = Ae“sin(maz) sin(my), (9.56) 
6 = Be” cos(razx) sin(ry), (9.57) 


where @ is given to be consistent with (9.51) and (9.56), and 
A, B, a, y are constants. The parameter y determines the growth 
rate of the disturbance w (or @), therefore the stability of the basic 
static state. 


“The boundary condition 6 = 0 at y = 0, 1 is equivalent to Og = 0 in addition 
to O24 = 0 by (9.52). 
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In fact, it is not difficult to see that this function 4% satisfies the 
boundary conditions (9.55). Substituting (9.56) in (9.54), we obtain 
the following algebraic equation: 


(y +b7)(o7-1y + bb? = Relta), (9.58) 


where b? = 1?(a? +1), since we have 024 = —(ra)? and Ay = 
—b?y. This is a quadratic equation for y, and it is immediately shown 
that y has two real roots. If y is negative, the state is stable. If y is 
positive, the state is unstable. The case y = 0 corresponds to the 
neutrally stable state. 

The condition of neutral stability is obtained by setting y = 0 
(because y must be real) in (9.58) as 


Rala, y = 0) = 7f (a? + 1). (9.59) 


Thus, the value of Ra(a,y = 0) depends on the horizontal wave 
number za, and has its minimum value given by 


R,(free) := 1*(27/4) ~ 657.5, (9.60) 


which is attained at a = a, := 1/V2. If the Rayleigh number R, is 
less than Re, we have y < 0 for all real a, namely the state is stable. 
However, if Ra > Re, there exists some range of a in which y becomes 
positive, i.e. the corresponding mode of horizontal wavenumber ma 
grows exponentially with time, according to the framework of linear 
theory. The number Re is called the critical Rayleigh number. 

For the case of no-slip boundary condition on solid walls instead 
of the free boundary conditions (9.55), the critical Rayleigh number 
is known to be 


R,(no-slip) + 1708, 


which is obtained by a numerical analysis (see, e.g. [Cha61]). 


9.4.3. Convection cell 


It is found from above that for Ra > Re there are some modes (i.e. 
a certain range of the wavenumber ma with positive y) growing 
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> according to the linear stability analysis. As 


the unstable modes grow with time, a nonlinear mechanism which 


exponentially in time, 


was ineffective during small amplitudes now becomes effective and 
works to suppress further growth of the modes, and a single mode 
of finite amplitude is selected nonlinearly. Finally, a new equilibrium 
steady state will be attained.® 

In the case of the present thermal convection, the nonlinear mech- 
anism is favorable to attain a steady equilibrium state. If the relative 
difference (R, — R.)/R- is sufficiently small, the stream function of 
the equilibrium state is given by 


polz, y) = Ao sin(racx) sin(ry), (9.61) 


which corresponds to the stream function (9.56) of the critical 
wavenumber a, = 1/\/2 with its amplitude Ae” replaced by a con- 
stant Ag which will be considered in the next section again. 

The flow field described by the stream function (9.61) is composed 
of periodic cells of fluid convection, called thermal convection cells 
(Fig. 9.3). Sometimes, the convection cell is called the Bénard cell. 
Thermal convection was first studied by Bénard (1900) for a liquid 
state of heated wax. Later, Rayleigh (1916) solved the mathematical 
problem described in the previous section [Sec. 9.4.2]. However, the 
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Fig. 9.3. Thermal convection cells. 


5From (9.59), Ra(a,y = 0) = Re + 9n*é? + O(€"), where € = a? — 4. There is 
a range of a? of positive y since we have dy/dRa|y=o = (ma/b?)?o/(1 +c) > 0, 
from (9.58). 

®In some instability problems, a nonlinear mechanism is unfavorable for attaining 
an equilibrium and leads to explosive growth of modes. 
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convection observed by Bénard is now considered to be the convection 
driven by temperature variation of the surface tension of wax, while 
the convection solved by Rayleigh is driven by buoyancy. The latter 
is often called the Rayleigh convection, while the former is termed 
the Marangoni convection. 


9.5. Lorenz system 


It has been found so far that thermal convection is controlled by 
Rayleigh number Ra and Prandtl number ø within a framework of 
linear theory. In this section, we consider a finite-amplitude con- 
vection, which is selected by a nonlinear mechanism among unstable 
modes. As the value of the control parameter Ra is increased further, 
the state of steady convection becomes unstable and a new oscilla- 
tory mode sets in. This is termed the Hopf bifurcation (Sec. 9.1). 
When the Rayleigh number becomes sufficiently high, and hence the 
nonlinearity is sufficiently large with an appropriate value of Prandtl 
number, the time evolution of state can exhibit a chaotic behavior. 
One of the historically earliest examples of chaos realized on com- 
puter is the Lorenz dynamical system. 


9.5.1. Derivation of the Lorenz system 


In order to take into account the nonlinear effect appropriately, it is 
useful to simplify the expression of convection cells as much as pos- 
sible, so that a simplest system of ordinary differential equations can 
be derived. The Lorenz system is such a kind of dynamical system. 
Suppose that the stream function w and the temperture deformation 
@ of convection cells are represented by 





p(z, y, t) = —AX(t) sin Ta sin Zy, (9.62) 
B 2 
O(x,y,t) = BY(t) cos oe sin Zy — ge sin Ty, (9.63) 
2 
A= pee. B= V2AT Re 
a T Ra 
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where x, y are dimensional variables, and Re is given by (9.60): i.e. 
R. = n*(a? + 1)3/a? with a = 1/2. The time factors e% of (9.56) 
and (9.57) are replaced by X(t) and Y (t), respectively, and a new z- 
independent term with a time factor Z(t) is added to the temperature 
deformation 0. The temperature is given by T = T,(y) + 0, where 
T.(y) is the steady distribution (9.39). 

The two functions w and @ are required to satisfy the full nonlinear 
equations of motion. A linear equation for the vorticity w = 0,0 — 
Oyu = —V*~ was given by (9.48). Nonlinear version of the vorticity 
equation for —V?q can be derived by taking curl of the original 
governing equations (9.33) and (9.34), and a nonlinear version of 
the temperature equation for 0 can be derived from (9.37). Both are 
written as follows: 


V7 + (OyPOr — OnPOy) V2 = VV? V? Y — gaðz0, (9.64) 
40 + (OyWOx — OpPOy)O = AV?O — BA,r. (9.65) 


The Lorenz system is obtained by substituting the expressions (9.62) 
and (9.63). In the resulting equations, only the terms of the forms, 


_ wa . T Ta |. T » 20 
sin — zx sin —y, cos — zx sin —y, sin —y 
d d?” d d? d?” 


are retained in the equation, and the other terms are omitted. Equat- 
ing the coefficients of each of the above terms on both sides, we obtain 
the following dynamical equations of Lorenz system (Problem 9.3): 


dX/dr = -0X + oY, 
dY/dr = -XZ +rX -Y, (9.66) 
dZ/dr = XY — bZ, 

where 


Ra v i 4 
7 ~~ ~ 1 +a?’ 


and T = At(1 + a?)n?/d? is the normalized time variable, which is 
again written as t (in order to follow the tradition). The right-hand 
sides of the above system of equations do not include time t. Namely, 
the time derivatives on the left-hand sides are determined solely by 


(9.67) 


9.5. Lorenz system 223 


the state (X,Y, Z). Such a system is called an autonomous system, 
in general. 

The trajectory (X(t), Y(t), Z(t)) of state is determined by inte- 
grating the above system (9.66) numerically. A set of points in the 
phase space (X,Y, Z) where a family of trajectories for a set of ini- 
tial conditions accumulate asymptotically as t — oo is called an 
attractor. 

We can think of time derivatives X = dX/dt, Y = dY/dt, 
Z=daZ /dt as three components of a velocity vector V defined at 
the point X = (X,Y, Z). Then we can regard the system dynam- 
ics like a fluid motion with velocity field V(X). An important fea- 
ture of such a motion of points in the phase space (X,Y, Z) is the 
property that the phase volume composed of points moving with 
V = (X,Y,Z) decreases steadily. This is verified simply as fol- 
lows. Taking the divergence of velocity field (X,Y,Z), we obtain 
div V = 0X/0X + OY /OY + 8Z/0Z = —c —1—b < 0. Due to this 
property, the phase volume of an attractor where the trajectories are 
approaching diminishes indefinitely. This does not necessarily mean 
that the attractors are points, but means only that the dimension of 
the attractor is less than 3. This will be remarked again later. Here it 
is mentioned only that such a shrinking of phase volume is a common 
nature of dissipative dynamical systems, in which the kinetic energy 
is transformed to heat (say). 


9.5.2. Discovery stories of deterministic chaos 


There is an interesting story about the discovery of this system by 
Lorenz himself. He tried to solve an initial value problem of the 
above system (9.66) of ordinary differential equations numerically 
by using a calculator which was available for him at the time of 
1960s, where the initial values were (X(0), Y(0), Z7(0)) = (0,1, 0) 
with o = 10, r = 28, b = 8/3. Needless to say, it took much time for 
calculations. 

He wanted to obtain results at times further ahead. Without using 
the above initial values, he used the values obtained at an interme- 
diate time of computation, and carried out the calculation with the 
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Fig. 9.4. Curve X(t) obtained numerically by integrating the Lorenz system 
(see Sec. 9.5.2 for the details). Curves A and B are obtained from two slightly 
different initial conditions. 


same computer program. It was expected that the computer would 
generate results of approximately same data for overlapping times. 
At this computation, he thoughtlessly used only the first three dig- 
its instead of the six digits data obtained by the calculation (e.g. 
curve A of Fig. 9.4). Naturally, at the beginning, the computer gave 
similar temporal behavior as before. However, as time went on, both 
results began to show differences, and finally showed a totally dif- 
ferent time evolution from the previous computation (e.g. curve B 
of Fig. 9.4). Reflecting on those times in his study, he wrote that he 
had been shocked at this outcome. He was already convinced that 
the set of above equations captured a certain intrinsic chaotic nature 
of atmospheric phenomena, and that long-term weather prediction is 
doubtful. 

Chaotic dynamical systems are characterized to have a property 
that they are sensitively dependent on initial conditions. The above 
result observed by Lorenz is just proved this fact. After detailed 
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analysis made at later times, the temporal behaviors of the Lorenz 
system are found to be stochastic in a true sense, and thus long-term 
behaviors of its solution are unpredictable [Lor63]. 

Despite the fact that the time evolution of a system state is 
determined by a set of equations, so that its short-term evolution is 
deterministic, it is found that its long-term behaviors are stochastic. 
This phenomenon is called the deterministic chaos. This was found 
by detailed analysis of the chaos-attractor in [Lor63], now called 
the Lorenz attactor. Many nonlinear dynamical systems have such 
property. 

In 1961, earlier than the Lorenz study, another chaos-attractor 
had been discovered by Y. Ueda [Ued61] during his study of analog- 
computer simulations of nonautonomous nonlinear system (corre- 
sponding to the Van der Pol equation under a time-periodic external 
forcing with a third-order term). Reminding of the long hours sit- 
ting in front of the analog-computer (made by his senior colleague 
M. Abe), Ueda writes “After those long exhausting vigils in front of 
the computer, staring at its output, chaos had become a totally natu- 
ral, everyday phenomenon in my mind.” This is called Ueda attactor 
[Ued61]. 

Solutions of the Navier-Stokes equation are believed also to have 
such behavior in turbulent states which we will consider in the next 
chapter. 


9.5.3. Stability of fixed points 


In stability analysis, steady states play an important role, because 
the growth or decay of perturbations to a steady state is usually 
investigated. A steady state corresponds to a fixed point in the 
dynamical system. A fixed point of the Lorenz system (9.66) is defined 
by the point where the velocity V vanishes, i.e. (X,Y, Z) = 0. Set- 
ting the right-hand sides of (9.66) equal to 0, we obtain 


X=Y, -—XZ+rX-Y=0, XY-bZ=0. 


For r = Ra/Re < 1, we have only one fixed point which is the 
origin O: (X,Y, Z) = (0,0,0). The point O corresponds to the static 
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state. This is reasonable because we are considering a bifurcation 
problem from the static state to a convection-cell state. For r = 
Ra/Rec > 1, it can be shown without difficulty that there exist three 
fixed points: (a) the origin O: (0,0,0), and (b) two points C and C’ 
defined by 


C: (q,q, r — 1), C’: (-q,-q,r — 1), when r > 1, 


where q = \/b(r — 1). The fixed points C and C’ are located at points 
of mirror symmetry with respect to the vertical plane X + Y = 0. 
Now, let us consider the stability of the three fixed points. 

When r > re (re > 1, a constant), we will encounter a strange 
situation in which all the three fixed points are unstable, in other 
words we have no stable fixed points to which the trajectory should 
aproach. This is a situation where the moving state has no point to 
head towards and trajectories become chaotic. 


9.5.3.1. Stability of the point O 


Linearizing the Lorenz system (9.66) for points in the neighborhood 
of O, we obtain 


X' = —0oX' +0Y', Y'=rX'-Y', Ż' = —bZ', 


where X’,Y’, Z’ are small perturbations to the fixed point (0,0,0), 
which are represented as X’ = Xge*', etc. where s is the growth rate. 
Assuming these forms for perturbations X’, Y’, Z’ and substituting 
those in the above equations, we obtain a system of linear algebraic 
equations, i.e. a matrix equation, for the amplitude (Xo, Yo, Zo): 


Sto -ao 0 Xo 
-r s+l 0 Yo | =O. 
0 0 s+b Zo 


In order that there exists a nontrivial solution of (Xo, Yo, Zo), the 
determinant of the coefficient matrix must vanish. Thus, we obtain 
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an eigenvalue equation for the growth rate s, which is also termed 
the characteristic exponent: 


s+a —a 0 
-r stl 0 |=(s+b)(s*?+(o+1)s+o(1—r)) =0. 
0 0 stb 


Therefore, we have 








E eis —5(o+ i+ 5 CEE 

If r < 1, the point O is stable, i.e. all Re(sọ) and Re(s+) are neg- 
ative. This is consistent with the linear theory because the point O 
corresponds to the static state which is stable for r = Ra/Re < 1. 
However, once r > 1, we have Re(s,) > 0. Thus, it is found that the 
point O becomes unstable for r > 1, which is also consistent with 





the linear theory. 


9.5.3.2. Stability of the fixed points C and C’ 


We can make a similar linear stability analysis near points C and 
C by writing X = +q + X’, Y =4+q+Y'’, Z=r—-1+2Z'. The 
linearized equation with respect to X’,Y’, Z’ leads to the following 








eigenvalue equation for the characteristic exponent s as a condition 
of nontrivial solutions: 


F(s) =s?+ (0 +64+1)s? +b(o +1r)s + 2bo(r — 1) =0. 


This is the third-order polynomial equation for s. Obviously, we have 
three roots: s1, 82,83. The condition of existence of C and C’ is that 
r > 1. As long as r — 1 = e is sufficiently small (and positive), it 
is found that all three roots are negative. Hence the two points C 
and C” are stable as long as £ is small. This corresponds to a stable 
steady convection. The two fixed points denote two possible senses 
of circulatory motions within a cell. 

Setting r = 1 (when both C and C’ happen to coincide with O), it 
can be shown immediately that the three roots are 0, —b, —(0 + 1), 
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which are assumed to correspond to s1, 52,83, respectively in order. 
As r increases from 1, it can be shown from a detailed analysis 
(not shown here) that s; decreses from 0 and tends to be com- 
bined with s2, i.e. sı = s2 < 0 at a certain value of r. Thereafter, 
both together form a complex-conjugate pair, and their real part 
increases and reaches zero in due course. From there, the points 
C and C’ become unstable. Namely, an instability sets in when 
Re(s;) = Re(s2) = 0. At that critical stability point, we must have 
sı = +iw, and s2 = —iw (where w is real). As far as r > 1, 53 is always 
negative. At the critical point, we have sı + s2 = 0. On the other 
hand, from the cubic equation F(s) = 0, we obtain the sum of three 
roots given by 81+ 52+ 53 = 83 (at the critical point) = —(0+b+1). 
Since s3 is one of the roots, we have the following equation, 


0 = F(-(0 +6+4+1)) = rb(o — b — 1) — bo(o +b +3), 


at the critical point. Therefore, denoting the value of r satisfying this 
equation by re, we obtain 


olo +b+3) 
o—b-1 ` 


Tim 


We have already seen that the fixed point O is unstable for r > 1. 
Now it is verified that other fixed points C and C’ become unstable 
as well for r > re. When r, > 1 for given values of o and b, we 
obtain that all three fixed points are unstable for r > re, in other 
words, we have no stable fixed points to which the trajectory should 
approach. Now, we have a situation where the state point has no 
fixed direction. This is understood as a favorable circumstance for 
chaotic trajectories. 

Another useful property can be verified by defining a non-negative 
function, H(X,Y, Z) := X* +Y*+(Z—r-—c)?. It can be shown by 
using the Lorenz system (9.66) that, if (X?+Y?+2Z?)!/? is sufficiently 
large, 

d 


d 2 2 2 
qi = Gi +Y +(Z-r-0))<0. 
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Hence, the trajectory in the phase space at large distances from the 
origin is moving inward so as to reduce the distance between (X,Y, Z) 
and (0,0,r + 0). This sort of a positive-definite function such as 
H(X,Y,Z) is called a Liapounov function and plays an important 
role in the global stability analysis as given above. 


9.6. Lorenz attractor and deterministic chaos 


9.6.1. Lorenz attractor 


From the analysis of the Lorenz system of differential equations in 
the previous section, we have found the following properties. 


(i) There is no stable fixed points for r > re. 
(ii) Trajectories are directed inward at large distances from the 
origin. 
(iii) Phase volume shrinks steadily during the orbital motion. 
(iv) There is no repeller (see the footnote), no unstable limit-cycle, 
and no quasi-periodic orbit. 


The property (iv) results from the negative value of the sum sı + 
s2 + s3. The sum sı + s2 + s3 must be positive for both the repeller 
and unstable limit-cycle.’ If there existed a quasi-periodic orbit, it 
contradicts with the property (iii) because the phase volume should 
be conserved in the quasi-periodic motion. 

Then, where should the trajectories head for? Anyway a brief time 
direction can be determined by the system of differential equations 
(9.66). The trajectory of Fig. 9.5 was computed numerically for the 
case r > re with parameter values, 


r=28, o=10, b=8/3, 


“The repeller is a fixed point whose characteristic exponents are all positive, 
while the unstable limit-cycle is a periodic orbit having two positive characteristic 
exponents and one zero exponent corresponding to the direction of the periodic 
orbit. 
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Fig. 9.5. Curve Y(t) obtained numerically by integrating the Lorenz system. 

















for which re = 24.74, and C and C’ are (+8.48, +8.48,27). The 
object to which the trajectories draw asymptotically is now called 
the Lorenz attractor (Fig. 9.6). 

Trajectories of a dynamical system characterized by sensitive 
dependence on initial conditions, i.e. chaotic trajectories, accumu- 
late in the limit as t — œ at a manifold of a fractal dimension, in 
general. Such a set of points is called a strange attractor. The concept 
of strange is related not only to such a geometry, but also to an orbital 
dynamics. Lyapunov characteristic exponents are always defined for 
a dynamical system with their number equal to the dimension of the 
dynamical system. If the trajectory has at least one positive expo- 
nent (corresponding to one positive s), then the manifold composed 
of these trajectories is called a strange attractor. 

The Lorenz attractor is a representative example of the strange 
attractor. Along the trajectory, the phase volume extends in the char- 
acteristic direction of positive exponents, whereas it reduces in the 
direction of negative exponents, and as a whole, the phase volume 
shrinks along the trajectory to a phase volume of dimension less 
than 3 in the case of the Lorenz system. As a result, the strange 
attractor becomes fractal. 
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Fig. 9.6. Lorenz attractor: projection of a trajectory to (a) (X, Z)-plane, 
(b) (X,Y)-plane, and (c) (Y, Z)-plane (see Sec. 9.6.1). 
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9.6.2. Lorenz map and deterministic chaos 


In order to observe the time evolution of orbits, we consider the Z- 
coordinate of the orbit projected in the (Y, Z)-plane, which repeats 
up-and-down motions. Denoting the nth upper-extremum of Z- 
coordinate by Mn and the next upper-extremum by M,,+1, we create 
a pair (Mn, Mn+1) for a number of n’s. 

Taking Mn as the coordinate along the horizontal axis and Mn+1 
as the coordinate along the vertical axis, one can plot a point 
(Mn, Mn+1) on the (Mn, Mn+1) plane. Plotting those points for a 
number of n’s, one can observe those points distribute randomly 
along a curve of A-form (Fig. 9.7), not spread over an area in 
the (Mn, Mn+1)-plane. This remarkable property was discovered by 
Lorenz and this plot is called the Lorenz map. Apparently the 
irregular behavior of the orbit exhibits a certain regularity (lying on 
a one-dimensional object). However, this property itself is evidence 
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Fig. 9.7. Lorenz map. 
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that the long-term evolution of the orbit is unpredictable, and its 
behavior is chaotic. Let us look at this property with a simplified 
but similar tent-map without losing the essential property of the 
Lorenz map. 

The tent-map (looking like a tent, Fig. 9.8) is defined by 


1 
20%, (0 < Tn < 5) 


2(1 — zp) G Lin i) 


Tn+1 = TEn = 


where £n corresponds to (Mn — m)/(M — m) with m and M being 
the minimum and maximum of Mp, respectively. 

Let us express £n by binary digits. If xı = 0.a,aga3a4--- by the 
binary, that denotes the following: 


“= a127! + a227? + a327’ + ajo atti, 


where a; takes 0 or 1. In addition, we can represent 1 — xı as 
follows: 


1 — 2, =0.1111 --- — O.ajagaga,--- 
= 0.(Na1)(Na)(Nas)(Naz) ++ 


1 


0.5 


0 0.5 1 
x 


Fig. 9.8. Tent map. 
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where Na = 1 — a. According to this, a T-operation becomes 
Tzi = 0.(N“t a2) (N“ a3)(N“ a4) susie 


where N“b = b (when a = 0), Nb (when a = 1). Namely, after an 
operation of the map J’, each digit moves to the left up-shift by one 
place. The first digit moves up to the left of the “decimal” point and 
becomes 0, indicating that the number is less than 1. This is carried 
out as follows. If a; = 0, the point x is located on the left-half of the 
horizontal axis of the tent-map, and we have N“ a, = a, = 0 and 
Na, = ax (for k = 2,...). If ag =0 (a, = 0), then the map Tz is 
located on the left-half of the horizontal axis. 

If a; = 1, the point x is located on the right-half of the horizontal 
axis, and we have Na, = Na, = 0 and N“ a, = Nag, (for k = 2,...). 
If ag = 0 (a; = 1), then N™ag = Nag = 1, and the map Tx; 
is located on the right-half of the horizontal axis. Repeating this 
operation n times, we obtain 


T” xı = 0.(Pan+1)(Pan+2)(Pan+3) Ai 


where P = Ner taz+: tan, 

Suppose that we are given two numbers xı and x} whose first 
six digits are identical with 0.110 001. Regarding xı, the digits are 
all 0 at the seventh place and thereafter, while for the number x, the 
digits take either 0 or 1 randomly after the seventh place, such as 


x, = 0.110001 000--., 2 =0.110001110---. 


In the initial phase (n < 6) of the map sequence, two numbers 
obtained by 2; and 2 maps are considered to coincide practically. 
After T° map, these numbers behave in a totally different way. In par- 
ticular, the behavior of T” x} (n > 6) will be unpredictable, because 
the digits are a random sequence by the presupposition. 

The property that cut-off errors move up-shift to the left for each 
map corresponds to the exponential growth of error, i.e. exponential 
instability. Therefore in the dynamical system of the tent-map, the 
orbit of T” is sensitive with respect to the accuracy of initial data, 
and becomes unpreditable after a certain n, say no (no = 6 in the 
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above example). Such a kind of motion is called a deterministic 
chaos. 

In the numerical experiment of the Lorenz system with r = 28, 
o = 10, b = 8/3, two orbits starting from two neighboring points 
near the Lorenz attractor will lose their correlation before long. Such 
a property of sensitive dependence on initial values is a characteristic 
property of chaotic orbits. After the time, either of the orbits traces 
a path on the same attractor without mutual correlation. 

The Lyapunov dimension (a kind of fractal dimension) of the 
Lorenz attractor for the above parameter values is estimated as 


2.0 < Dy < 2.401. 


Because of this fractal dimension, the Lorenz attractor is a strange 
attractor. 


9.7. Problems 


Problem 9.1 Rayleigh-Taylor instability 


Suppose that a heavy fluid of constant density pı is placed above a 
light fluid of another constant density p2, and separated by a surface 
S in a vertically downward gravitational field of acceleration g. In 
the unperturbed state, the surface S was a horizontal plane located 
at y = 0 (with the y axis taken vertically upward) and the fluid was 
at rest, and the density was 


pı for y>0; p2(< pı) for y< 0. 
Suppose that the surface S is deformed in the form, 
y = Ç(x,t), (9.68) 


[Fig. 9.9(a)]. Both above and below S, the flow is assumed to be 
irrotational and the velocity potential ¢ is expressed as 


o=oi(a,y,t) fory>¢; de(a,y,t) for y<¢. (9.69) 


(i) Derive linear perturbation equations for small perturbations Ç, 
¢1 and ¢2 from the boundary conditions (6.8) and (6.10). 
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Fig. 9.9. (a) Rayleigh-Taylor instability, (b) internal gravity wave. 


Expressing the perturbations in the following forms with a 
growth rate o and a wavenuumber k, 


C= Ae” et, gi = Bietet- = (4 = 1, 2), (9.70) 


derive an equation to determine the growth rate ø, where 
A, Bı, B2 are constants. State whether the basic state is sta- 
ble or unstable. 

Apply the above analysis to the case where a lighter fluid is 
placed above a heavy fluid, and derive a conclusion that there 
exists an interfacial wave (called the internal gravity wave, 
Fig. 9.9(b)). State what is the frequency. 


Problem 9.2 Rayleigh’s inflexion-point theorem 


Based on the Rayleigh’s equation (9.23) or (9.26), verify the 
followings: 


(i) 
(ii) 


We have the Rayleigh’s inflexion-point theorem stated in 
Sec. 9.3.1. 

If there is a stable solution of c; < 0 (stable mode), there always 
exists an unstable solution too, for inviscid parallel flows. 


9.7. Problems 237 


Problem 9.3 Lorenz system 


Derive the Lorenz system (9.66) from the system of Eqs. (9.64) and 
(9.65) by using the stream function y~ and the temperture deforma- 
tion @ defined by (9.62) and (9.63). 


Problem 9.4 Squire’s theorem 


Suppose that there is a steady parallel shear flow vp = (U(z),0,0) of 
a viscous incompressible fluid of kinematic viscosity v in a channel 
—b<z< bin the cartesian (x,y, z) space. 


(i) Derive the following normalized perturbation equations 


V°u —iaR.(U(z) — c)u— Re U'(z)w = ia Re p, (9.71) 
V2u — iaR-(U(z) — cw = ib Re p, (9.72) 

V2w — iaR,(U(z) — c)w = Re Dp, (9.73) 

iau + ipv + Dw = 0, (9.74) 


(D = d/dz), for the perturbations vı of the normal mode, 
vi(x, t) = (u(z), v(z), w(2)) expli(ax + By — act)], (9.75) 
together with the pressure p1 /po of the same normal mode. Here, 


Umb 
V? =D? -k?, k= +8, R= A Um = max U(z). 


In addition, eliminating p, derive the equation for w only, 
V°V2w — iaR.(U(z) — c)V?w + iaR.U"(z)w =0, (9.76) 


and the boundary conditions: 





w=0, atz= +1. (9.77) 


[This is an extension to 3D perturbations of (9.29).] 
(ii) The boundary value problem (9.76) and (9.77) determines the 
eigenvalue of the complex exponent —iac = —iac, + ac; for a 
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(iii) 


Instability and chaos 


real a. Show the reasoning that the critical Reynolds number is 
given by 


peewee 


a, Q 


with c; = 0, (9.78) 


where F(k) is a positive function of k = ,/a? + 6?. 

Show that the critical Reynolds number R2? for two-dimen- 
sional disturbances is always less than the critical Reynolds 
number RP for three-dimensional disturbances [Squire’s 
theorem]. 


Chapter 10 


Turbulence 


Turbulence is an irregular fluctuating flow field both spatially and 
temporally. It is a fundamental problem to be answered whether the 
fluid mechanics of continuum media can capture the turbulence. 

In the past, there have been a number of discussions about how 
such turbulence is generated. On the one hand, turbulence is con- 
sidered to be generated by spatially random initial conditions, or 
temporally random boundary conditions. This is a view of turbu- 
lence generated passively. In the modern view, however, turbulence 
is considered to be an irregularly fluctuating flow field which devel- 
ops autonomously by a nonlinear mechanism of field dynamics. This 
change in view on turbulence is largely due to the recent development 
of the theory of chaos considered in the last chapter (Chapter 9). 

Chaos is studied mostly for nonlinear dynamical systems of low 
dimensions. In a chaotic state, an initial slight difference of state 
grows exponentially with time. Despite the fact that the system 
evolves according to a governing equation, the state of the dynamical 
system becomes unpredictable after a certain time. This is a property 
termed deterministic chaos considered in Chapter 9. 

Turbulence is a dynamical system of considerably many degrees 
of freedom. It is not surprising that the turbulence exhibits much 
more complex behaviors. In such a (turbulence) field, it would not 
be realistic to specify the initial condition accurately, and a statisti- 
cal consideration must be made. There are some intrinsic difficulties 
in statistics: that is, statistical distributions of velocity or velocity 
difference at two points are not the Gaussian distribution and hence 
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are not normal. This means we have to take into account all the 
statistical moments of variables. 

Here, we take a view that turbulence is a physical system of 
nonlinear dynamics of a continuous field with a dissipative mech- 
anism. In other words, turbulence exhibits every possible fluctuating 
motions and straining flows without breaking the fundamental laws 
of mechanics of a continuous medium. Under such a view, we investi- 
gate turbulence dynamics governed by the Navier-Stokes equations 
(4.5) and (4.6) for the velocity field u; of an incompressible fluid of 
constant density p: 


Ou; + Oj(usujy) = — 07 tip + Wwd;eE%;, (10.1) 
D= Ou; /Ox; = 0, (10.2) 


where v is the kinematic viscosity, p the pressure and e;; = $(Oju; + 
O;u4). 

When the statistical properties of turbulence are uniform in space, 
that is, the statistics are equivalent at every point of space, turbu- 
lence is called homogeneous. In addition, if the statistics of turbulence 
are equivalent for any direction of space, that is, the statistics such 
as correlation functions at n points (n: some integer) are invariant 
with respect to rigid-body rotation or inversion of those points, then 
the turbulence is called isotropic. 


10.1. Reynolds experiment 


It is generally accepted that one of the earliest studies of turbulence is 
the Reynolds experiment (1883). His experimental tests were carried 
out for flows of water through glass tubes of circular cross-sections of 
different diameters. The flow through a circular tube of diameter D is 
characterized with maximum velocity U. In Sec. 4.4, we learned that 
the flow is controlled by a dimensionless parameter, i.e. the Reynolds 
number defined by Re = UD/v, where v is the kinematic viscosity 
(of water). This view owes a great deal to the study of Reynolds. 


Note that 0;(uiuj) = ujOjui and 0;2e; = vV7 ui, since Ojuj = 0 and 07 = V’. 
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According to his experiment, there is a critical value R, for the 
Reynolds number. Below Rez, the flow is laminar, i.e. the water flows 
smoothly along the whole length of the tube. If the flow velocity u 
along the tube is represented as a function u(r) of the radial coor- 
dinate r with r = 0 denoting the tube axis, the smooth flow takes a 
parabolic profile u(r) = U(1 — r?/a?), which is called the Poiscuille 
flow (see (4.78) for axisymmetry;? (4.41) for 2D problem). Above 
Re, he observed turbulent flows. An important point which Reynolds 
observed is the existence of the critical value Re of the Reynolds 
number for the transition to turbulence. He also observed that the 
friction laws are different for flows below and above Re. The friction 
was proportional to U below R,, while it was proportional to U? 
above Re. This suggests that the two types of flows are different in 
nature. 

As Reynolds number becomes sufficiently high, not only pipe flows 
but most flows become turbulent. At each point of turbulence field, 
flow velocity fluctuates with time. Taking an average of the irregu- 
larly fluctuating velocity vector u = (u;) at a point x = (a;), we 
obtain an average velocity field (u) = (u;). The average velocity 
(u)(x) may vary slowly and smoothly from point to point, while the 
difference u’ = u — (u) may fluctuate irregularly, with its average 
(u’) vanishing. u’ denotes the turbulent fluctuation of velocity. 

Another remarkable contribution of Reynolds in addition to the 
experiment mentioned above is the introduction of an average equa- 
tion and recognition of “Reynolds stress” in it. Suppose that the 
velocity and pressure fields of an incompressible fluid are represented 
by superposition of an average and a fluctuation as follows: 


ui = (ui) (x, t) F u(x, t), p= (p) (x, t) + p'(x, t), 


where O(u;)/Ox; = 0. Substituting these into (10.1) and taking an 
average, we obtain the following equation governing the average 


?The linear stability theory (Sec. 9.3.2) implies Re = oo (stable) for the axisym- 
metric Poiseuille flow. Despite this, study of flows in a circular pipe is a challenging 
realistic problem in Fluid Mechanics. 
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fields: 
Ot (us) + O;( (us) (uz) + 0; (ujus) = —p*d;(p) + vd;2(e;;), (10.3) 


where 2(e;;) = O(uj)/Ox; + O(u;)/Ox;. The third term on the left- 
hand side p(uj;u’;) (multiplied by p) is called the Reynolds stress, 
because this can be combined with the viscous stress term on the 


right as 
turb 
pð; (vlei) — (ulus) = dj 
where oot = 2p (eij) — p(ujui;), where u = pv. Thus, we obtain the 


same form as (10.1) for the equation of average fields. 


10.2. Turbulence signals 


In turbulent flows, velocity signals fluctuate irregularly with time 
[Fig. 10.1(a)]. In fact, there are a large number of modes from very 
small scales to very large scales in turbulence, which interact with 
each other. Their spatial distributions are also considered to be ran- 
dom. Statistical distribution of each (x, y, z) component of u’ may be 
expected to be nearly Gaussian. However, remarkably enough, real 
turbulences are not so, and exhibit non-Gaussian properties for sta- 
tistical distributions [Fig. 10.1(c)]. This implies that there may exist 
some nonrandom objects in turbulence field to make it deviate from 
a complete randomness of Gaussian statistics. 

In general, a skewness factor of the distribution of longitudinal 
derivative? of a turbulent velocity-component u, denoted by uz = 
Ou/Ox, is defined by 


Ux 3 
S[uz] = Ta 


which is always found to be negative. In the Gaussian distribution, 


Skewness (~ —0.4 in an experiment), 


the skewness must vanish. Furthermore, a flatness factor of uz is 


3 The longitude denotes that the direction of derivative is the same as the velocity 
component u, not lateral to it. 
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Fig. 10.1. (a) Fluctuating signal of x component u of turbulent velocity u’, 
(b) Enlargement of the interval A of (a). (c) A sketch of non-Gaussian distribution 
function P(uz) of the longitudinal derivative uz = Oru, where the broken curve 
is the Gaussian distribution function [Mak91]. 


defined by 


((ue)*) 
((ua,)?)? 


This is also deviating from the Gaussian value 3.0. 


Flatness Fluz| = (= 7.2 in an experiment). 


Nonrandom objects in the turbulence field causing these devia- 
tions from Gaussian distribution are often called organized structures. 
Recent direct numerical simulations (DNS in short) of turbulence at 
high Reynolds numbers present increasing evidence that homoge- 
neous isotropic turbulence is composed of random distribution of 
a number of long thin vortices, often called worms. Their cross- 
sectional diameters are estimated to be of the order of lq (defined 
by (10.18) below), and their axial lengths are much larger.4 

From some experimental observation of the probability distribu- 
tion of uz, it is found that the probability of large |u,| is relatively 


4Some computer simulation showed that the average separation distance between 
worms is of the order of Taylor micro-scale defined by a length scale of statistical 
correlation of two velocities at two different points. 
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higher than that of the Gaussian. Namely, large derivative values 
Ug appears intermittently in turbulence. This is one of the charac- 
teristic features of fluid turbulence and is called intermittency. It 
is not only observed by experiments, but also found by computer 
simulations. 


10.3. Energy spectrum and energy dissipation 


10.3.1. Energy spectrum 


Let us consider a turbulent flow field in a three-dimensional space. 
It is convenient to consider turbulence in Fourier space. In order 
to avoid some mathematical difficulties arising from the infinity of 
space, the flow field is assumed to satisfy a periodic condition. Sup- 
pose that the velocity field u(x, y, z) is periodic with respect to the 
three cartesian directions (x,y,z) of periodicity length L: 


u(t + ML, yY + MyL, z + mL) = u(x, y, z), 


where Mg, My, Mz € Z (integer). The pressure field p(x, y, z) is sim- 
ilarly represented. Hence, the flow field is considered in a basic cubic 
space: 


C: [O0<Sr<L, 0&y<L,0<z< Ll. 


The representation in an infinite space can be obtained by taking the 
limit, L — o0. Then the velocity field u(x, t) is given by the following 
representation: 


iie S û(k, t)o™*, (10.4) 


k 
k = (kz, ky, kz) = (27 /L) (Nng, ny, nz). (10.5) 


where û(k,t) is the Fourier amplitude, k is the wavenumber, 
Ng, Ny, Nz E Z (integer space). In the limit L — oo, the expression 
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(10.4) takes the following form?: 
u(x,t) = f û(k, t) e™* dĉk. (10.6) 

R3 


Since the velocity u(x,t) is real, the following property must be 
satisfied: 


ii*(k, t) = a(—k, 2), (10.7) 


where u* is the complex conjugate of u. Inverse transform of (10.4) is 


û(k,t) = aay | u(x, t)e ** dx. (10.8) 
The condition of incompressibility, divu = 0, leads to 
V = 0,4, = ftat) e** q3k = 0, 
which results in 
katio(k) =0, namely û(k) L k. (10.9) 


The wavenumber vectors k in (10.4) and (10.8) are discrete, whereas 
those in (10.6) are continuous. Corresponding to whether the 
wavenumber k is discrete or continuous, the integral f e¥tdgz reduces 
to the following: 


Discrete: f aa = L ôk o = 2r ôk o (Ak), 
he (10.10) 
Continuous: I e*® dx = Qn 5(k), 


where Ak = 27/L, 6x, is the Kronecker’s delta and 6(k) is the Dirac’s 
delta function (Appendix A.7). 


5By the correspondence (27/L) = Ak, we have (EPE S s d'k = 
JÈ dka [dky [9 dkz. 
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Denoting the average over the basic cubic space C by (-)¢c = 
D fe d°x, we have the average in the limit L —> oo: 


(u?) = (F) Enn 


= [etx [x anata +) = J exar. (10.11) 


Therefore, the kinetic energy per unit mass is given by 


(=) si &(k, t)d%k, P(e, t) = 5|0(k, 2)? (10.12) 
c RÈ 


If we take the average with respect to a statistical ensemble of ini- 
tial conditions in addition to the average over the space C, then the 
average (-)c should be replaced with the ensemble average (-). 

Provided that the turbulence is regarded as isotropic and the aver- 
age (®(k,t)) depends on the magnitude k = |k| of the wavenumber 
k, then we have 


u2 oo 5 
(=| E(k,t)dk, B(k,t) =4nk28(lk|,t), (10.13) 


where E(k,t) is the energy spectrum at a time t. 

One of the advantages of Fourier representation is that we can 
consider each Fourier component separately. The component of a 
wavenumber k corresponds to the velocity variation of wavelength 
27/k. Such a component is said to have simply a length scale l = 1/k. 
It is often called an eddy of scale l. Furthermore, the Fourier represen- 
tation with respect to space variables (x,y,z) enables us to reduce a 
partial differential equation to an ordinary differential equation with 
respect to time t, since O, is replaced by ik,z, etc. 


10.3.2. Energy dissipation 


Let us consider an energy equation. With an analogous calcula- 
tion carried out in deriving Eq. (4.23) for unbounded space in 
Sec. 4.3, an energy equation is written for the kinetic energy 
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K= fe žu?dV in the cubic space C as 


Tofa a x= | (=) d°x 


Ju: 
= -2 | eij oo d?x = -2 | lleij||?d°x, (10.14) 
c TI c 








where e;; is the rate-of-strain tensor, and the surface integral in the 
energy equation disappears here too because of periodic boundary 
conditions. Furthermore, using the vorticity vector w = V x u = 
EijkðjUuk, we obtain another form of energy equation (see (4.24)), 


It ey i. |w|?d3x. (10.15) 
dt c 


Taking an ensemble average (-) of Eqs. (10.14) and (10.15), 
we obtain the average rate of energy dissipation per unit mass € 
as follows: 


e= (Su?) = (ley?) = (lor) (10.16) 


=% f k*E(k)dk. [See Problem 10.1] (10.17) 
0 


The expressions on the right-hand side give three different expres- 
sions of energy dissipation. The form of integrand k? E(k) of (10.17) 
implies that the dissipation rate is amplified for eddies of large k 
(small eddies) due to the factor k?. 


10.3.3. Inertial range and five-thirds law 


A number of experiments have been carried out so far in order to 
determine the energy spectrum E(k) for turbulence at very high 
Reynolds numbers, 10¢ or larger. In fully developed turbulence, most 
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Fig. 10.2. Log-log plot of an experimentally determined energy spectrum E: (k), 
showing the inertial range by a straight-line slope of —5/3 (from a grid turbulence 
with a main stream velocity 5m/s in the x-direction [Mak91], where £1(k) is the 
one-dimensional spectrum which is connected to the three-dimensional energy 
spectrum E(k) by E(k) = k?(d/dk)(k~'dE1(k)/dk) (if Ei(k) « k®, then E(k) x 
k“ too). [See Problem 10.3.] A, and Ar are obtained from a fully developed 
turbulence, while By and Br are from a nondeveloped turbulence. The suffices L 
and T denote longitudinal (x) and transverse components (y and z) of velocity. 


energy spectra determined experimentally suggest the form, 
E(k) xk 


for an intermediate range of wavenumbers (an inertial range). The 
range is defined by wavenumbers which are larger than ką associ- 
ated with a scale A (a laboratory scale) of external boundaries and 
less than kg associated with a scale of viscous dissipation. This is 
known as the 5/3-th power law of the energy spectrum. A plot of 
log E(k) versus log k shows a nearly straight-line behavior of slope 
—5/3 in the corresponding range of k (Fig. 10.2). Such a range of 
wavenumbers is called the inertial range. Whether a turbulence is 
fully developed or not is tested with whether the energy spectrum has 
a sufficient inertial range. Thus, a fully developed turbulence means 
that the turbulent flow has a sufficient range of the energy spectrum 
of E(k) x k75⁄. 
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10.3.4. Scale of viscous dissipation 


Magnitude of the wavenumber associated with dominant dissipation 
of energy is estimated according to the following physical reasoning 
helped by dimensional arguments. The fully developed turbulence 
is regarded as controlled by the viscosity v (kinematic viscosity) 
and the rate of energy dissipation £ per unit mass. It is hypotheti- 
cally assumed that viscous dissipation of kinetic energy is predom- 
inant at small scales of order lq. To compensate the energy loss at 
those scales, an energy flow is driven from larger to smaller scales. 
At scales in the inertial range, the energy flow from one scale to 
smaller scales is almost invariant. Arriving at scales of order lą, the 
viscous loss becomes dominant. On the other hand, the energy is 
injected at a largest scale A by some external means with a labo- 
ratory scale A. This is an idea of energy cascade, envisaged by Kol- 
mogorov and Oboukov in the 1940s. Their hypothesis results in the 
following dimensional arguments and estimates by scaling. It is called 
the similarity hypothesis due to Kolmogorov and Oboukov. 

Denoting the dimensions of length and time by L and T, the 
dimensions of v and € are given by [e] = LT? and [v] = LTTE, 
respectively. This is because, denoting the velocity by U = L/T, 
[e] is given by U?/T = L?T~? (see (10.16)) and [v] is given by the 
relation U/T = [v]U/L? (e.g. see (10.1)), respectively. Now, it can 
be immediately shown by these dimensional arguments that the rate 
of energy dissipation ¢ and the viscosity v determine a characteristic 
length scale from their combination which is given by® 


la= ea (10.18) 


E 


The l4 is called Kolmogorov’s dissipation scale. The corresponding 
wavenumber is defined by kg = 1/la = (e/ v3). 

At much higher wavenumbers than kg, the spectrum E(k) decays 
rapidly because the viscous dissipation is much more effective at 
larger k’s. The range k > ka is called the dissipation range. 


Setting e*v? = L1, one obtains a = —1/4 and 6 = 3/4. 
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10.3.5. Similarity law due to Kolmogorov 
and Oboukov 


Based on the similarity hypothesis described above, one can derive 
an energy spectrum in the inertial range. Suppose that an eddy of 
scale l in the inertial range has a velocity of order vı. Then, an eddy 
turnover time is defined by 


T ~ l/u. (10.19) 


The similarity hypothesis implies a constant energy flux €; across 
each scale l within the inertial range, given by 


e~ vn ~ U3 /L. (10.20) 
Setting this to be equal to £ (constant), i.e. €; = £, we obtain 
v ~ (el)¥3. (10.21) 


This scaling laws implies that the turbulence field is of self-similar 
structures between different eddy scales |. It is a remarkable property 
that the magnitude of velocity characterizing variations over a length 
scale I is scaled as 1'/, showing a fractionally singular behavior as 
1— 0. 

The energy (per unit mass) of an eddy of scale l is given by uy. 
Using the equivalence k = 1~!, this is regarded as equal to E(k)Ak, 
which denotes the amount of energy contained in the wavenumber 
range Ak around k, where Ak ~ 17t." Thus, we obtain the relation, 


E(k! Œ v? ~ (el), o. E(k) ~ BP, 
Repacing | with k~!, we find 
E(k) ~ e? k5.. (10.22) 


This is the Kolmogorov-Oboukov s 5/3-th law. 


“Assuming a power-law sequence of wavenumbers ko, ki,... such as kn = a”ko, 
where a and ko are constants (say a = 2), we have Ak = kn41 — kn = (a— 1)kn. 
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10.4. Vortex structures in turbulence 


From the early times of turbulence study by GI Taylor (1938) and 
others, it has been recognized that there exist vortical structures 
in turbulence. The turbulence spectrum or energy cascade consid- 
ered so far are concepts in the space of wavenumbers, while vortices 
are structures in real physical space. From the point of view that a 
vortical structure is nothing but a dissipative structure, we seek a 
deep relation between vortical structures and statistical laws in fully 
developed turbulence. 

In turbulence, there exists a certain straining mechanism by which 
vortex lines are stretched on the average, to be described just below 
(Sec. 10.4.1). This is related to the negative value of skewness S|u,| of 
longitudinal derivative uz (Sec. 10.2). Nonzero value of S[u,] implies 
that the statistics is non-Gaussian, and that there exists structures 
in turbulence, often called intermittency. As a slender vortex tube is 
stretched, its vorticity increases, and dissipation is enhanced around 
it in accordance with (10.15) and the Helmholtz law (iii) of Sec. 7.2.2. 

According to the theory of energy cascade of fully developed tur- 
bulence, energy is dissipated at scales of smallest eddies of order 
lg = (v3/e)'/4, the dissipation scale. In computer simulations, the 
dissipative structures in turbulence are visualized as fine-scale slen- 
der objects with high level of vorticity magnitude. 

Figure 10.3 shows a snapshot of a vorticity field [YIUIK02] 
obtained by a direct numerical simulation (DNS) of an incompressible 
turbulence in a periodic box with grid points 2048° carried out on the 
Earth Simulator (Sec. 8.5), on the basis of the Navier-Stokes equation 
(10.1) with an additional term of external random force f under the 
incompressible condition (10.2). Figure 10.3(b) is the enlargement of 
the central part of Fig. 10.3(a) by eight times. The similarity of struc- 
tures between the two figures implies a self-similarity of an isotropic 
homogeneous turbulence in a statistical sense. 


10.4.1. Stretching of line-elements 


Although turbulence is regarded as a random field, it exhibits cer- 
tain organized structures of vorticity. It is important that there 
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(a) (b) 


Fig. 10.3. High-vorticity isosurfaces obtained by DNS of 2048° grid points with 
v = 4.4 x 107%, la = 1.05 x 107%. (a) Length of a side is 299214, and (b) 8 times 
enlargement of (a), i.e. length of a side is 3744, the area being 1/64 of that of (a). 
The isosurfaces are defined by |w| = (w) + 40 where a is the standard deviation 
of the distribution of magnitude |w| [YIUIK02]. 


exits a fundamental mechanism to stretch vortex-lines in turbulence 
field. This is closely related to a mechanism by which a small line- 
element is stretched always on the average in turbulence. When a 
vortex-line is stretched, the vorticity is increased and dissipation is 
enhanced by (10.15). Let us first consider a mechanism for stretching 
line-elements. 

Let us consider time evolution of a fluid line-element 6x(t) con- 
necting two fluid particles A and B at an infinitesimal distance: 


éx(t) = x(B,t) — x(A,?). 


Its time evolution is described by the following equation for the ith 
component, 





£ özi = u;(B) = u;(A) = l ÒTj, (10.23) 


by the linear approximation (see (7.13)). The tensor of velocity 
derivatives ðu;/ðx; can be decomposed always into a symmetric part 
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Sj; and an anti-symmetric part 0;; (Sec. 1.4): 


Ou; 
da; = ey + O45, (10.24) 


1 1 
ĉij = zju + Oju;), Qij = zju — iuj), (10.25) 


where e;j is the rate of strain tensor, while Q;; is the vorticity tensor. 
The latter is equivalent to the vorticity vector w = V x v by the 
relation Q;; = -3 EijkWk (Sec. 1.4.3 where Qij is written as gij). The 
(real) tensor e;; can be made diagonal by the symmetry eij = eji 
at each point. In fact, fixing the point x, one can determine three 
eigenvalues (£1, £2, £3) of the matrix e;; and eigenvectors e1, €2, €3. 
By an orthogonal transformation determined by [e, e2, e3] to the 
principal frame, the matrix e;; is transformed to a diagonal form 
(Sec. 1.4.2): ie. (ej;) = diag( E1, E2, E3). 

The velocity gradients Ou;/Ox; can be regarded as constant over 
a line-element 6x(t) if it is sufficiently short. It can be verified that 
(|6x(t)|?) > (|6x(0)|?). In fact, owing to the linearity of Eq. (10.23), 
dx(t) is related to 6x(0) by a linear relation: 


dxi(t) = Ui 6x; (0), 


where Uj; is a random tensor (in the turbulent field) determined by 
the value of 0;u; along the trajectory of the line-element, depending 
on the initial position and time t, but independent of 6x(0). From 
the above, we obtain 


|oai(t)/? = Wy 5a (0) dax,(0), (A) 


where Wj, = U,j;Uix is a real symmetric tensor. Let us denote the 
eigenvalues of Wj, as wi, w2, w3 at a fixed time t. Because the 
quadratic form W;; 62;(0)dx%,(0) is positive definite by the above 
definition, we should have w; > 0 for all i. 

Suppose that we take a small sphere of radius a with its center at 
a point A at an initial time with its volume (47/3)a?. After a small 
time t, it would be deformed to an ellipsoid by the action of turbulent 
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flow,® and the length of the three principal axes would become ywa, 
„Wza, y/wza with the volume given by (4r /3)a? /wrwzw3. Owing to 
the volume conservation, we must have w,wew3 = 1. 

The initial line-element 5x(0) can be chosen arbitrarily on the 
sphere of radius a. Since the tensor Wj of the turbulent field is 
independent of the choice of 6x(0), the values w1, w2, w3 are statis- 
tically independent of 6x(0). In isotropic turbulence, the eigenvectors 
associated with w 1, we, w3 distribute isotropically. Under these con- 
ditions, one can show the property, 


(|6x(t)|?) = 


Ww, + We + W3 a2 > 
A 2 


(wywow3)/3 a? = a? = |5x(0)|?, 

according to the inequality: (arithmetic mean) > (geometric mean). 
Namely, any infinitesimal line-element is always stretched in turbu- 
lent fields in the statistical sense. Similarly, any infinitesimal surface 


area is always enlarged in a turbulent field in the statistical sense 
[Coc69; Ors70]. 


10.4.2. Negative skewness and enstrophy 
enhancement 


Vortical structures in turbulent fields have dual meanings. First, 
those signify the structures of velocity field. Namely, the field may 
be irregular, but has some correlation length. Secondly, the vorticity 
is related with energy dissipation (see (10.15)). The latter (energy 
dissipation) is concerned with the dynamics and time evolution of 
the system, whereas the former is concerned with the statistical laws 
of spatial distribution. This is the subject at the moment. 


’From (A) and the eigenvalues w1, we, w3 defined below it, we have 
|da(t)|? = wi(6a1(0))? + we (da2(0))” + ws(6x3(0))*. (B) 


Since 6x(0) was a point on a sphere of radius a, one can write as 6x(0) = a(a, 3,7) 
where the direction cosines a,G,y satisfy a? + 8? + 7% = 1. Analogously, 
a point dx(t) = (€,7,¢) on the ellipsoid satisfying the relation (B) can be 
expressed by (€,7,¢) = a(.,/wia,/w2, vwa): Volume of the ellipsoid is given by 
(47/3) (Vwa) (vwa) (vwa) = (4r /3)a? /wrwzw3. From the isotropy require- 


ment, we have (a°) = (8°) = (7°) = 1/3. 
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Let us consider production of average enstrophy, defined by 5 (w?), 
in a homogeneous isotropic turbulence. The equation of vorticity w 
is written as, from (7.3), 


Ojw + (v - grad)w = (w+ grad)v + vV7w, (10.26) 


for an incompressible fluid without external force. We used this equa- 
tion to obtain the solution of Burgers vortex in Sec. 7.9. Taking a 
scalar product of w with this equation, the left-hand side can be 
written as 


1 1 
wrOw, + we(v- grad)w, = Oz +(v- grad) Sw" = Dio: 
while the right-hand side is 
1 
Wj (Oj; uj) w; + vwiðjðjwi a ei (Ojui + OjU; ws 
+ vôj(wiðjwi) — v(O;w;)?, 


since w;(O;uj)w; = wi(Ojuj;)w;. Taking an ensemble average, we 


\ 2 
oe) = (wieijwj} —vV (2) ) (10.27) 


where e;; is defined by (10.25) and the surface integral disappears 


obtain 





when the ensemble average is taken. The right-hand side repre- 
sents production or dissipation of the average enstrophy 5 (w?). The 
first term represents its production associated with the vortex-line 
stretching, whereas the second term is its dissipation due to viscos- 
ity. The fact that the first term expresses enstrophy production is 
assured by the property that the skewness of longitudinal velocity 
derivative is negative in turbulence, as observed in experiments and 
computer simulations. 
The skewness of longitudinal velocity derivative is defined by 


((Ou/dx)*) 
((Ou/dx)?)3/?" 


where the x axis (with u the z component velocity) may be chosen 


t= 


arbitrarily in the turbulence field. From the theory of homogeneous 
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isotropic turbulence [Bat53; MY71; KD98], one can derive that 


35 E \3/2 
(wieijwj) = Tz Sı (=) x (10.28) 


In fully developed turbulence, the skewness S; is usually negative 
(see Sec. 10.2). Hence, we have 


(wWieijwj) >0. 


Thus, it is found that there exists a mechanism in turbulence to 
increase the enstrophy on the average which is associated with the 
mechanism of vortex-line stretching. Formation of a Burgers vor- 
tex studied in Sec. 7.9 is considered to be one of the processes in 
turbulence. 


10.4.3. Identification of vortices in turbulence 


In order to identify the vortices in turbulence, a certain criterion is 
required, because the vortices in turbulence have no definite shape. 

A simplest way is to apply the div operator to the Navier-Stokes 
equation (10.1) under the condition O;u; = 0. Using the relation 
jui = eij + Qij of (10.24) and O;u; = 0, we obtain? 


Vĉp. = —Oj0j;0; U4 = — (eij + Qij) (eji + 07) (10.29) 
= —€ijeji — 0450.5 = —tr{S? + 07} 
= —eijeji + N44 Di; = —|S||? + []Q|?, (10.30) 


where px = p/po, and ej, = ej, Qji = —Qij are used. We have 
introduced the following notations: 


1 
lel? = eijeji = eijeij IQ]? = Riz = zel. 


A vortex may be defined by a domain satisfying the inequality 
IQ]? > ||S||? where the vorticity |w| is supposed to be relatively 
stronger. In other words, a vortex would be defined by a set of points 
characterized by V?p, > 0. In general, vortex axes are curved lines, 
and lower pressure is distributing along them. 


°0;0; (wi; ) = O;(u; 0; Us) = Oj; 0; Ui, and Qijeji + Qjieij = Qijeij = Qijeij = 0); 


10.4. Vortex structures in turbulence 257 





1.5 
—1.5 —0.10 —0.05 0.00 0.05 0.10 0.15 
r 


Fig. 10.4. (a) Vortex structure obtained by DNS [TMI97], (b) the circumferential 
velocity ve(r) (average by a solid curve; dispersion by vertical bars). The circles 
show ve(r) of Burgers vortex. 


Figure 10.4(a) shows the vortex structures obtained by a direct 
numerical simulation (DNS) of Navier-Stokes equation [TMI97], 
visualized by the above method. The diagram (b) on the right 
plots the average and dispersion of the circumferential velocity ug(r) 
around such vortex structures. The average curve coincides fairly well 
with the solution (7.80) of Burgers vortex in Sec. 7.9. 


10.4.4. Structure functions 


It is natural to say that statistical laws of turbulence are connected 
with the distribution of vortex structures in turbulence. This should 
provide non-Gaussian statistical laws for velocity correlations at dif- 
ferent points in the turbulent field. 

In order to study a stochastic system of non-Gaussian property, 
one of the approaches is to examine structural functions of higher 
orders, where the pth order structure function F,(s) of longitudinal 
velocity difference Av; is defined by 


F,(s) = ((Aui(s))’), (10.31) 


the symbol (-) denoting ensemble average. Suppose that there are 
a number of Burgers vortices in turbulence and their axes are being 
distributed randomly in the field. Choosing two neighboring points x 
and x + s in the turbulence field, the longitudinal velocity difference 
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(with s = |s|) is defined by 
Au (s, x) = (v(x + s) — v(x)) - s/s, (10.32) 


In the Gaussian system of complete randomness, all the structure 
functions of even orders can be represented in terms of the second- 
order correlations, while those of odd orders vanish. However, in non- 
Gaussian system, one has to know all the structure functions. With 
this point of view, the study of statistical properties of turbulence 
requires all structure functions. 

The velocity field of Burgers vortex given in Sec. 7.9 by the expres- 
sions (7.76) and (7.80), are reproduced here: 


v(x) = (vp, ve(r), vz) = (—ar, ve(r), 2az), (10.33) 
vlr) = r= : eae"), (10.34) 


where * = r/lp and lp = \/2v/a. 

At the beginning (Sec. 10.2) of this chapter, we saw that the 
fluid turbulence is characterized by a negative value of skewness of 
distribution of the longitudinal velocity derivative. The reason why 
we consider the Burgers vortices in turbulence is that it is one of 
the simplest systems that induces velocity field of negative skewness 
around it. 

This is found by examining the third-order structure function of 
velocity field around a single Burgers vortex. The structure function 
is given by using three eigenvalues 01, 02, 03 of the rate of strain 
tensor e;; = $(0;v; + O;v;), given in [HK97] as 


o1 = —a + |ero|, o2=2a, o3 = —a — |erol, 


where er = $(vp(r) — r~'vg). When the vortex is strong enough to 
satisfy |e,9| >> |al|, we have the order o1 > 02 > 03 in magnitude. 

If the distance s is small enough, the third-order structure func- 
tion F3 is given by (10.37) of the next section, which is 


3 


8 16 
F; = ((Avi(s))*) sp = 0102038" = — a(e2, = a?)s ; 


35 35 
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This is negative if |e,g) > a > 0. The skewness S would be 


s=( = = —=— a(e%g — a°) < 0. 
( 8 ) i 35 


This negativeness is obtained as a result of the combined action of 
two basic fields. In fact, if a = 0, there is no background field v, = 0 
(see (7.75)), and we would have F3 = 0. On the other hand, if there 
is no vortex with T = 0 and vg = O, then we would have F3 = 
(16/35)a3s*? > 0. Thus only the combined field of Burgers vortex can 
give F3 < 0, as far as |e,g| > a > 0. 

The scaling property of structure functions F,(s) is calculated on 
the basis of vortex models in [HK97] and [HDC99]. These give us 
fairly good estimates of scaling properties of F,(s) in homogeneous 
isotropic turbulence. 


given by 


10.4.5. Structure functions at small s 


When the separation distance s is small, the longitudinal structure 
functions can be calculated by defining the average (-) with the space 
average, 


Fy(s) = (Avr(s))P)ap = gpa J, (Aul) Pas, (20.35) 


the average being taken over the spherical surface of radius s centered 
at x. The first three structure functions are given by 


Fi(s) = ((Aui(s)))sp = g(r +02 + 09)s, 


Fy(s) = ((Aui(s))) p = Z (o? +03+03)s?, (10.36) 


BOSA s Ž ooo. (10.37) 


These formulae are verified in Appendix E. 
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10.5. Problems 


Here we learn some well-known formulae from the statistical theory 
of turbulence. 


Problem 10.1 Spectrum function U(k) of dissipation 

Rate of dissipation per unit mass in turbulence is given by v(|w|?) = 
J U(k)dk. By using the definition of vorticity wi = €;;,0j;u, and 
the Fourier representation (10.6) for u(x), derive the following 


relations: 
G) |@(k)|? = k? }a(k)/?, (10.38) 
(ii) (|w(x)|*)e = a k?’ E for isotropic field. (10.39) 


The function U(k) = 2vk?E(k) thus obtained is the dissipation 
spectrum. 


Problem 10.2 Homogeneous isotropic turbulence 


In homogeneous turbulence, statistical correlation of velocity com- 
ponent u; at a point x and uj at x’ = x + s is expressed by 
Bij := (ui(x)uj(x + s)) = Bij(s) which is independent of x by the 
assumption of homogeneity. The velocity field u;(x) is assumed to 
satisfy the condition of incompressibility: O;u;(x) = 0. 


(i) Suppose that the turbulence is isotropic in addition to homo- 


geneity. Show that the second-order tensor B;; has the following 
form: 


Bi;(8) = G(s)6;; + F(s)eie;, (10.40) 


where s = |s|, e; = s;/s (unit vector in the direction of s), and 
F(s) and G(s) are scalar functions. 
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(ii) For turbulence of an incompressible fluid, show that the follow- 
ing relation must be satisfied: 


2F(s) + sF’(s) + sG’(s) =0, (10.41) 


where F’(s) = dF'/ds and the same for G’(s). 
(iii) Longitudinal velocity correlation at x and x +s is defined by 


(uj(x) u(x + s)) = a? f(s), (10.42) 


where w is the velocity component parallel (i.e. longitudinal) to 
the separation vector s, and U? := ((w)?). Derive the following: 


u’ f(s) = F(s) + G(s). (10.43) 


(iv) Correlation spectrum Fj;(k) is defined by 


BABA a J By,(s)e* "ds, (10.44) 
Bij (s) = J Pasak. (10.45) 


Show the following relations, for B(s) = B(|s|) := Bu(s) and 
Fulk) = Fa(|k|) (by isotropy): 


(=) = [ BG.) dk = z frw dk, (10.46) 


E(k) = 27k’ Fa(|k|) = -{ B(s) ks sin ks ds (10.47) 
0 





B(s) =2 i ” E(k) = oe (10.48) 
0 S 
B(s) = u? (3f(s) + sf"(s) ). (10.49) 


Problem 10.3 Energy spectra: E(k) and E4(k1) 


On the basis of the properties of homogeneous isotropic turbulence 
elucidated in Problem 10.2, we consider two spectra of turbulence. 
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The longitudinal correlation function f(s) of (10.42) is dimension- 
less and its Fourier transform gives one-dimensional spectrum E(k) 
defined by 


Ey (k) = =|. a f (s)e"**ds. (10.50) 


One-dimensional spectrum F\(k) can be related to the energy 
specrum E(k) of three dimensions in isotropic homogeneous turbu- 
lence. In order to derive it, verify the following relations (i)~(iv): 


(i) Relation between f(s) and E(k): 


ee 1 sin ks 
a f(s) = 2 f Elk) a5 > — cos i dk. (10.51) 


_9 B i ksin ks | re 
a2 f(s) =2 J aa) D= f 
Gii) (10. cm 


1 a ikis 1 z ki E(k) 
a f(s)e as=5 fi (1- =) dk. (10.53) 


(ii) 








For the derivation, the following integral formula may be useful: 


°° sin ax cos bx m/2 (if a > |d)), 
f —~ dr = 4 7/4 (if a= [b]), (10.54) 
_ 0 (ifa=[d)). 





d /1dE\(k) 
E(k) = kos G E J: (10.55) 


Chapter 11 


Superfluid and quantized 
circulation 


At very low temperatures close to absolute zero, quantum effects 
begin to acquire primary importance in the properties of fluids. 
It is well-known that helium becomes a liquid phase below the 
(critical) temperature T, = 4.22 kK (under atmospheric pressure), 
and superfluid properties appear below T) = 2.172 K (discovered by 
P. L. Kapitza, 1938).+ 

Recently, there has been dramatic improvement in the Bose- 
Einstein condensation of (magnetically) trapped alkali-atomic gases 
at ultra-low temperatures. Such an atomic-gas Bose-Einstein con- 
densation differs from the liquid-helium condensate in several ways. 
An example of this is that condensates of alkali-atomic gases are 
dilute. As a result, at low temperatures, the Gross—Pitaevskii equa- 
tion (11.23) below gives an extremely precise description of the 
atomic condensate, and its dynamics is described by potential flows 
of an ideal fluid with a uniform (vanishing) entropy. 

In traditional fluid dynamics, the ideal fluid is a virtual idealized 
fluid which is characterized by vanishing transport coefficients such 
as viscosity and thermal conductivity. The superfluid at T = 0°K is 
a real ideal fluid which supports only potential flows of zero entropy. 
However, it is remarkable that it can support quantized circulations 


‘From T, down to T = 0°K, the liquid is called helium I. Under saturated vapor 
pressure, liquid helium is an ordinary classical viscous fluid called helium I from 
Te down to T). The theory of superfluidity was developed by L. D. Landau (1941). 
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as well at excited states. The purpose of this chapter is to introduce 
such ideas of superfluid flows.” 


11.1. Two-fluid model 


At the temperature of absolute zero, helium II is supposed to show 
superfluidity of a Bose liquid obeying the Bose-Einstein statistics,’ 
and it flows without viscosity in narrow capillaries or along a solid 
surface. Besides the absense of viscosity, the superfluid flow has two 
other important properties. Namely, the flow is always a potential 
flow. Hence, the velocity v, of such a superfluid flow has a velocity 
potential ® defined as 


vs = grad ®. (11.1) 


In addition, its entropy is zero. 

At temperatures other than zero, helium II behaves as if it were 
a mixture of two different liquids. One of them is a superfluid, and 
moves with zero viscosity. The other is a normal fluid with viscosity.* 
Helium IT is regarded as a mixture of normal fluid and superfluid with 
total density p: 


P = Ps + pr- (11.2) 


The densities of the superfluid p, and the normal fluid pp are known 
as a function of temperature and pressure. At T = T), pn = p and 


?For the details, see [LL87] and [Don91]. 

3 Bose particle (called a boson) is characterized by a particle with an integer 
spin. The wavefunction for a system of same bosons is symmetric with respect to 
exchange of arbitrary two particles.This is in contrast with the fermions of semi- 
integer spins whose wavefunction is anti-symmetric with respect to the exchange. 
Any number of bosons can occupy the same state, unlike the fermions. 

“The liquid helium is regarded as a mixture of normal fluid and superfluid parts. 
This is no more than a convenient description of the phenomena in a quan- 
tum fluid. Just like any description of quantum phenomena in classical terms, 
it falls short of adequacy. In reality, it should be said that a quantum fluid 
such as helium II can execute two motions at once, each of which involves its 
own different effective mass. One of these motions is normal, while the other is 
superfluid-flow. 
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ps = 0. At T =0, pn = 0 and ps = p. The total density p is nearly 
constant in the helium I temperature range. At temperatures lower 
than 1K, p® ps. 

The flow of fluid is characterized by the normal velocity v, and 
the superfluid velocity v,. The flow of the superfluid is irrotational: 


curl v, = 0, (11.3) 


which must hold throughout the volume of the fluid. Hence, v, has 
a velocity potential ® defined by (11.1). 
Total mass flux is defined by the sum of two components: 
J = PsVs + PnVn- (11.4) 


The total density p and mass flux j must satisfy the continuity 
equation: 


up + divj =0. (11.5) 
The law of conservation of momentum is given by 
Orji + ƏkPik = 0, (11.6) 
where the momentum flux density tensor Pik is defined by 
Pik = Põik + Ps(Vs)i(Vs)k + PnWn)i(Vn)k. (11.7) 


See the expressions (3.21) (with f; = 0) and (3.22) in the case of an 
ideal fluid. 

The superfluid part involves no heat transfer, and therefore no 
entropy transfer. The entropy of superfluid is regarded as zero. 
The heat transfer in helium II is caused only by the normal fluid. 
The entropy flux density is given by the product psv,, where s is the 
entropy per unit mass and ps the entropy per unit volume. Neglect- 
ing the dissipative processes, the entropy of the fluid is conserved, 
which is written down as 


(ps) + div(psvn) = 0. (11.8) 
The heat flux density q is expressed as 
q = pTsvp. (11.9) 
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Equations (11.5)—(11.8) are supplemented by the equation for the 
superfluid part v,. The equation must be such that the superfluid 
flow is irrotational at all times, which is given by Euler’s equation of 
motion for irrotational flows: 


1 
Ws + grad (50? + n) =0; (11.10) 


where p is a scalar function (corresponding to the chemical potential 
in thermodynamics). In Sec. 5.4, we obtained Eq. (5.24) for an irrota- 
tional flow, where there were scalar functions of enthalpy h and force 
potential x in place of u. Using the expression (11.1), Eq. (11.10) is 
rewritten as 


1 
grad O,® + grad (50? + n) = 0. 
This results in the following first integral of motion (see (5.28)): 


1 
AP + 5(V®)* + u = const. (11.11) 


11.2. Quantum mechanical description of 
superfluid flows 


11.2.1. Bose gas 


At present there is no truly fundamental microscopic picture of super- 
fluidity of helium II. However, there are some ideas about superflu- 
idity based on quantum mechanics. 

4He atoms are bosons and hence we try to draw an analogy 
between helium IJ and an ideal Bose gas (see the footnote in Sec. 11.1 
for Bose-Einstein statistics). An ideal Bose gas begins to condense 
into the lowest ground energy level below the critical temperature 
T.. When T = 0°K, all particles of a number WN are in the ground 
state. At a finite temperature T (< Te), the fraction of condensation 
to the ground state is given by the form, No(T) = N [1 — (T/T.)?/7]. 
The condensed phase consists of No(T) particles which are in the 
zero-momentum state, while the uncondensed particles of the num- 
ber N — No = N(T/T-)?/° are distributing over excited states. It is 
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tempting to associate the superfluid with particles in the ground 
state, while a system of excitations is regarded as a normal fluid. 
The normal flow (flow of the normal fluid) is actually the flow of an 
excitation gas.° 


11.2.2. Madelung transformation and hydrodynamic 
representation 


Superfluid flows can be described by Schrédinger’s equation 
(Sec. 12.1) in quantum mechanics. Schrédinger’s equation for the 
wave function w(r,t) can be transformed to the forms familiar in the 
fluid mechanics (Madelung, 1927) by expressing ~(r,t) in terms of 
its amplitude |y| = A(r,t)® and its phase arg(w) = y(r,t) where A 
and y are real functions of r and t. It is remarkable that the velocity 
u can be connected with the gradient of phase y. 

Schrédinger’s wave equation for a single particle of mass m in a 
fixed potential field V(r) is given by 


th Ow /Ot = —(h?/2m)V20 + Va, (11.12) 
where fh = h/2z7 and h is the Planck constant (h = 6.62 x 1074 J-s). 
Substituting 
p = Aexpliy| (11.13) 
into (11.12), dividing it into real and imaginary parts, we obtain 


h VA R o 
aene +V = 11.14 
ROR 2m A 2m (Ve) 0, ( ) 


h hA 
20:A+2—VA-Vyot+ — V’ = 0. (11.15) 
m m 
The mass probability density is defined by p 
p = mpy* = m£’. (11.16) 
5We may recall that the collective thermal motion of atoms in a quantum fluid can 
be regarded as a system of excitations. The excitations behave like quasi-particles 
with carrying definite momenta and energies. 


64? = ll? is understood as the probability density for the particle to be observed. 
See standard textbooks, e.g. [LL77]. 
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where Ņ* is the complex conjugate of ~. The mass current is 
defined by 


j= (h/21)(W* Ve — bVy*) = fA? Vo. (11.17) 


From the last two equations, we can derive a velocity u by requiring 
that the mass flux must have the form j = pu. Thus, we obtain 


h 
u=— Vy, (11.18) 
m 


which has the expected form (11.1) with @ = (h/m)y. 
Multiplying (11.15) by mA and using (11.16), we find the conti- 
nuity equation, 


p+ V- (pu)=0, u= (ñ/m)Vọ. (11.19) 


Using ® = (h/m)y, Eq. (11.14) becomes 
1 
Ar + 5(V®) 2+4 B+V/m=0, (11.20) 


where B = —(ħ? /2m?°)(V? A/A). This is seen to be equivalent to the 
integral (11.11) if B + V/m is replaced by the scalar function p. 

Thus, it is found that the Schrödinger equation (11.12) is equiv- 
alent to the system of equations (11.4), (11.5) and (11.10) for the 
superfluid flow p = ps with p, = 0. By normalization of the wave- 
function given by 


F h|? dr = 1, (11.21) 


we have the relation f pd?r =m. 


11.2.3. Gross—Pitaevskii equation 


Instead of a single particle, we now consider an assembly of No iden- 
tical bosons of mass m in a potential field W(r) in order to represent 
the macroscopic condensate of bosons (macroscopic Bose-Einstein 
condensation). If these bosons do not interact, the wavefunction 
w(r, t) of the system would be given by a symmetrized product of No 
one-particle wavefunctions with the normalization condition (11.21) 
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replaced by 
J l|? dr = No, (11.22) 


or f pdîr = DY, where V is the volume of the system, and pY is 
defined by mNo. 

The condensate phase has a typical interatomic potential includ- 
ing a strong repulsive potential, which is expressed by a short-range 
repulsive potential V,.(x — x’). In the Schrödinger equation, the fol- 
lowing potential, 


[Vel — x) 1600) Paes’ 
is added to V. This increases, as the density of neighboring bosons 
increases. A simplest case is to express V, by a delta function 
V(x —x') = Vod(x — x’). 
The Schrédinger equation (11.12) is then replaced by 
ih Oy = —(R?/2m)V7b + (Volp|? + Vw. (11.23) 


This is called the Gross—Pitaevskit equation (Gross 1961, 1963; 
Pitaevskii 1961). By applying the Madelung transformation w = 
F exp[iy], this proceeds with the previous Schrödinger equation, 
yielding 


h 1 
dy + =u? +V/m+B+4+"2=0. (11.24) 
m 2 p 


This equation differs from (11.20) principally by the additional term 
p/p = Vo\w|?/m = (Vo/m?)p, corresponding to a barotropic gas pres- 
sure p = (Vo/m?)p?. 


11.3. Quantized vortices 


Vortices in the superfluid are considered to take the form of a (hollow) 
filament with a core of atomic dimensions, something like a vortex- 
line (Feynman 1955). The well-known invariant called the hydrody- 
namic circulation is quantized; the quantum of circulation is h/m. 


270 Superfluid and quantized circulation 


In the case of cylindrical symmetry, the angular momentum per par- 
ticle is h (Onsager 1949). With this structure, multiple connectivity 
in the liquid arises because the superfluid is somehow excluded from 
the core and circulates about the core. 


11.3.1. Quantized circulation 


The fluid considered is a quantum fluid described by the wavefunc- 
tion w, and one would expect some differences associated with the 
quantum character. Suppose that the fluid is confined to a multiply- 
connected region. Then, around any closed contour C (not reducible 
to a point by a continuous deformation), the phase y of (11.13) can 
change by a multiple of 27. This is written as 














§ Ve-d=2nn (m= 0E E2): 
C 


Using (11.18), this is converted to the circulation integral: 








pat 





DRE (11.25) 





r= adie (m=O; 
CŒ m 


Thus, it has been shown that the circulation [ around any closed 
contour can have only integer multiples of a unit value h/m. This 
coincides with the above statement of Onsager. 

Suppose that a steady vortex is centered at r = 0. By (11.25), we 
have the circumferential velocity of magnitude, 


ae 11.26 
ug mI ( ) 


for a singly quantized vortex (n = 1).” 


We can consider a vortex-like steady solution of the system, 
(11.19) and (11.20), in a potential V = —W with W a positive 


"This velocity can be deduced also from the following argument. Suppose that 
the wavefunction is given by wy = A(r)et*®, where k must be an integer for the 
uniqueness of the function. The associated 0-component of momentum is given 
by pe = —ihr~*dep = h(k/r)w. Setting jo = Re(pow*) of (11.17) equal to mus, 
we have, mug = h(k/r). Thus we obtain (11.26) for k = 1. 
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constant. Since 0:® = 0 and u = |V®| = h/mr, Eq. (11.20) becomes 


ee ee, 11.2 
r? m A m & ( n) 


In the cylindrical coordinates (r, 0, z), this equation can be written as 


ad? d an a 








(see (D.10) for V2A in the cylindrical frame). Redefining a new r by 


/2mW/h? r, (11.28) becomes 


r 2T Atrato AES: (11.29) 
This has a solution A(r) = Jı (r) (Bessel function of the first order; 


see Problem 11.1), which satisfies J;(0) = 0 and Jj(r) x r forr <1, 
and also Jj(r1) = 0 for r; where r, is the first zero (say) of Ji(r). 


11.3.2. A solution of a hollow vortez-line in a BEC 


According to the Gross—Pitaevskii equation for macroscopic conden- 
sate of bosons (Bose-Einstein Condensation, BEC in short) consid- 
ered in Sec. 11.2.3, a hollow vortex-line exists in BEC. Like in the 
single particle case, we have u = h/mr. We scale the distance with a 
coherence length a, 


h h 
2mW - vV 2p Vo. 





¢=r/a, where a:= 


and normalize A by ,\/W/Vo, so that 


Digs oO a No (11.30) 


W/Vo 
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Fig. 11.1. A solution of a hollow vortex: The vertical axis is A?, proportional to 
density p [GP58; KP66]. 


at large distances as Ç — o0. Then, from (11.24), we get the follow- 
ing equation, 


qd? ld 1 3 
4ta g4tA-A = 0. (11.31) 


It is readily seen that there is a solution A(¢) satisfying this equa- 
tion. For small distances ¢ from the axis, the solution A(¢) varies 
linearly as Ç, and at large distances (¢ >> 1), A = 1 — 56°? Ree 
(Problem 11.2). To obtain the whole solution A(¢), Eq. (11.31) must 
be solved numerically (Fig. 11.1). This was carried out by [GP58] 
and [KP66]. 

The “coherence” here refers to the condensate wavefunction 
falling to zero inside the quantum liquid, which is the result of inter- 
particle interactions. In this model, the vortex is characterized by a 
line-node (zero-line) in the wavefunction, around which circulation 
can take a value of an integer multiple of h/m. 


3 There are No condensate particles in volume V (see Sec. 11.2.3), and the density 
is given by poo = MNo/V = mW/Vo by the normalization (11.30). 
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11.4. Bose-Einstein Condensation (BEC) 


11.4.1. BEC in dilute alkali-atomic gases 


Recently, there has been a dramatic improvement in Bose-Einstein 
condensation of magnetically trapped alkali-atomic gases at ultra- 
low temperatures [PS02]. Such atomic gas Bose-Einstein condensa- 
tion differs from liquid helium condensates in several ways. First, the 
condensates of alkali-atomic gases are dilute, having the mean par- 
ticle density n with na® < 1 for interaction length a. As a result, at 
low temperatures, the GP equation (11.23) gives an extremely precise 
description of atomic condensate and their dynamics. In superfluid 
4He, relatively high density and strong repulsive interactions make 
the analysis more complicated. Furthermore, because of the relatively 
strong interactions, the condensate fraction in bulk superfluid 4He is 
only about 10% of the total particles, even at zero temperature. In 
contrast, almost all atoms participate in the condensate in an atomic- 
gas BEC. In 1995, BEC was first realized for a cluster of dilute Rb 
and Na atoms. Since then, with many alkali-atomic gases, BEC was 
realized experimentally. After 1998, BEC was confirmed also for H 
and He. 

BEC is different from the liquefied gas in the normal phase 
change at ordinary temperatures. The liquefaction requires interac- 
tion between atoms, while no interaction is required with BEC. More- 
over, all the atoms composing the BEC quantum state are identical 
and cannot be distinguished, and represented by a single wavefunc- 
tion of a macroscopic scale (of 1 mm, say) for a macroscopic number 
of atoms. 

However, the number density must be sufficiently low, i.e. dilute. 
Usually, atomic gases are liquefied when the temperature is lowered. 
Atoms in a condensate state as in liquid or solid are bounded by 
a certain interatomic attractive potential such as the van der Waals 
potential. In other words, atoms must release the bounding energy to 
some agent. This is carried out by a three-body collision (or higher 
order) in a gas away from solid walls. This is not the case in the 
two-body collision in which energy and momentum are conserved by 
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two particles only and any bound state cannot be formed. When the 
number density n is low enough, two-body collision becomes domi- 
nant since probability of m-body collision is proportional to n™. 

Realization of BEC of dilute alkali-atomic gases is the most 
remarkable experimental achievement in the last decades at the end 
of 20th century. For experimental realization of BEC, three tech- 
niques must be combined: (a) laser cooling, (b) magnetic trap of gas 
particles in a bounded space, and (c) evaporation cooling. 


11.4.2. Vortex dynamics in rotating BEC condensates 


Madison et al. [MCBDO1] reported the observation of nonlinear 
dynamics of quantum vortices such as vortex nucleation and lattice 
formation in a rotating condensate trapped by a potential, together 





t=0 msec t=67 msec t=360 msec 
t=385 msec t=425 msec t=735 msec 








Fig. 11.2. Time evolution of the density of a rotating two-dimensional Bose 
condensate from the initial circular state, governed by the GP equation in a 
rotating frame with angular velocity Q: (é—y)h Opa = —(h?/2m) V7) + (Vo|a|? + 
V — QL, — u), where y is a damping constant, p a chemical potential and Lz 
the z-angular momentum [Tsu03]. 
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with detailed observation of time evolution of condensate deforma- 
tion. Such a direct observation of vortex phenomena has been made 
possible only in the BEC of alkali-atomic gases. Computer simulation 
[TKA03] of corresponding vortex dynamics was carried out success- 
fully by numerically solving an extended form of the GP equation 
(Fig. 11.2). The physics of quantized vortices has a novel feature. 
Since the density is dilute, the relatively large coherence length a 
makes it possible to directly visualize the quantized vortices by using 
optical means. Secondly, because the order of coherence length a is 
close to the size of the condensate, the vortex dynamics is closely 
connected with the collective motion of the condensate density. 
This opens a new area of vortex dynamics of an ideal fluid. 


11.5. Problems 


Problem 11.1 Bessel’s differential equation 


Bessel’s differential equation of the nth order is given by 


dq? 1d n? 

— A +-—A 1-—+]A= 11.32 

dr?” Far +( 7) ee 
where n = 0,1,2,... (zero or positive integers). Show that this has a 


following power series solution A(r) = J,,(r): 


k=0 
=) le Geen) Pasa! 
The n! (n+1)! \2 2!(n +2)! \2 ? 
(11.33) 
where 0! := 1, 1!:=1, and k!:=1-2- --- -k for an integer k > 0. 


[Note: Equation (11.29) corresponds to n = 1.] 
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Problem 11.2 Axisymmetric Gross—Pitaevskii equation 
Axisymmetric Gross—Pitaevskii equation is given by (11.31): 


2 1 1 
E ET 


Atza CARAM O. (11.31) 


Show that, (i) for small ¢, A(¢) = c¢ + O(¢?) (c: a constant); (ii) for 
large ¢ (> 1), A= 1- 407? +. 


Chapter 12 


Gauge theory of ideal fluid flows 


Fluid mechanics is a field theory in Newtonian mechanics, i.e. a field 
theory of mass flows subject to Galilean transformation. In the gauge 
theory of particle physics and the theory of relativity, a guiding prin- 
ciple is that laws of physics should be expressed in a form that is 
independent of any particular coordinate system. It is well known 
that there are various similarities between fluid mechanics and elec- 
tromagnetism. Gauge theory provides us a basis to reflect on this 
property. 

There are obvious differences between the field of fluid flows 
and other fields of electromagnetism, quantum physics, or particle 
physics. Firstly, the field of fluid flow is nonquantum. However this 
causes no problem since the gauge principle is independent of the 
quantization principle. In addition, the fluid flow is subject to the 
Galilean transformation instead of the Lorentz transformation in 
the field theory. This is not an obstacle because the former (Galilean) 
is a limiting transformation of the latter (Lorentz) as the ratio of 
a flow velocity to the light speed tends to an infinitesimally small 
value. Thirdly, the gauge principle in the particle physics requires 
the system to have a symmetry, i.e. the gauge invariance, which is an 
invariance with respect to a certain group of transformations. The 
symmetry groups (i.e. gauge groups) are different between different 
physical systems. This will be considered below in detail. 

In the formulation of fluid flows, we seek a scenario which 
has a formal equivalence with the gauge theory in physics. An 
essential building block of the gauge theory is the covariant 
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derivative. The convective derivative D/Dt, i.e. the Lagrange deriva- 
tive, in fluid mechanics can be identified as the covariant derivative 
in the framework of gauge theory. Based on this, we define appropri- 
ate Lagrangian functions for motions of an ideal fluid below. Euler’s 
equation of motion can be derived from the variational principle. In 
addition, the continuity equation and entropy equation are derived 
simultaneously. 


12.1. Backgrounds of the theory 


We review the background of gauge theory first and illustrate the 
scenario of the gauge principle in a physical system. 


12.1.1. Gauge invariances 


In the theory of electromagnetism, it is well known that there is an 
invariance under a gauge transformation of electromagnetic poten- 
tials consisting of a scalar potential ¢ and a vector potential A. The 
electric field E and magnetic field M are represented as 


10A 
amar 


where c is the light velocity. The idea is that the fields E and M 
are unchanged by the following transformation: (¢,A) — (¢@’, A’), 
where 6’ = ọ — c10, f, A! = A + Vf with f(x,t) being an arbitrary 
differentiable scalar function of position x and time t. It is readily 


B=VxA, (12.1) 


seen that 


B’/=Vx A'’=VxA=B (since V x Vf = 0), 
E' = —c10,A' —- Vd! = -c10,A — Vo = E. 


In fluid mechanics, it is interesting to find that there is an analogous 
invariance under (gauge) transformation of a velocity potential ® of 
irrotational flows of an ideal fluid, where the velocity is represented 
as v = V®. This was noted briefly as a gauge invariance in the 
footnote in Sec. 5.4. There, a potential flow of a homentropic fluid 
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had an integral of motion (5.28) expressed as 
1 2 
OB + 3” + H = const., (12.2) 


where H denotes the summation of the enthalpy h and a force poten- 
tial x (H = h+ x). It is evident that all of the velocity v, the integral 
(12.2) and the equation of motion (5.24) are unchanged by the trans- 
formations: ® — ® + f(t) and H — H — ð, f(t) with an arbitrary 
scalar function f(t). This case is simpler because only a scalar poten- 
tial ® and a scalar function (of t only) are concerned. 

In short, there exists arbitrariness in the expressions of physical 
fields in terms of potentials in both systems. 


12.1.2. Review of the invariance in quantum 
mechanics 


First we highlight a basic property in quantum mechanics. Namely, 
for a charged particle of mass m in electromagnetic fields, 
Schrödinger’s equation and the electromagnetic fields are invariant 
with respect to a gauge transformation. This is as follows. 

In the absence of electromagnetic fields, Schrödinger’s equation 


for a wave function 7 of a free particle m is written as! 


1 
Sy] = thoy — mm pew = 0, 


where p, = —ihO, is the momentum operator (0, = 0/O0x* for k = 
1,2,3). 

In the presence of electromagnetic fields, Schrödinger’s equation 
for a particle with an electric charge e is obtained by the following 
transformation from the above equation: 


&: > O:+(e/ih)Ap, O% — ðk+(e/iħð) Ark, (k=1,2,3), (12.3) 


‘This is an equation for a free particle since the potential V is set to zero in 
(11.12). 
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where (Ay) = (4o, A1, A2, 43) = (do, A) = (—0,A) is the four- 
vector potential.? Thus, we obtain the equation with electromagnetic 
fields: 


Saly] = ihOnp — epy — = [~in (ðr + Ax) “py =0. (12.4) 


From the four-vector potential A, = (—¢, A), we obtain the electric 
field E and magnetic field B represented by (12.1). 

Suppose that a wave function y(x”) satisfies the equation 
Saly] = 0 of (12.4). Consider the following set of transformations 
of y(x”) and Ap: 


Y (zu) = exp[ia(x")| p(x"), (12.5) 
A; > Al, = Ay +O.8, >p =e- mtap, (12.6) 


where a = (e/fc)G. Then, it can be readily shown that the trans- 
formed function w(x") satisfies the Schrodinger equation Sy [Y] = 0, 
obtained by replacing the potential A, with the transformed one An 
In addition, if 





Oa = (V? — aa = 0 


is satisfied, then the electromagnetic fields E and B are invariant, 
and the probability density is also invariant: |Y (£#)|? = |y(z”)|2. 
This is the gauge invariance of the system of an electric charge in 
electromagnetic fields. 

In summary, the Schrödinger equation (12.4) and the electromag- 
netic fields E and B are invariant with respect to the gauge trans- 
formations, (12.5) and (12.6). This system is said to have a gauge 
symmetry. Namely, the system has a certain kind of freedom. This 
freedom (or symmetry) allows us to formulate the following gauge 
principle. 


2A point in the space-time frame of reference is expressed by a four-component 
vector, (x“) = (x°, xt, x°, x°) with 2° = ct (upper indices). Corresponding form 
of the electromagnetic potential is represented by a four-covector (lower indices) 
A, = (—ọ, Ak) with ¢ the electric potential and A = (Ap) the magnetic three- 
vector potential (k = 1,2,3). Transformation between a vector A” and a covec- 
tor A, is given by the rule Ay, = guv A” with the metric tensor guv defined in 


Appendix F. 
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12.1.3. Brief scenario of gauge principle 


In the gauge theory of particle physics,* a free-particle Lagrangian 
Leee is first defined for a particle with an electric charge. Next, a 
gauge principle is applied to the Lagrangian, requiring it to have a 
gauge invariance. 


Gauge Transformation: Suppose that a Lagrangian LfreelŲ] is defined 
for the wave function w of a free charged particle. Let us consider 
the following (gauge) transformation: 


hrs eb. 


If Lfree is invariant with this transformation when a is a constant, it 
is said that Lyee has a global gauge invariance. In spite of this, Lfree 
may not be invariant for a function a = a(x). Then, it is said that 
Liree is not gauge-invariant locally. 

In order to acquire local gauge invariance, let us introduce a new 
field. Owing to this new field, if local gauge invariance is recovered, 
then the new field is called a gauge field. 

In the previous section, it was found that local gauge invariance 
was acquired by replacing 0,, with 


Vu = Ont Ay (12.7) 


(see (12.3)), where A,, = (e/ihc)A,, and A,,(x) is the electromagnetic 
potential, termed as a connection form in mathematics. The operator 
V,, is called the covariant derivative. 

Thus, when the original Lagrangian is not locally gauge invariant, 
the principle of local gauge invariance requires a new gauge field to 
be introduced in order to acquire local gauge invariance, and the 
Lagrangian is to be altered by replacing the partial derivative with 
the covariant derivative including a gauge field. This is the Weyl’s 
gauge principle. Electromagnetic field is a typical example of such a 
kind of gauge field. 

In mathematical terms, suppose that we have a group G of trans- 
formations and an element g(x) € G, and that the wave function is 
transformed as y’ = g(x)ọ%. In the previous example, g(x) = e20) 


3[Wnb95] or [Fr97]. 
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and the group is G = U(1).* An important point of introducing the 
gauge field A is to define a covariant derivative V = 0+ A as a gen- 
eralization of the derivative 0 that transforms as gV = g(04+ A) = 
(0' + A’)g, so that we obtain 


Vip! = (8 + A’)g(x)p = g(8+ Aly = gV¥. (12.8) 


Thus, Vw transforms in the same way as w) itself. 

In dynamical systems which evolve with time t, such as fluid flows 
(in an Euclidean space), the replacement is to be made only for the 
t derivative: 0: > Vz = O; + A(x). This is considered in the next 
section. 


12.2. Mechanical system 


To start with, we review the variational formulation in Newtonian 
mechanics of a system of point masses, aiming at presenting a new 
formulation later. Then we consider an invariance property with 
respect to certain group of transformations, i.e. a symmetry of the 
mechanical system. 


12.2.1. System of n point masses 


Suppose that we have a system of n point masses m; (j = 1,...,n) 
whose positions x; are denoted by q = (q), where 


Xı = (qt, P, è), -3 Xn = (ng g 


Their velocities v; = (uj, v5, U9) are written as (eae ae): 
Usually, a Lagrangian function LD is defined by (Kinetic energy) — 
(Potential energy) for such a mechanical system. However, we start 


here with the following form of Lagrangian: 
L = Liq, qil, (12.9) 


which depends on the coordinates q = q(t) and the velocities q = 
Og(t) = (É) for i = 1,2,...,3n (3 = d/dt). The Lagrangian L 
describes a dynamical system of 3n degrees of freedom. 


“Unitary group U(1) is the group of complex numbers z = et? of absolute value 1. 
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For derivation of the equation of motion, we rely on the varia- 
tional principle as follows. Given two end times tı and t2, the action 
functional I is defined by J = f, ii L\q, u|dt. Consider a reference tra- 
jectory q = q(t) and velocity q = q(t) (where ¢ = Og = dq/dt). 
Their variations gq’ and gq} are defined by q‘(t,¢) = q(t) + e€(t) and 
qd, = q(t) + e€(t) for a virtual displacement €(t) satisfying the condi- 
tion that €(t) vanishes at the end points: ie. €(t,) = €(t2) = 0. 

The principle of least action, i.e. the Hamilton’s principle, is 
given by 

t2 
ôl = dL|q, q\dt = 0, (12.10) 
tı 
for the variations dq = e€ and dq = (ôq), where the variation of 
Lagrangian L is 


OL, Ob, Obs, , Ob d 
Og On 1 ag i Ət dt 


OL d {OL : d/foL_., 
— See - og + — -Ogq’ |). 12.11 
& a(aa)) d ee ‘) oe, 


Substituting the expression (12.11) into (12.10), the last term can 
be integrated, giving the difference of values at ¢; and tg, both of 
which vanish by the imposed conditions: €(t,) = €(t2) = 0. Thus, we 


obtain 
t2 /ƏL d /ƏL ; 
ôI = Ss i ôg'dt = 0. 
Í (5 a(aa)) 2 


The variational principle requires that this must be valid against 


(5q') 




















any variation dq’ satisfying dq’(t1) = 6q‘(t2) = 0. This results in the 
following Euler-Lagrange equation: 


d {OL OL 
= - | — -=(). 12.12 
a (Sa) ag” (1212) 








If the Lagrangian is of the following form for n masses m; (j = 
Tini) 


1 n 
L= 72o: (12.13) 
J= 
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then Ly is called a free Lagrangian, where (v;,vj) = ey ufur is 
the inner product, because the above equation (12.12) results in the 
equation of free motion (using uk instead of qj): 
d (Lg 
dt Out 


OL OL 
k f f pape 
) = OY; = 0, where Ogi > Dok = MjVj = Pj» 





since ƏL/ðg = 0, i.e. the momentum vector pj = mj;v; is constant. 
In general, OL / uF represents the Ath component of momentum of 
the jth particle. 


12.2.2. Global invariance and conservation laws 


Let us consider a translational transformation of the system (a kind of 
gauge transformation), which is given by a displacement of the coor- 
dinate origin with the axes being fixed parallel. Namely, the position 
coordinates of every particle in the system is shifted (translated) by 
the same amount €, i.e. x; is replaced by xj +€, where € = (£1, €7, €°) 
is an arbitrary constant infinitesimal vector. Resulting variation of 
the Lagrangian L is given by (12.11), where bah = qi tk — gk 
for j = 1,...,n and k = 1,2,3, and dq = d/dt(ôq) = 0 because 
é* are constants. The first term of (12.11) vanishes owing to the 
Euler-Lagrange equation (12.12). Thus, we obtain 





dfOL |; 
ôL = — -Og' |. 12.14 
alsa) aaa 
When the displacement € is a constant vector for all x; (j = 1,...,n) 


like in the present case, the transformation is called global. Requir- 
ing that the Lagrangian is invariant under this transformation, i.e. 
ôL = 0, we obtain 


d(OL., Sd Pp SOL 
(pe ig att ZE i, 
q2 d’) é ze 2) 


5This is equivalent to a shift of the coordinate origin by —€. This global gauge 
transformation is different from the variational principle considered in the previ- 
ous section. 
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Since €* (k = 1,2,3) are arbitrary independent constants, the fol- 
lowing must hold: 


n n n 
OL OL OL 
> I = const., > JZ = const., > FE = const. 
j=l j=l J j=l J 


Se 


Thus the three components of the total momentum are conserved. 
This is the Noether’s theorem for the global invariance of the 
Lagrangian L of (12.9). It is well known that the Newton’s equation 
of motion is invariant with respect to Galilean transformation, i.e. a 
transformation between two inertial frames of reference in which one 
frame is moving with a constant velocity U relative to the other. The 
Galilean transformation is a sequence of global translational gauge 
transformations with respect to the time parameter t. Global invari- 
ance of Lagrangian with respect to translational transformations is 
associated with the homogeneity of space. 

Lagrangian of (12.9) has usually another invariance associated 
with the isotropy of space. Namely, the mechanical property of the 
system is unchanged when it is rotated as a whole in space. This 
is a rotational transformation, i.e. a position vector of every parti- 
cle in the system is rotated by the same angle with respect to the 
space. The global symmetry with respect to the rotational trans- 
formations results in the conservation of total angular momentum 
([LL76], Secs. 7 and 9). 

It is to be noted that the gauge symmetry of the Schrödinger 
system considered in Sec. 12.1.2 was local. The next section investi- 
gates extension of the above global symmetry to local symmetry for 
a continuous mechanical system. 


12.3. Fluid as a continuous field of mass 


From now on, we consider fluid flows and try to formulate the flow 
field on the basis of the gauge principle. First, we investigate how the 
Lagrangian of the form (12.9), or (12.13), of discrete systems must 
be modified for a system of fluid flows characterized by continuous 
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distribution of mass. According to the principle of gauge invariance, 
we consider gauge transformations, which are both global and local. 

Concept of local transformation is a generalization of the global 
transformation. When we consider local gauge transformation, the 
physical system under consideration must be modified so as to allow 
us to consider a continuous field by extending the original discrete 
mechanical system. We replace the discrete variables gq’ by continuous 
parameters a = (a',a”,a?) to represent continuous distribution of 
particles in a subspace M of three-dimensional Euclidean space E’. 
Spatial position x = (x!, x”, x*) of each massive particle of the name 
tag a (Lagrange parameter) is denoted by x = x,(t) = X(a,t), a 
function of a as well as the time t. Conversely, the particle occupying 
the point x at a time t is denoted by a(x, t). 


12.3.1. Global invariance extended to a fluid 


Now, we consider a continuous distribution of mass (i.e. fluid) and 
its motion. The Lagrangian (12.9) must be modified to the following 
integral form (instead of summation): 


L= J Saaetx, (12.15) 


where A is a Lagrangian density. Suppose that an infinitesimal trans- 
formation is expressed by 
=x—> q =x+ôx, x= (x,t), 
q 7 E(x, t) (12.16) 
q =v—>q=v+ôv, dv =0;(dx), 
where v = 0;X,(t), and the vector (x,t) is an arbitrary differen- 
tiable variation field. In (12.16) and henceforth, 0, denotes the par- 


tial derivative 0/Ot. Resulting variation of the Lagrangian density 
A(x, v) is 


OA OA OA 


This does not vanish in general owing to the arbitrary function ôx = 
€(x,t) depending on time t. In fact, assuming the Euler-Lagrange 
equation 0A/Ox — 0,(0A/Ov) = 0 (an extended form of (12.12)), 
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we obtain 


In the global transformation of € = const., we have 0,€ = 0. Then, 
global invariance of the Lagrangian (6L = 0) for arbitrary constant € 


requires 
a, | Stax =0 


This states the conservation of total momentum defined by 
J(OA/Ov)d?x. The same result for the global transformation (€ = 
const. and dv = 0:€ = 0) can be obtained directly from (12.15) since 


ôL = Jež axe fa = ax =0 (12.19) 


by the above Euler—Lagrange equation. In the local transformation, 
however, the variation field € depends on the time t and space point 
x, and the variation ôL = f ôAd?x does not vanish in general. 


12.3.2. Covariant derivative 


According to the gauge principle (Sec. 12.1.3), nonvanishing of ôL 
is understood as meaning that a new field G must be taken into 
account in order to achieve local gauge invariance of the Lagrangian 
L. To that end, we try to replace the partial time derivative 0; by a 
covariant derivative D, where the derivative D; is defined by 


=ð +G, (12.20) 


with G being a gauge field (an operator). 

In dynamical systems like the present case, the time derivative is 
the primary object to be considered in the analysis of local gauge 
transformation. (The invariance property noted in Sec. 12.1.1 is an 
example.) Thus, the time derivatives 0:€ and O;q are replaced by 


Dq = q + Gq, DiE = OE + GE. (12.21) 
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Correspondingly, the Lagrangian L¢ of (12.13) is replaced by 


ne J Awaits J Gada (12.22) 
v = D;xa, (12.23) 


where d°a = pd?x denotes the mass (in place of mj) in a volume 
element d?x of the x-space with p the mass-density. The action is 
defined by 


t2 t2 
I= J Ledt = | dt | d?xA¢(p, Dixa), (12.24) 
t ty M 


1 


where M is a bounded space of E?, and Ag = $P(DiXa, D:Xa). 


12.4. Symmetry of flow fields I: Translation symmetry 


The symmetries of fluid flows we are going to investigate are the 
translation symmetry and rotation symmetry, seen in the discrete 
system. 

The Lagrangian (12.13) has a global symmetry with respect to 
the translational transformations (and possibly with respect to rota- 
tional transformations). A family of translational transformations 
is a group of transformations,” i.e. a translation group. Lagrangian 
defined by (12.22) for a continuous field has the same properties 
globally, inheriting from the discrete system of point masses. It is 
a primary concern here to investigate whether the system of fluid 
flows satisfies local invariance. First, we consider parallel transla- 


tions (without local rotation), where the coordinate q? is regarded as 


°Here the Lagrangian coordinates a = (a, b,c) are defined so as to represent the 
mass coordinate. Using the Jacobian of the map x + a defined by J = O(a)/0(x), 
we have d?a = Jd?x, where J is p. 

TA family of transformations is called a group G, provided that, (i) with two 
elements g,h € G, their product g -h is another element of G (in the case of 
translations, g-h = g +h), (ii) there is an identity e € G such that g-e = e-g = g 
for any g € G (e = 0 in the case of translations), and (iii) for every g € G, there is 
an inverse element g~' € G such that g- g7* = gt - g = e (g+ = —g in the case 
of translations). If g-h = h- g for any g,h € G, the group is called a commutative 
group, or an Abelian group. 
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the cartesian space coordinate zë = x(t) (kth component), and qj 


is a velocity component u" = ðE (t). 


12.4.1. Translational transformations 


Suppose that we have a differentiable function f(x). Its variation by 
an infinitesimal translation x — x + € is given by df = €0,f where 
0, = 0/Oxz is regarded as a translation operator (£ a parameter). 

The operator of parallel translation in three-dimensional cartesian 
space is denoted by T, = /ðxk = ôk, (k = 1,2,3). An arbitrary 
translation is represented by €*T, (= Sy €*T;,) with €* infinitesi- 
mal parameters. For example, a variation of x’ is given by 


MECR SELEN 


since Tzi = kzt = ôi. If the Lagrangian density A of (12.15) is 
independent of the coordinate q (such as Ag of (12.22)), then A is 
invariant with respect to the translational transformation, i.e. A has a 
translational symmetry.® If €* are constants, the symmetry is global, 
whereas if €* are functions of x and t, the symmetry is local. This 
implies that the covariant derivative may be of the form: 


di = & + g* Tr, (12.25) 


for the translational symmetry, where g* (k = 1,2,3) are scalars. 
This is investigated just below. 


12.4.2. Galilean transformation (global) 


Translational transformation from one frame F to another F’ mov- 
ing with a relative velocity U is called the Galilean transformation 
in Newtonian mechanics. The transformation law is expressed as 
follows: 


x = (t,x) > x' = (t', x’) = (t,x — Ut). (12.26) 


8The operators Tk (k = 1,2,3) are called generators of the group of translational 
transformations. The operators are commutative: [T;,, Ti] = 0,0; — 0:0, = 0. 
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This is a sequence of global translational transformations with a 
parameter t. Corresponding transformation of velocity is 


u = (1,u) > v’ = (1,u’) = (1, u — U). (12.27) 


From (12.26), differential operators 0; = 0/Ot, O, = 0/Ox, and V = 
(01, 02, 03) are transformed according to 


R= -U V, V=V'. (12.28) 


It is remarkable to find that we have a transformation invariance of 
the convective derivative D; = 0; + (u- V) from (12.27) and (12.28): 


O.+ (u-V) = Ov + (u’- V’). (12.29) 


12.4.3. Local Galilean transformation 


Suppose that a velocity field u(x,t) is defined by the velocity 
(d/dt)x,(t) of fluid particles, ie. u(xa,t) = (d/dt)x,(t). Consider 


the following infinitesimal transformation: 
x’(x,t)=x+€(x,t), t=t. (12.30) 


This is regarded as a local gauge transformation between noninertial 
frames. In fact, the transformations (12.30) is understood to mean 
that the coordinate x of a fluid particle at x = x,(t) in the frame F 
is transformed to the new coordinate x’ of F’, which is given by x’ = 
x! (Xa,t) = Xa(t) + €(xa,t). Therefore, its velocity u = (d/dt)x,(t) 
is transformed to the following representation: 

= < (xalt) + €(Xq,t)) = u(x) +d€/dt, (12.31) 


u(x’) = 


dé/dt = <&(xalt), t) = aE + (u-V)E. (12.32) 


This is interpreted as follows: the local coordinate origin is displaced 
by —& where the axes of the local frame are moving (without rota- 
tion) with the velocity —d€/dt in accelerating motion (noninertial 
frame).? This implies that the velocity u(x) at x is transformed 


°In the previous Sec. 12.4.2 where € = —Ut, the transformation was global. 
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locally as u/(x’) = u(x) + d&/dt. It is to be noted in this trans- 

formation that the points x and x’ are the same point with respect 
to the space F. 

In view of the transformations defined by t = t and x’ = x + 

E(x, t), the time derivative and spatial derivatives are transformed as 

ôi = ôy + (QE) V, V = (p), (12.33) 

ðk = ð, + lal, 8 = 8/ðx". (12.34) 

It is remarkable and important to find that we have a transformation 


invariance of the convective derivative De = ô + (u - V) in this local 
transformation too: 


De = & + (u: V) = ôy + (u: V’). (12.35) 
In fact, from (12.34) and (12.31), we obtain 
u- V =u: V+ (u VE V = u(x’) V! + -(dé/dt) +u- VE) -V’, 


where u = u’ — d€/dt. The last term is —Q:€- V’ by (12.32). Thus, 
we find (12.35) by (12.33). 

This invariance (12.35), ic. the transformation symmetry, 
implies that the covariant derivative d is given by the convective 
derivative De: 


d: = ó + 9kTk = ð +u. V. (12.36) 


12.4.4. Gauge transformation (translation 
symmetry) 


The transformation in the previous section is regarded as a gauge 
transformation, defined by x —> x’ = x + ¿ and u(x) — w(x’) = 
u(x) + (d€/dt) from (12.31). Namely, in the transformed space F”, 
the variations of coordinate qf = zt and velocity ut are given by 
bg = OT =f, (Tk = 8/ðx") (12.37) 
bub = dé*/dt = £' + u® Ti €. (12.38) 


Correspondingly, variation of O:q; is given by 


ld) = Blit) + (OPA = BE (E Th = O, (12.39) 
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where 60; = Oy — Oj = —O,€"T;, from (12.33) (to the first order of €), 
and Tyg’ = 61. 

These infinitesimal transformations allow us to define the covari- 
ant derivative dq by 


dig := iq + u® T, q. (12.40) 


In fact, using (12.37)—(12.39) and (12.34) (giving 67, = Tj — T, = 
—(T,€')T)), its transformation is given by 


5(diq') = 6(A:q’) + (6u*)Ty g! + u" (ôTk)g + u" Th(ðg') 
= (dé /dt) Tkg — u" (Thé) Nig + u* Tp€ 
= (dealt) (12.41) 
where Ti.q’ = ot is used. Thus, it is found that, in this gauge transfor- 
mation, the covariant derivative dq transforms just like the velocity 
field u whose transform is given by (12.38) (or (12.31)). This implies 
that dq represents in fact the particle velocity. Namely, 


dix = (0, + u*d,)x = u(x, t) (12.42) 


where u(Xq,t) = (d/dt)xa(t) (see the beginning of Sec. 12.4.3). 


12.4.5. Galilean invariant Lagrangian 


When a representative flow velocity v becomes higher to such a 
degree that it is not negligible relative to the light velocity c, the 
Galilean transformation must be replaced by the Lorentz transforma- 
tion (Appendix F, or [LL75]). Theory of quantum fields is formulated 
under the framework of the Lorentz transformation (F.1), whereas 
fluid mechanics is constructed under the above Galilean transfor- 
mation (12.26). The difference is not an essential obstacle to the 
formulation of gauge theory, because the Galilean transformation is 
considered to be a limiting transformation of the Lorentz transfor- 
mation of space-time as 3 = v/c > 0. 

In Appendix F.1, the Lagrangian Aq of fluid motion in the 
Galilean system is derived from the Lorentz-invariant Lagrangian 
AW by taking the limit as v/c — 0. Thus, the Lagrangian in the 
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Galilean system is given by the expression (F.6), which is reproduced 
here: 


Acdt = dt J d3xp(z) (5(aa), u(x)) — €(p, 9); (12.43) 


where p is the fluid density, and M is a bounded space under con- 
sideration with x € M c R?. Namely, the Lagrangian Le defined by 


Dg= -f e(p, 8)pd®x, (12.44) 
M 


must be introduced for the invariance, where e(p,s) is the internal 
energy and s the entropy. It is understood that the background con- 
tinuous material is characterized by the internal energy e€ of the fluid, 
given by a function e(p, s) where € and s are defined per unit mass.!° 
For the fields of density p(x) and entropy s(x), the Lagrangian L, 
is invariant with respect to the gauge transformation (12.30), since 
the transformation is a matter of the coordinate origin under the 
invariance of mass: p(x)d°x = p'(x’)d3x’ and the coordinate x does 
not appear explicitly. 

According to the scenario of the gauge principle, an additional 
Lagrangian (called a kinetic term, [Fr97]) is to be defined in con- 
nection with the background field (the material field in motion in 
the present context), in order to get nontrivial field equations (for p 
and s). Possible type of two Lagrangians are proposed as 


Lig -f did pdx, Ly = -f dip psd?x (12.45) 
M M 


where ¢(x, t) and y(x, t) are scalar gauge potentials associated with 
the density p and entropy s respectively.'' These Lagrangians are 
invariant by the same reasoning as that of Le above. In particular, d 
is invariant by local Galilean transformation. It will be found later 


Tn thermodynamics, a physical material of a single phase is characterized by 
two thermodynamic variables such as p, s etc., which are regarded as gauge fields 
in the present formulation. 

"The minus signs in L’s are a matter of convenience, as become clear later. 
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that the equations of mass conservation and entropy conservation 
are deduced as the results of variational principle. Thus the total 
Lagrangian is defined by Lp := Lp + L, + Lg + Ly, as far as the 
translation symmetry is concerned. 


12.5. Symmetry of flow fields II: Rotation symmetry 


12.5.1. Rotational transformations 


Rotation (with a point xo fixed) is described by a 3 x 3 matrix defined 
as follows. Rotational transformation of a vector v = (vj) is repre- 
sented by uv’! = Rv, ie. v; = Riv; in component representation, 
where R = (R;;) is a matrix of rotational transformation. Rotational 
transformation requires that the magnitude |v] is invariant, that is 
isometric. Therefore, we have the invariance of the inner product: 
(Ww, v’) = (Rv, Rv) = (v,v). This is not more than the definition of 
the orthogonal transformation. In matrix notation, 


(w v") = (hili = Hig; Ravn = vive = (v, v). 
Therefore, the orthogonal transformation is defined by 
Rij Rix = (Ro) j: Rin = (RR) jn = ôjk, (12.46) 


where R? is the transpose of R: (R?);; = R;;. Using the unit matrix 
I = (6;x), this is rewritten as 


RTR = RR" =]. (12.47) 


Hence, RT is equal to the inverse R~! of R. 
There is a group of special significance, which is SO(3).'2 When 
we mention a rotational symmetry of fluid flows, we consider 


12 SO(3): Special Orthogonal group. An element g € SO(3) is characterized by 
det(g) = 1. This is a subgroup of a larger orthogonal group satisfying (12.47), 
which leads to det(g) = +1. If the inner products such as (A, A), (B, B), etc. are 
invariant, then invariance of the cross inner product (A, B) can be verified from 
the invariance of (A+ B, A+ B) = (A, A) + 2(A, B) + (B, B}. 
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SO(3) always because it is connected with the identity transforma- 
tion R= I. 

It is almost obvious now that the Lagrangian density A¢ of (12.22) 
is invariant under the rotational transformation of SO(3), u(x) => 
u' (a) = R(x)v(x) depending on any point x, where R(x) € SO(3) at 
Yre M: 


I (HOG Raa nd a / Gaa aa 


This implies that the Lagrangian density Ag satisfies local rotational 
gauge invariance. Thus, the total kinetic energy K = CL, is invariant, 
where the mass in a volume element d°z is invariant by the rotational 
transformation, R[p(ao)d°a] = p(xo)d°x = d3a. 


12.5.2. Infinitesimal rotational transformation 


In rotational transformations, an arbitrary vector vo is sent to v = 
Rvo with an element R € SO(3). Now we consider an infinitesimal 
transformation. Suppose that a varied orthogonal transformation R’ 
is written as R’ = R + ôR for an finitesimal variation dR. We then 
have 6v = 6Rvp = (6R)R7!v, (since v9 = R-!v) so that we obtain 
the infinitely near vector v + dv by the action of a general R by 


v —> v + ôv = (I+ (dR)R")v, 


where (6R)R~! is skew-symmetric for othogonal matrices R and R+ 
dR.3 Writing I + (6R)R7! as exp[6] for R € SO(3), we have 


I+ (6R)R7! = exp [6] = 1+ 6+ 0(|6|7), (12.48) 


where || < 1, and 0 is a skew-symmetric 3 x 3 matrix since (6R)R~+ 
is skew-symmetric, neglecting O(|5R|?) as in the footnote. Associated 
with R € SO(3), the linear term @ is represented as 0 = 0*e;, by using 


Since RR~' = RR? = I and (R+6R)(R+6R)* = I from (12.47), we have 
(5R)R-'+(R7*)7(5R)* = 0, neglecting 6R(6R)*. This implies that (6R)R~? is 
skew-symmetric, i.e. [(6R)R7"]ij = —[(6R) R71]: 
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the three bases e1, e2 and e3 of skew-symmetric 3 x 3 matrices: 


0 0 0 0 0 1 0 —1 0 
e=]0 0 —1|, &=]| 0 0 0f, e=]1 0 0 
0 1 0 —1 0 0 0 0 0 
(12.49) 
In fact, we have 0i; = —0ji, where 

0 -8 ¢ 

0 = (0j) =e =| 6 0 -æ 

-0 @ oO 


represents a general skew-symmetric matrix with three infinitesimal 
parameters 6, 6? and 6°. The commutation between bases are given 
by the following noncommutative relations: 


[e;, ex] = ejne1, (12.50) 


where €54) is the completely skew-symmetric third-order tensor (see 
(A.1)). Corresponding to the group SO(3) (which is a Lie group), 
the space of infinitesimal rotational transformations (consisting of 
skew-symmetric 3 x 3 matrices) is termed as Lie algebra so(3), and 
(€1, €2,€3) are bases of so(3).4 

An operator of infinitesimal rotation is defined by 6 = (0;;) = 
Fep. Let us define an axial vector Ê by ô = (01,62,03), an infinitesi- 
mal angle vector. Then, an infinitesimal rotation of the displacement 


vector s = (st, 5°, 83) is given by (@s)' = 0;;57 = (Oxe,8)": 


(0s)? = 0% ens) = (6s — 635, 63s! — 6153, 15? — 251). 


The right-hand side is nothing but the components of vector product 
of two vectors 6 and s. Thus, we have two equivalent expressions: 6s 
(tensor multiplication) = 6 xs (vector product). The last expression 
clearly states that this represents a rotation of s about the axis in the 
direction coinciding with the vector Ô by an infinitesimal angle |Â]. 


14The tensor constants Cjrı in the commutation relations, [e;,ex] = Cjkier, are 
called the structure constants. If Ciki = 0 for all indices such as the case of Tk, the 
commutation relation is called Abelian. If Cx: Æ 0, the relation is non-Abelian. 
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12.5.3. Gauge transformation (rotation symmetry) 


When we consider local rotation of a fluid element about an arbi- 
trary reference point x9 within fluid, attention must be paid to a 
local transformation ds at a neighboring point x9 +s (for a small s). 
In this regard, it is remarked that the previous translational transfor- 
mation is concerned with pointwise transformation, while the rota- 
tional transformation here is concerned with local transformation in 
the neighborhood of xo. 

Rotational gauge transformation of a point s in a frame F (an 
inertial frame, say) to s’ in a noninertial frame F” is expressed as 


s'(s,t)=s+ôs, t =t, (12.51) 


instead of (12.30) for the translation. The variation ds is defined 
by an infinitesimal rotation 6 = 6*e, applied to the displacement 
vector s: 


ôs = n(s, t) = bs = Î x s. (12.52) 

Corresponding transformation of velocity (v = (d/dt)sa) is as 
follows: 

v'(s") = v(s) + (d/dt)n, (12.53) 


ôv = (d/dt)n = O&n(s,t) + (v- Vs)n(s,t) = 008+ Ov. (12.54) 


instead of (12.31) and (12.32) where V, = (0/0s;). As before 
(Sec. 12.4.3), it is noted that in this transformation the points s 
and s’ are the same with respect to the frame F. This means that 
the coordinate frame F’ is rotated by an angle —6 with respect to F 
with a common origin xo. 

According to the scenario of covariant derivative of Sec. 12.3.2, 
a new covariant derivative D; and a new gauge field Q = Qep are 
introduced with respect to the rotational symmetry. We have the 
following: 


Dis = des + 9s, dis =u, Qs= Qijsj E Q xX S, (12.55) 


where d and ô; of (12.36) are replaced by D; and d respectively. 
The gauge field Q is defined by Q = Q*e;, and Qij = —Oj; where 
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0; = (OF ex) 7. Its axial vector counterpart is Ê = (91, Q2, Q3). The 
operator d; denotes a time derivative when local rotation is absent. 
Then, d;s may be represented as a;;s;-+O(|s|”) by using a symmetric 
tensor a;; (see the next section for the details). 

In an analogous way to the translational transformations, varia- 
tions of s and u are written as 


ôs = ers, (12.56) 
ôu; = Or exu, (12.57) 


for the rotational transformations, where the first expression is equiv- 
alent to (12.52). Corresponding to the expression (12.38), variation 
of 2 is defined by!® 


60" = 0,0" + ep, 8' 1 , (12.58) 


where the structure constant €pj, of (12.50) is used as a rule in the 
non-Abelian symmetry [Wnb95]. Then, we can show 


ô(Dzs) = ðs + 0 D;s. (12.59) 
In fact, we obtain 
(Drs) = ôu + 60" eps + Qerss = O epu 
+ (Exim! Q™ — 0,0" )e,s + embes 
= 0s +0 Dzs, (12.60) 
where we have used the following equality from the relation (12.50): 
ECmel + Elmk€k = €1€m » 


where Elmk = Ekim. Therefore, the covariant derivative D;s trans- 
forms like v of (12.54). 

Thus, it is found that the expression (12.55) gives a gauge- 
covariant definition of velocity: 


v := Dis = dis + Qs = u + Qijsj, (12.61) 


where Q;; = (QFep)ij is a skew-symmetric tensor. 


The vector form is 62 =6x Q + 0,0. 
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12.5.4. Significance of local rotation and 

the gauge field 
In the translation symmetry of Sec. 12.4.4, we obtained the expres- 
sion of gauge-covariant velocity (12.42), ie. u = da. Using s in place 
of x, we have 

dys = u(xo +8) = u(xo) + Au & up + 8j0;u, 

(dis); = (uo)i + aaj Sj, (12.62) 
where ug = u(x), and the deviation du is expressed as ajjs;. The 
coefficient matrix a;; is assumed to be symmetric (aij = aji), because 


a skew-symmetric part (if any) can be absorbed into Q;; of (12.61). 
The symmetric part du is also expressed as 


1 
Au = Vs¢(s) = aijs;, (s) = 3 is 8185, 


where ¢(s) represents a velocity potential of an irrotational field. 
Thus, the expressions (12.61) and (12.62) combine to 


Dis = dis + Qs = up + QijSj + Qijsj 
=u t+ Vso(s) +2 Xs. (12.63) 


Suppose that a velocity field v(xo +s) is given. Then, we have an 
analogous local expression. In fact, relative deviation Av is defined 
by 

Av = v(x9 +s) — v(xo) = (s: V)v(xo) + O(|s|?) . (12.64) 
As we did in Sec. 1.4 of Chapter 1, to the first order of |s|, we have 


Avg = (8+ V)ug(Xo) = 8j0j0n = 87 (ej + Wir) , (12.65) 


where the term O;vz is decomposed as ejk + Wijk, defined by 


1 1 1 
ejk = =(O; UK + kvi), Wjk = =(0jvk — Okvj) = =Ejk lw) 
2 2 2 
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where w = jk 2W;~ = curl v (vorticity). Thus, we obtain 


v(xo + 8) = v(xo) + EjkSj + WjkSj 
1 1 
= v(xo) + Vs®(s) + gw X 8; (s) = zeko) SjSk- 
(12.66) 


Comparing this with (12.63), it is seen that uo and ¢(s) correspond 
to v(xo9) and ®(s) of (12.66), respectively. Moreover we find that 
Q = jw. So far, xọ+s was a local position vector around a fixed point 
xo. In general, using x in place of xọ + s, we arrive at a definition 
of velocity. Namely, identifying as uo = v(xo), ¢(s) = ®(s) and 
Q = su, we obtain the definition: 


v(x, t) = Dx (12.67) 


It is remarkable that the gauge field 2Q is equivalent to the vortic- 
ity w. Namely, the vorticity w is nothing but the gauge field: 


w= 20. (12.68) 


12.5.5. Lagrangian associated with the rotation 
symmetry 


According to the scenario of the gauge principle, an additional 
Lagrangian (called a kinetic term [Fr97]) is to be defined in con- 
nection with the rotation symmetry in order to obtain a nontrivial 
equation for the gauge field w. A possible type of the Lagrangian is 
proposed as 


La= -f plv, b)d?x, (12.69) 
M 


where b is a vector associated with the gauge field w (consid- 
ered in Appendix F.2). It is almost obvious from the argument of 
Sec. 12.6.1 that the Lagrangian (12.69) is invariant under local rota- 
tional transformations of SO(3). An explicit form of b is proposed 
in Appendix F.2(b) so as to conform to the translation symmetry. 
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12.6. Variational formulation for flows of an ideal fluid 


12.6.1. Covariant derivative (in summary) 


Now we define the operator D; of covariant derivative by 
Di =O 4+ (v-V). (12.70) 


It is deduced from the analysis of previous sections that the covariant 
derivative D;x represents the particle velocity. Namely, Dyx = v and 


v(Xa, t) = (d/dt)xa (t). 


12.6.2. Particle velocity 


The velocity v can be defined by the covariant derivative D;x. Addi- 
tional remarks are given as follows. The Lagrange particle coordi- 
nates a = (ax) are regarded as functions of x and t and satisfy the 
following equations, 


Diag = pan + (v- Vag =0, k=1,2,3, (12.71) 


because the particle of the name tag (ap) moves with the velocity v 
by definition. Setting as x = X (a, t) for the particle position, we have 


v= D:;X (a(x, t), t) = O.X (a, t) + Dia Vax = 3X (a, t), (12.72) 


by using (12.71), where (VaX) = (3X*/ðal). The right-hand side 
defines the velocity va of a particle a. Thus we have the equality 
relation, Dix = v. 

On the other hand, regarding x as a field variable, we have 


Dix = (& +v- V)x = v. (12.73) 


Thus, the D;x signifies the velocity of a material particle a. 
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12.6.3. Action principle 


According to the previous sections, the full Lagrangian is defined by 


Lr = Le + Le + Lo + Ly + La 


= | d?x Arly, p, S, b, %, b], 
M 


Ar = Splv,v) — pelp, s) — pDid — psDrp — plv, b), (12.74) 


where v, p and € are the velocity, density and internal energy (per 
unit mass) of the fluid, and ¢(x,t) and (x,t) are scalar func- 
tions, and b is a vector gauge field, and D; = @ +v- V. The 
action is defined by I = F J m Ardt dx. The action principle is 
given by 


t2 
ôI = af f dtd?x Ar = 0. (12.75) 
ti JM 


Usually, in the variational formulation (of the Eulerian representation 
of independent variables x and t), the Euler’s equation of motion is 
derived under the constraints of the continuity equation and isen- 
tropic equation. In the present analysis, the variational principle 
based on the gauge principle gives us the continuity equation and 
the isentropic equation as outcomes of variations of the Lagrangian 
Lr[v, p,s,ġ, Y, b] with respect to variations of the gauge potentials 
ġ and w. The potentials have intrinsic physical significance in the 
framework of the gauge theory. 

Here, we have to take into consideration a certain thermodynamic 
property that the fluid is an ideal fluid in which there is no mechanism 
of dissipation of kinetic energy into heat. That is, there is no heat 
production within fluid. By thermodynamics, change of the internal 
energy € and enthalpy h = e + p/p can be expressed in terms of 
changes of density dp and entropy 6s as 


— [Oe Oe o P 
de= (5) ep + (5) > = poe + Tos, (12.76) 


1 
ôh = a + Tos, (12.77) 
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where (Je/Op), = p/p? and (Je/Os), = T with p the fluid pressure 
and T the temperature, (-), denoting the change with s kept fixed. 
If there is no heat production, we have Tés = 0. Then, 


1 
de = (de), = (5) õa = poe öh = “6p, (12.78) 


12.6.4. Outcomes of variations 


Writing Ar as 
Ar = Arlu, p, 5,0,9, b] = Żp (v, v) = pelp, 5) — p (3: +v + V)O 
— ps(ðs +v- V) —p(v,b), (12.79) 


we take variations of the field variables v, p, s and potentials @ 
and w. (Variation of b is considered separately in Appendix F.2.) 
Independent variations are taken for those variables. Substituting the 
variations v+dv, p+dps+6s, 6+6¢ and w+dw into Aq[v, p, s, ¢, w, b] 
and writing its variation as Ar, we obtain 


ArT = ôv - plv — Vo — sVy — w) — ôspDiy (12.80) 
sso (7e on 


+ 50(O:p + V - (pv)) — 0;(p5¢) — V - (pvde) 
+ ôy (alps) + (psv)) — @&lpsðp) — V - (psvôp), (12.81) 


where 
w=(w;), w; = (0/dv')(v,b), (12.82) 


and h is the specific enthalpy defined by h = e+ p(0€/Op), = €+p/p. 
Thus, the variational principle, ôI = 0 for independent arbitrary 
variations dv, dp and 6s, results in 


ov: v= V¢d+sVyY4+w, (12.83) 
1 
Op: > — h — Dio — sD — v -b = 0, (12.84) 
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From the variations of 6¢ and ôy, we obtain 
od: Ap+V- (pv) =0, (12.86) 
dw: Ops) + V- (psv) = 0. (12.87) 
Using (12.86), the second equation can be rewritten as 
ds +v- Vs = Dis = 0. (12.88) 


i.e. the fluid flow is adiabatic. Thus, the continuity equation (12.86) 
and the entropy equation (12.88) have been derived from the vari- 
ational principle. These must be supplemented by the equation of 
particle motion (12.73). The equation of isentropy, (12.88), is consis- 
tent with (12.78). 

Equation (12.83) gives the velocity by 


v=Vo¢o+sVyt+w. (12.89) 
The vorticity w = V x v is represented by 


w= Vs x VY+V xw. (12.90) 


12.6.5. Irrotational flow 


For a homentropic fluid in which the entropy s is a uniform constant 
so at all points, we have e = e(p), and 


1 
de= dp, dh = =dp. (12.91) 
p p 


from (12.76) and (12.77) since 6s = 0. In addition, assuming that 
the vector gauge field b is absent, the motion becomes irrotational. 
In fact, from (12.89), we have 


v=V%, B=¢4 soy, (12.92) 


(since w = 0), ie. the velocity field has a potential ®, and w = 0 
from (12.90). Since we have 


Did + soDi) = P+ V- VO =O, + v”. 
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Equation (12.84) becomes 
1 9 
ae +h+0O,8 =0, (12.93) 


which is equivalent to (5.28) with y = 0. Taking its gradient reduces 
to the Euler’s equation (5.24): 


1 1 
ov + v(3) =-Vh, where Vh = a (12.94) 


Note that the left-hand side is the material time derivative for the 
potential velocity up = ôp®. In fact, using ð;(u?/2) = upðiuk = 
(Op ®)O;O,® = (Of B)O,O;® = uzOpu’, we obtain 


Ow + v(5") =0v+(v-V)v = Div. (12.95) 


It is interesting to find that the fluid motion is driven by the velocity 
potential ®, where ® = ¢+ sow with ¢,y the gauge potentials. 

We recall that the flow of a superfluid in the degenerate ground 
state, which is characterized with zero entropy, is represented by 
a velocity potential in Chapter 11. There, it is shown that such a 
fluid of macroscopic number of bosons is represented by a single 
wave function in the degenerate ground state, where the quantum- 
mechanical current is described by a potential function (phase of the 
wave function). Therefore the corresponding velocity is irrotational. 
In this case, local rotation would not be captured. 


12.6.6. Clebsch solution 


If the entropy s is not uniform (i.e. a function of points and time) 
but in case that the vector field b is still absent, the present solution 
is equivalent to the classical Clebsch solution owing to the property 
Diy = 0. From (12.89) and (12.90), the velocity and vorticity are 


v=V¢d+sVy, w=Vsx Vw. (12.96) 
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In this case, the vorticity is connected with nonuniformity of entropy. 
In addition, Eq. (12.84) can be written as 


1 

i +h + âe + sô = 0, (12.97) 
because we have 

Did + sD = ih + sõep +v- (Vo + sVw) = Qh + sorp + yi: 
It is shown in Problem 12.1 that Euler’s equation of motion, 
l 2 
Ovt+wxv=-V 3” +h}, (12.98) 

is satisfied by Eq. (12.97) owing to the conditions (12.85) and 
(12.88), under the definition (12.96) and the barotropic relation 


h(p) = [? dp'/p(p’). In this case, the helicity vanishes (Problem 12.1). 
Equation (12.98) can be written also as 


1 
ðv + (v: V)v= ee (12.99) 


because of the identity: w x v = (v- V)v — V(5v) and the relation 
(12.77) under (12.88). 
12.7. Variations and Noether’s theorem 


Differential form of momentum conservation results from the Noether 
theorem associated with local translational symmetry. Here, varia- 
tions are taken with respect to translational transformations only, 
with the gauge potentials fixed. As before, the action I is defined by 


t2 
e ar f d’x[As + Ae + Ag + Ay +AA], (12.100) 
ty M 


1 
At = splv,v), Ae = —pe(p, 8) 


and Ag = —pD:¢, Ay z —psDiy, Aa = —p(V, b). 
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12.7.1. Local variations 
We consider the following infinitesimal coordinate transformation: 
x(x, t) = x + €(x,t). (12.101) 


In Sec. 12.4, we considered transformation properties of d; and dq 
under this local transformation. By this transformation, a volume 
element d?x is changed to 
O(x’) 
O(x) 
where O(x’)/O(x) = 1 + ktk (where Op€, = div €) is the Jacobian 
of the transformation (up to the first order terms). From (12.31), 
(12.32) and (12.70), the velocity v(x) is transformed locally as 


v'(x') = v(x) + Dif, 


dx’ = d?x = (1+ O,€;,)d°x, 





where the points x and x’ are the same points with respect to the iner- 
tial space F (see Sec. 12.4.3). We denote this transformation by Av: 


Av = v'(x’) — v(x) = DE. (12.102) 


According to the change of volume element dx, there is change of 
density p. The invariance of mass is 


p(x)d°x(x) = p'(x’)d°x’(x’), thus A(pd3x) = 0. (12.103) 
Hence, we obtain p(x) = (1 + div €)p'(x’). Therefore, 
Ap = p'(x') — p(x) = —p div € = —pdx€x, (12.104) 


to the first order of |€|. The invariance of entropy spd°x(x) = 
s' p'd>x!(x’) is expressed by 


As = s'(x’) — s(x) =0. (12.105) 
The gauge fields Dé and D;¢ remain unvaried: 
A(Dig) = 0, A(Di) = 0. 
Combining with (12.103), these imply 
A(Agd®x) =0, A(Ayd?x) = 0. (12.106) 


Correspondingly, A(A,4d°x) = 0 is assumed. 
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The variation field €(x,t) is constrained so as to vanish on the 
boundary surface S of M Cc E?, as well as at both ends of time t,, t2 
for the action J (where M is chosen arbitrarily): 


£(xs,t) 
E(x, tı) 


When we consider the symmetry with respect to global transforma- 
tion, we take the limit: 


0, t, for xs € S =ô8M, (12.107) 
0, €(x,t2)=0, for xe M. (12.108) 


€(x,t) — £o (a uniform constant vector). 


12.7.2. Invariant variation 


It is required that, under the infinitesimal variations (12.101)— 
(12.106), the action J is invariant (as it should be), ie. 


0=Al=l'-I= Jaf dx’ [A¢(v’, p') + Ac(p’, 8’) | (x’, t) 
M' 


: f dt l: dx [As(v, p) + Ae(p, 8)](2, ). 


The integration space M” is the same as M with respect to the frame 
F, although different expressions are given. Using the original vari- 
ables in the first integral, we have 


/ 
Al = faf ga (Ar(v + Av, p + Ap) + Alp + Ap, s + As) ) 
M d(x) 


— Jaf, dèx [Ae(v, p) + Ae(p, s)| = 0, (12.109) 


where [O(x’) /O(x)] d?a = (1 + Op€,)d?x. Thus we obtain 


ar= fat [ d?x Og eS het OA. Ap+ abe As 
M Ov Op Op /, Os 5 


+[Ag(v, p) + Ac(p, sense} 
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to the first order of variations. Substituting (12.102), (12.104) and 
(12.105), we have 


Al= ful. d3x {Sie + (St + (2) ) (rans) 


+ [Ag + AdOugi} = 0, (12.110) 





where A; + A, = pv" — pe, and 





ƏM Ode _ 1» = 
2 


A ie | =-h. (12.111) 


It is immediately seen that the second and third terms of (12.110) 
can be combined by using (12.111) as 


g (5 + (=) ) (Akr) + [Ar + Ae] 3kEk 





1 1 
=p (5e +h+ Su — e) OnEk 


= p(h — €)On§k = PÔ = pôkêk , (12.112) 


where h = €+ p/p. Hence, the second and third terms of (12.110) are 
reduced to the single term p(0;,&%), which can be expressed further 


as klp Ek) S (Opp) Ek- 


12.7.3. Noether’s theorem 


We now consider the outcome obtained from the arbitrary variation 
of €. We write (12.110) as 


AI = Jaf d’xF[Ek, ðaék] = 0. (12.113) 
M 


By using (12.112), the integrand F'[&,, 0a&%] reduces to 


PEK, Oakk] = Dg + p(Op&k)- (12.114) 
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In view of the definitions Dép = rEg +u Ek, this can be rewritten as 


A A 
Fiend =e, | -a (25) 2 Ge = (an) “Diy, 


(12.115) 
where the divergence terms are collected in the term Div: 
5 Og Og 
Div = & | — — : 12.11 
iv ( s) +ô; (o oe s) + On (PE) ( 6) 


Using (12.111), the expression (12.115) with (12.116) becomes 
F(§K, Oke] = Erl- (pvr) — A lpvive) — Oxp] 
+ O; (purk) +O; (vipurék) + 0; (pôl, £r). (12.117) 


Substituting (12.117) into (12.113), the variational principle (12.113) 
can be written as 


0=AI= ful. d’xé, (— 3l pvk) — O(pvry4,) — akp) 


+ fat $ i ax( pug) + farf dSni(pvwr + pôik) Ek, 
(12.118) 


where S is the boundary surface of M and (n;) = nis a unit outward 
normal to S. The terms on the second line are integrated terms, 
which came from the second line of (12.117). These vanish owing to 
the imposed conditions (12.107) and (12.108). 

Thus, the invariance of J for arbitrary variation of &, satisfying 
the conditions (12.107) and (12.108) results in 


O1( pup) +ó, (pvwk + pot) = 0. (12.119) 


This is the conservation equation of momentum. If we use the conti- 
nuity equation (12.86), we obtain the Euler’s equation of motion: 


1 
OpV_ + VO Uk + poke = 0. (12.120) 


These are equivalent to (3.21) and (3.14) with f; = 0 respectively. 
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Now, we can consider the outcome of global gauge invariance with 
respect to a global translation of € = const., without the condi- 
tions (12.107) and (12.108). Using Eq. (12.119) obtained from the 
variational principle, the first line of (12.118) vanishes. Thus, for 
Ek = const., we obtain from (12.118), 


d 
Ek Šf d?x( pug) + | dS nı(pvrvk + pôik)| = 0, (12.121) 


taking the constant €, out of the integral signs. For arbitrary £k 
(k = 1,2,3), the expression within [ ] must vanish. Therefore, 


sf d?x (pup) =— [asm PUIVE + põik), (12.122) 


for k = 1,2,3. This is the conservation of total momentum, equivalent 
to (3.23) without the external force fi. 


12.8. Additional notes 


12.8.1. Potential parts 


From the equation of motion (12.120), the vorticity equation (7.1) 
can be derived by taking its curl: 


Ow + curl(w x v) = 0, (7.1) 


for a homentropic fluid (of uniform entropy). Suppose that this is 
solved and a velocity field v(x, t) is found. Then, the velocity v should 
satisfy the following equation: 


ðv +w x v = VH, 


for a scalar function H,(x,t). Obviously, taking curl of this equation 
reduces to (7.1). On the other hand, the equation of motion (12.120) 
was transformed to (3.30) for a homentropic fluid in Sec. 3.4.1: 


2 
lv +w x v= -eraa ( $ + n) (3.30) 
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(neglecting the force potential y = 0). Thus, we must have 


2 
> +h+H, = f(t), (12.123) 


where f(t) is an arbitrary function of t. 
This is equivalent to (12.84). In fact, Eq. (12.84) is 


=U — h — ðo — sõ — v : (Vo + sVy +b) 





Z xO Laisa e (12.124) 


by using the definition (12.89) of v. Comparing (12.123) and (12.124), 
it is found that both expressions are equivalent if H, — f(t) = 
nO + sp +v-(b—w). 


12.8.2. Additional note on the rotational symmetry 


A brief but important remark must be given to the Lagrangian 
La of (12.69) associated with the rotation symmetry: LA = 
— fu p(b, v)d°x. In Appendix F.2, the same Lagrangian is repre- 
sented as 


La= — f (exAl wax =— [iw x (Lx A!),v) d?x. (12.125) 


where A! is a gauge potential 1-form (defined there), and X is a tan- 
gent vector defined by ð; + vð, which is equivalent to the operator 
of convective derivative D; as far as its form is concerned.!® Thus, 
the vector field b is derived from a vector gauge potential A! by the 
relation pb = V x (Lx A!), where Lx A! denotes the Lie derivative of 


16For a scalar function f (0-form), the Lie derivative of f is given by Lxf = 
Xf = Dif. However, if applied to other forms or vectors F (say), £x F is different 
from Di; F = F + vO, F, where Dy is a simple differential operator D+. In this 
regard, concerning the terms D:¢ and Dew of (12.74), it is consistent and more 
appropriate to write £x¢ and Lxv, which are equivalent to Did and Dz since 
¢ and w are scalar functions. 
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the form A! along the flow generated by X. In the Appendix, differ- 
ential calculus are carried out in order to elucidate the significance 
of the gauge potential A! associated with the rotation symmetry. 

It is remarkable that the action principle for arbitrary variations 
of A! results in the vorticity equation (Appendix F.2): 


Ow + curl(w x v) =0. 


Thus, it is found that the vorticity equation is an equation of a gauge 


field. 


12.9. Problem 


Problem 12.1 Clebsch solution 


Verify that the Euler’s equation of motion for a barotropic fluid of 
p= pp), 


1 x 
OV+wxv= -v (50 +f 2), (12.126) 
p 
can be solved in general by 

v= Vo + sV, (12.127) 

L dp 
z +h+ +s =0, h= [—, (12.128) 

p 
Ds =0, Dp =0, D= +v- V, (12.129) 


where s,¢,wW are scalar functions of x [Lamb32, Sec. 167]. 

In addition, show that the helicity H vanishes where H is defined 
by an integral of v -w over unbounded space, when w vanishes at 
infinity. 
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Appendix A 


Vector analysis 


A.1. Definitions 
We use the notation of vectors as 
A = (Aj, Ao, A3), B= (Bi, B2, B3), C = (C1, C2, C3), 
or simply as A = (A;), B = (B;), C = (C;) in the cartesian frame of 


reference. Kronecker’s delta 6;; is a second-order tensor, and Eijk iS 
a third-order skew-symmetric tensor, which are defined by 


1 (i= j) 
ij = ; A.1 
ss GA (a 
1, (1,2,3) > (i, j, k) : even permutation 
Eijk = $ —1, (1,2,3) — (i, j,k) : odd permutation (A.2) 
0 otherwise : (with repeated indices). 


It is useful to introduce the following vectorial differential operators, 


V = (Oz, Oy, Os); (A.3) 
grad f = (Oz, Oy; 0z)f, (A.4) 


where f(x,y,z) is a scalar function. 
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A.2. Scalar product 
A scalar product of two vectors A and B is defined by 

A -B = AkBp = Aı Bı + A2B2 + A3 B3 = |A| |B| cos,  (A.5) 
where |A| denotes the magnitude of A, i.e. |A| = \/A? + A} + 43, 
and @ is the angle between A and B. 


If A is the differential operator V, we have the definition of diver- 
gence div: 


div B := V - B = ôk Bg = 0, By + 02 Bo + 03B3. (A.6) 


If B is the differential operator V, then we have the definition of 
A - grad: 


A- grad:= A. V= Akk = A101 + A202 + A303. (A.T) 


A.3. Vector product 
A vector product of A and B is defined by 


A x B = (A2B3 — A3B2, A3Bı — Aı B3, AıB2 — A2Bı) (A-8) 


= (A2B3 — A3B2)i + (A3Bı — Aı B3)j 
+ (Ay By — ApBy)k (A.9) 
i k 
sear: so. Mell (A.10) 
Bin By B 


where i, j, k are unit vectors in the directions of 7, y, z axes respec- 
tively, i.e. |i] = |j| = |k| = 1, i-j=j-k=k-i= 0. Using the angle 
0 between A and B, the magnitude of A x B is given by 


|A x B| = |A||B| sin 9. (A.11) 


A x B is perpendicular to the plane spanned by A and B and 
directed in right-handed way when rotated from A to B. Using the 
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third-order skew-symmetric tensor €;;,, the vector product is written 
compactly as 


(A x B); = ijk Aj Br, (i = 1, 2,3). (A.12) 


In fact, we obtain (A x B); = A2Bs — A3Ba, etc. 
If A is the differential operator V, we have the definition of rota- 


tion curl: 
curlB := V x B = €4;,0; By (A.13) 
= (02B3 — 03B 2, 03B, — 0, B3, 0, Bz — 02B}) (A.14) 
i j k 
=|0, 02 03}. (A.15) 
Bı B B3 


A.4. Triple products 


There are two kinds of triple product: scalar and vector. Using three 
vectors A, B, C, the scalar triple product is defined by a scalar prod- 
uct of A and B x C, which is represented as 


A. (B x C) = A;(B2C3 _ B3C2) + Aə(B3C1 = BıC3) 


TABGA BO) (A.16) 
A, Ag A3 

=|B, Bo Bs}. (A.17) 
Ci Co Cz 


As is evident from the definition of the determinant, we have the 
equality, A - (B x C) =B-(C x A) =C. (A x B). This is equal to 
the volume of a hexahedron composed of three vectors A, B, C. 

A vector triple product is defined by 


which is an ith component, and summation with respect to k is 
understood. If A, B, C are ordinary vectors, then rearranging the 
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order, we have 
A x (Bx C) =(A-C)B- (A -B)C. (A.19) 


A particularly useful expression is obtained when we set 
A =C = v and B = V = (1, 2, 03) in (A.18), which is 


[v x (V xX v)]; = vpOjUR — VROKV; = a(z) —(v-V)u;, (A.20) 


2 


where v? = v? +v2+v3. Thus we obtain the following vector identity: 


eK v(5") S659). (A.21) 


From (A.18), we can derive an useful identity between the second- 
order tensor 6;; of (A.1) and the third-order tensor ¢;;, of (A.2). 
Applying the formula (A.12) two times, the left-hand side of (A.18) is 


igh Aj (EkimBiCm) = EnijEkimA;j BiCm, 


where the equality Eijk = €,i; is used. The right-hand side is writ- 
ten as 


djmdit Aj BiCm — 9515im Aj BiCm. 
Thus, equating the coefficients of A; B,C, we obtain the identity, 
EkijEklm = 9i5jm — Oimd51, (A.22) 


where summation with respect to k = 1,2,3 is understood on the 
left-hand side. 

When A is a differential operator V in Eq. (A.19), V acts on C 
as well as on B. Thus, Eq. (A.19) is replaced by 


V x(BxC) = (V-C)B+(C-V)B-(V-B)C—-(B-V)C. — (A.23) 
This is rewritten as 


curl(B x C) = (div C)B + (C - grad)B — (div B)C — (B- grad)C. 
(A.24) 
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A.5. Differential operators 


Identities: 
V x Vf =curl(grad f) = 0, (A.25) 
V- (V x v) = div(curl v) = 0, (A.26) 


V x (V x v) = V(V-v) — V?v = grad(div v) — V?v. (A.27) 


Nabla operator: 


V = (Or, 0y,0z) [cartesian coordinates (x, y, z)] (A.28) 
= (+. 3 1) [cylindrical coordinates (x, o, ġ)] (A.29) 


EE. 


= (+ 0" san) [spherical coordinates (r, 9, y)] 


(A.30) 
Laplacian operator: 
0? 0? OF 
= Fy) + Oy + J2 = V? 
[cartesian coordinates (z,y,z)] (A.31) 
OF 1ə/ ə 1 o? 
= sa tox (op) ETIP 


[cylindrical coordinates (z,o, ġ)]  (A.32) 


r? ðr Or r? sin 6 00 06 r2 sin? 6 Oy? 
[spherical coordinates (7,0,y)]  (A.33) 


A.6. Integration theorems 


(i) Line integral: 
X2 
i (grad f) -dl = f(x2) — f(x1), (A.34) 
X1 (7) 


where f(x) is a scalar function, and dl a line-element of a curve 7 
from x 1 to Xo. 
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(ii) Stokes’s theorem for a vector field B(x): 


f (0B) naa -$ B. dl, (A.35) 


C 


where A is an open surface bounded by a closed curve C of a line- 
element dl, and n is a unit normal to the surface element dA. 


(iii) Gauss’s theorem for a vector field A(x): 


f WAE f Avnds (A.36) 
V S 


where S is a closed surface bounding a volume V, and n is a unit 
outward normal to S. 


A.7. 6 function 


The delta function 6(a) is defined as follows. For an interval D of 
a variable x including x = 0, suppose that the following integral 
formula is valid always, 


I f(x) 6(«) dx = f(0), (A.37) 
for any continuous function f(a) of a real variable x, then the func- 


tion 6(x) is called the delta function, or Dirac’s delta function. 
The delta function is defined variously as follows: 








1 2/2 
6(x) = li =a" /a A.38 
ey ma” (A.38) 
a 
Sin = A. 
0 n(x? +a?) (239) 
1 x 
= lim — sech?— AA 
a0 2a a a ( 0) 
Si a (A.41) 
k= KE 
1 [9 g 
Sy iks Jk. A.42 
F e“7 dk ( ) 


—co 
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The delta functions in 2D-space and 3D-space are defined as 


2D : da(r) = 6(x) d(y), r= (x,y) (A.43) 
3D : ĝz(r) = 6(x) O(y) 0(z), r= (x,y,z). (A.44) 


The nth order derivative of the delta function 6) (x) is defined by 
the following integral relation: 


i f(a) 5 (de = (=1)" f(0). 
D 
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Appendix B 


Velocity potential, stream function 


B.1. Velocity potential 


If a vector field v(x) is irrotational at all points x = (x,y,z) of an 
open simply-connected domain D under consideration, v satisfies the 
equation, curlv = 0. Then there exists a scalar function ®(x) for 
x € D such that v(x) is represented as 


v = grad ® = VO = (®;, ®,, ®,). (B.1) 


In fact, if curly = 0, we have from Stokes’s theorem (A.35) of 
Appendix A, 


bv -dl=0. (B.2) 


Taking two points O and P on the oriented closed curve C (Fig. B.1), 
the curve C is divided into two parts C1 (O to P, say) and C — C1 (P 
to O). Reversing the orientation of C — Cı and writing its reversed 
curve as C2, the above equation becomes 


i va- f v-dl=0. 
Cı C2 


(The minus sign of the second term corresponds to interchanging both 
ends x; and xg in the line integral (A.34).) This can be written as 


J vas f v: dl := (0, P). (B.3) 


O (C1) O (C2) 
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C2 


Cı 
(0) 


Fig. B.1. Contour curves C1 and C2. 


The closed curve C can be chosen arbitrarily within the domain of 
irrotationality. Hence in the above expression, the integral path from 
O to P can be taken arbitrarily in D, and the integral is regarded 
as a function of the end points O and P only, which is defined by a 
function ®(O, P) in (B.3). If the point O is fixed as the coordinate 
origin, ® is a function of P only. Thus, writing P as x = (x,y,z), we 
obtain a function ®(x) defined by 


®(x) = [rv «dl. (B.4) 


O 


Taking its derivative, we have 
d®=v-dx=udr+vdy+wdz, 


where v = (u,v,w) and dx = (dz,dy,dz). On the other hand, we 
have d® = ©, dx + ©, dy + P- dz. Thus, we find that 


u= r, v=}, w=, (B.5) 


This is equivalent to the expression (B.1). 
The function ®(x) defined by (B.1) for velocity v is termed the 
velocity potential. 


B.2. Stream function (2D) 


Suppose that we have a two-dimensional flow of an incompressible 
fluid in the cartesian (x, y)-plane. Writing the velocity as v = (u, v), 
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the condition of incompressibility is given by 
div v = 0,u+ Oyv = 0. (B.6) 
A stream function U(z, y) is defined by 
u=V,=0,0, v=—V,=—0,V. (B.7) 


It is seen that the above continuity equation (B.6) is satisfied iden- 
tically by this definition of velocities. 

In the two-dimensional (x,y) space, the Gauss’s theorem for a 
vector field (Az, A,) is described by (instead of (A.36) for 3D) 


i GASo A tays $ (-Ayde+A,dy), B5 


where C is an anti-clockwise closed curve bounding a two- 
dimensional domain D. 

When (Az, Ay) is replaced by (u, v), the left-hand side vanishes 
owing to (B.6). Hence, we have 


i= $ (—vdzr + udy) = fwa w := (—v, u), (B.9) 


where a new vector field w is defined. 

Obviously, there is analogy between the above (B.9) and Eq. (B.2) 
in the previous section. By the same reasoning as before, it can be 
shown that there exists a function (x,y) defined by 


wou) = f was f (—vdz + udy). (B.10) 


Thus, we find that u = yY and v = —0,WV, which are equivalent 
to (B.7). 

The contours defined by P(x,y) = const. in the (x, y)-plane coin- 
cide with stream-lines, because we have 


dv = 0,V dz + OV dy = —v dz + udy = 0, 


which reduces to the equation of stream-lines: dz/u = dy/v. 
The function Y¥(x,y) defined by (B.10) or (B.7) is termed the 
stream function for two-dimensional flows. 
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B.3. Stokes’ stream function (axisymmetric) 


An axisymmetric flow without swirl is defined by the velocity, 
v(r, 9) = (vr, vo, 0), 


in the spherical polar coordinates (r,0,). Stokes’ stream function 
W(r,@) can be introduced for such axisymmetric flows of an incom- 
pressible fluid by 


1 ow = 1 ow 

or sind 00? 9 sind Or’ 

Using the formula (D.20) in Appendix D.2, it is readily seen that 
the above expressions satisfy the continuity equation divv = 0 





(B.11) 


identically. 
The contours defined by U(r,@) = const. in the (r,@) plane coin- 
cide with stream-lines, because we have 


0= dv =0,V dr + 09V dd =r sin 6 (—vgdr + vr rd0), 


which reduces to the equation of stream-lines: dr/v, = rd0/vg. 


Appendix C 


Ideal fluid and ideal gas 


It is a common approach in physics to try to simplify representation 
of material properties as much as possible. It is called modeling. For 
example, an ideal fluid means a fluid with vanishing diffusion coef- 
ficients of both viscosity and thermal conduction. This is useful to 
represent fluid motions in which transfer phenomena due to molecu- 
lar motion can be neglected. This enables separation of macroscopic 
motions from microscopic irreversible processes due to molecular 
thermal motion. In an ideal fluid, the motion is adiabatic and the 
stress tensor is isotropic, i.e. stress force being normal to any surface 
element. As a result, many useful expressions can be given concisely 
(Chapters 5-8). 

An ideal gas, or equivalently a perfect gas, is one which is governed 
by the equation of state (for a unit mass): 


R R 
pV =—T or Peer (C.1) 


m 


where R = 8.314 x 10” [erg/deg-mol] is the gas constant, and 
p, p, T, V are respectively the pressure, density, temperature and 
specific volume (V = 1/p) of the gas, and um is the molecular mass. 
In an ideal gas, the interaction force between molecules is so weak to 
be negligible. 

For a gram-molecule of an ideal gas, 


pV = RT. 
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The sound speed c in an ideal gas is given by 


E at (C.2) 
P Hm 
where y = C,/C, is the specific heat ratio, called the adiabatic index. 
Cp and C, are specific heats (i.e. per unit mass) with constant pres- 
sure and volume, respectively. For monoatomic gases, y = 5/3, and 
diatomic gases, y = 7/5 at ordinary temperatures. However, for a 
polytropic gas, y is a certain constant n (see the last paragraph). 
The gas constant is related to the difference of Cp and C, by the 
relation, 


= SAG aes (C3) 


Adiabatic transition from (po,po) to (p,p) is connected by the 


relation, 
y 
P= (4) : (C.4) 
Po Po 


The internal energy e and enthalpy h per unit mass of an ideal gas 
are given by 





pV e 
BS a C5 
vob ae) Pe 
1 pV e 
h=e+5p=0,T=7=—— = , C6 
po yt GD) ee 


The name polytropic is used after polytropic processes. This is a 
process in which the pressure varies in proportion to some power of 
density, i.e. p x p”. For a gas with constant specific heat, such a 
process may be either isothermal (p œ p), or adiabatic with p œ p7 
with y as the specific heat ratio. 


Appendix D 


Curvilinear reference frames: 
Differential operators 


D.1. Frenet—Serret formula for a space curve 


Let a space curve C be defined by x(s) in R? with s as the arc-length 
parameter. Then, the unit tangent vector is given by 


dx 1/2 
t = — t| = (t,t = 


Differentiating the equation (t, t) = 1 with respect to s, we have 
(t, (dt/ds)) = 0. Hence, dt/ds is orthogonal to t and also to curve C, 
and the vector dt/ds defines a unique direction (if dt/ds # 0) in 
a plane normal to C at x called the direction of principal normal, 
represented by 
2 
ot = SX = k(s)m(s), In| = (n,n)? =1, (Da) 
s ds 
where n is the vector of unit principal normal and k(s) is the curva- 
ture. Then, we can define the unit binormal vector b by the equation, 
b = t x n, which is normal to the osculating plane spanned by t and 
n. Thus, we have a local right-handed orthonormal frame (t, n, b) at 
each point x. 
Analogously to dt/ds L t, the vector dn/ds is orthogonal to n. 
Hence, it may be written as n’ = at — rb, where the prime denotes 
d/ds, and &,T € R. Differentiating b, we obtain 


db 


qy TtT +t xn = -rt x b= t(s) n(s), (D.2) 
s 
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where (D.1) is used, and 7 is the torsion of curve C at s. Since 
n = b x t, we have 


P Sbxt +b xt= kt- rb. (D.3) 
S 


where (D.1) and (D.2) are used. 
Collecting the three equations (D.1)-(D.3), we obtain a set of 
differential equations for (t(s),n(s), b(s)): 


d t 0 k 0 t 
alt= =k 0 -rT n |. (D.4) 
5 |b 0 7 O/ \b 


This is called the Frenet—Serret equations for a space curve. 


D.2. Cylindrical coordinates 


In the reference frame of cylindrical coordinates (r, 0, z) with z being 
the cylindrical axis, and (r, 0) the polar coordinate in the (x, y) plane 
(@ the azimuthal angle with respect to the x axis), we define three 
unit vectors er, eg, e, in each direction of coordinate axes. With 
respect to the cartesian reference frame (x, y, z), the unit vectors are 
represented as 


er = (cos 0, sin 8, 0), eg = (—sin@, cos0,0), e, = (0, 0, 1), 


(D.5) 
which are characterized by the orthonormality: 
e, -e9 = 0, eg-e, = 0, eg-e, = 0, (D6) 
le,| =1, |eo| =1, le.| =1. 
The velocity vector v and V operator are written as 
1 
v=e,u, +egug t+e.vz,, V = €r; + e9709 + e,0,. (D.7) 


Derivatives of the three unit vectors with respect to 6 are given by 
Oper = 9, Opeo = —€r, pez = 0. (D.8) 


The other derivatives with respect to r and z are all zero. 
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Using (D.7) and (D.6), div v is given by 
1 
V-v= (cca, + e0709 + e:ð:) - (e-Up + egvg + €zUz) 


1 1 
= pur + 7 Ur + : Opvg + Ozvz. (D.9) 


Note that 0,v, + (1/r)u, = (1/r)0,(rv;). 
Similarly, in view of V?f = div(Vf) for a scalar function f, we 
obtain 


1 1 

Vii = (ca, + e9709 + e-ð. ) 5 (6-2.1 E e9700 f + e:ð.f) 
(grigri D.10 
= (9, + =O, + 3% +O, } ff. (D.10) 
From this we can define the V? operator in the cylindrical system by 

1 1 1 1 
2_ 92 2 2 2 2 

V = Op + — On + =a OG + Oz = — On(vr) + = OG + Oz. (D.11) 


Applying the V? operator on a scalar function f gives immediately 
V?f of (D.10). However, applying the same V? operator on a vector 
field v must be considered carefully because the derivatives of ep, eọ 
are not zero. In fact, we obtain the following: 


2 
Vv =V? (erur + egvo + ezvz) =e, (ve, — z — Zono) 
r r 


te (vas as =, do > =) +e, (V2u;z), (D.12) 
The scalar product of v and V is defined by 
(one +u =ð Tub (D.13) 
Then the convection term (v - V)v is 
(v: V)v = (v - V): (e-ur + egvo + ezv) 


=e,| (v-V)vu- — a +e9((v-V)vg + Dri 
(0 =p) eo Vooo ereo) 
+e,(v-V)uz. (D.14) 
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Operating curl, we have 


Toy = 0, (2° 7 =) +e,(4 Ovz 2) 
r 

















Or r 00 r 00 Oz 
Ov, v; 
— D.1 
teal az OF i Oy) 


D.3. Spherical polar coordinates 


In the reference frame of spherical polar coordinates (r, 6, 6) with r 
being the radial coordinate, @ the polar angle and ¢ the azimuthal 
angle about the polar axis 6 = 0 (coinciding with the z axis), we 
define three unit vectors e+, eg, eg in each direction of coordinate 
axes. With respect to the cartesian reference frame (x,y,z), the unit 
vectors are represented as 


e, = (sin @ cos ¢, sin @ sin ¢, cos 0), 
eg = (cos @ cos ¢, cos @ sin ¢, — sin 9), (D.16) 
es = (—sin ¢, cos ¢, 0). 


These satisfy the orthonormality: e,-eg = 0, eg-eg = 0, eg-eg = 0, 
and |e,| = 1, |eọ| = 1, |eg| = 1. 
The velocity vector v and V operator are written as 


1 1 
V = €erUr + €gvo +EgUS; V= err +eg70% + eg 900: (D.17) 


Derivatives of the three unit vectors with respect to 6 and ¢ are 
given by 


Oger = eg, Opeg =—ey, Opeg = 0, (D.18) 
Oger =sinfeg, Opeg = cosh ep, Ogeg = —sinOe, — cos f ep. 
(D.19) 


The derivatives with respect to r are all zero. 
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Using (D.17), div v is given by 
V-iv= (c Op + eg— “iy + Sta ano +06) G (erur + egvg + €gv¢) 


1 1 
= —6.(r? a 
r2 PE Ue) rs 


; 1 
md Oo (sin 6 v6) + Pane Opvo- (D.20) 


Similarly, in view of V? f = div(Vf) for a scalar function f, we obtain 


Nae (<a, + ep- “ay + ep7 2») 





1 1 
x (cas + e0700 f + eog) 


13 


1 . 
=r p(r°3- f) + aag lelin o daf) + E aag oof (D.21) 


From this, we can define V? operator in the spherical polar system by 





a pO ie Sees) 
V= 3 Op (77 Oy) + z ad Og (sin 6 0g) + ato ð (D.22) 
1 
2 2 


Applying V? operator on a scalar function f gives immediately V? f 
of (D.22). However, applying the same V? operator on a vector field 
v must be considered carefully because the derivatives of e,, eg, eg 
are not zero. In fact, we obtain the following: 


Vv = V? (ertr + egve + evo) 
2v 2 2 
= Vu, — — = — 90, in 0) — o, 
“g ( wog sin 0 prose) r? sin 0 vs) 


Ee 
vg 2 cos 0 
= oT 
resin26 r2sin29 ° ? 


2 Ud 2 cos 0 
e| V? > 05 Up — = + = 500 J - 
$ of EET er gin2 rene o) 
(D.24) 








2 
+ e| Vvo + => OoUr — 
r 
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The scalar product of v and V is defined by 





eenia Lo pie (D.25) 


rsin 6 


Then the convection term (v - V)v is 


(v : V)v = (v ; V) ; (erur + egvo + egve) 
1 1 
=e, .V Bae yy 
e (o Ww -v0 La) 
1 is 
+eọ | (v - V)ug + urvo — =u cot 0 
r r 


1 1 
+eg (o -V)ug + —Urug + vovg cot o); (D.26) 
r r 


Operating curl, we have 





1 ; 
d (3s (ve sin 0) — pvo) 


+ eg (5a Up — ax(rv)) 


VxXv=e, 


r\sin@ 





1 
TF e z (0, (rv) = pvr) à (D.27) 
Rate-of-strain tensors are 


1 Ur 
err = OrUr egg = 068 F Set 





= ——dgug + % + +09 cot 6 oe 
“66 pein 0 Po pT pe 
r v 1 r v 
era =F a (2) + =—O6vr, €or = > 06 r + Ta (2), 
2 r 2r 2r sin 0 2 r (D.29) 
eye sd fit 
? 2r sin Ising E A 


Appendix E 


First three structure functions 


According to Secs. 10.4.4 and 10.4.5, in the frame of the principal 
axes (81, 82,83) of the rate of strain tensor e;; with the principal 
values 01, 02, 03, the longitudinal velocity difference is given by 


Avi(s) = (0151, 0282, 7353) - (81, $2, 53)/s8 
= stos? + T252 -+ 0383) 


= s(010” + 028" +037”), 
where 
s/s = (a, 3, y) = (sin@cos @, sin Asin ¢, cos ¢), 


with 0 as the polar angle and ¢ the azimuthal angle to denote a point 
on a unit sphere. The average (-)sp) is replaced with the integral 


zf dQ, where dQ = sin 0 dôdọ. 
Therefore, we have 
Fy(s) = ((Au18))")ap = 2 | (ore? + 098 + os?) 0. 
In particular, 
(a) op = (8) sp = Gor = 5, 
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Using the above expressions, we immediately find 
1 
F(s) = 8(01 (a7) sp Ae 7287) on te o3(77) sp) = z0 +02 + 03)8. 


In the present case of incompressible flow, we have o; + og + 03 = 0. 
For the second-order structure function F2(s), we note that 


(a*) sp = (Bo 5 = l Ysp = = 
(a? 8?) sp = Cae = (77a) sp = = 


Using these together with (01 + 02 + 03)? = 0, we obtain 


Fy(s) = Ta + o2 + o3) s. 


For the third-order structure function F3(s), we note first that 
(0, too + g3)’ =0, or02 + o10%8 = 0102(0) + 02) = —010203. 
From these and similar relations, we obtain 
o? +03 + as = 3010203. 
Note that 
(0°) sp = (8°) sp = aps (a7 B*) sp = Caur a 
Using these relations, we obtain 


F: 
=z = 710203 [3(0°) sp — 9078") sp + 6(078°7") sp] 


By the calculation, we have (a®),, = 1/7, (a?6*)., = 1/35 and 
(a? 3°47)». = 1/105. Substituting these, we finally obtain 


= eee 


Appendix F 


Lagrangians 


F.1. Galilei invariance and Lorentz invariance 


F.1.1. Lorentz transformation 


Lorentz transformation is a transformation of space-time from one 
frame F to another F’ moving with a relative space-velocity U. 
When the relative velocity U = |U| is toward the z-direction, the 
transformation law is expressed as follows (where 3 = U/c, and c is 
the light speed): 


y= 1 i Ux 
Ioa 


1 
eA y =y, 7? =z. 


(F.1) 


T 


In the Lorentz transformation with the variables (x) = (ct,x),! 
the length |ds| of a line-element ds = (cdt, dx) is a scalar, namely 
a Lorentz-invariant. With the Minkowski metric g,, = diag(—1,1, 
1,1),? its square is given by 


ds|? = gy, da"da’” 
H 
= —@dt? + (dx, dx) = -2 (dt)? + (dx',dx’)},  (F.2) 


ie. invariant under the transformation between (t,x) and (t’,x’). 


Spatial components are denoted by bold letters: x = (a, y, z). 
?The metric gu is defined by ds? = gy, dx"da”. 
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Scalar product of a 4-momentum P = (E/c, p) of a particle of 
mass m with the line-element ds is also an invariant (by the definition 
of scalar), 


E 
(P, ds) = —— edt + p-dx = (p- x - E)dt (= Adt) 
= m(v* — c*) dt = —moc? dr, (F.3) 


where mo is the rest mass, v and p = mv are 3-velocity and 
3-momentum of the particle respectively [Fr97; LL75], and 


mo wy 
E VT 


dx = vdt, dr = (1-— 6°)? dt (proper time). 


E=me, m= 


The expression on the left-most side (P, ds) of (F.3) is a scalar prod- 
uct so that it is invariant with respect to the Lorentz transformation, 
while the factor dr on the right-most side is the proper time so that 
it is invariant. Hence all the five expressions of (F.3) are equivalent 
and invariant with respect to the Lorentz transformation. 


F.1.2. Lorentz-invariant Galilean Lagrangian 


The factor A = p -x — E in the middle of (F.3) is what is called the 
Lagrangian in Mechanics. Hence it is found that either of the five 
expressions of (F.3), denoted as Adt, might be taken as the integrand 
of the action I. 

Next, we consider a Lorentz-invariant Lagrangian AO) in the limit 
as u/c — 0, and seek its appropriate counterpart Ag in the Galilean 
system. In this limit, the mass m and energy mc? are approximated 
by mo and mo(c?+ su" +e) respectively in a macroscopic fluid system 
({LL87], Sec. 133), where e is the internal energy per unit fluid mass. 
The first expression of the second line of (F.3) is, then asymptotically, 


1 1 
mu? -me > mov? —mo (2 + 5 + e) = (pdx) (50 —eE- e) : 
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where mpg is replaced by p(x) d°x. Thus, the Lagrangian A®) would 


be defined by 
AO at = a aes) (5 (oC), oa) = 2) dt. CA 


The third —c?dt term is necessary so as to satisfy the Lorentz- 
invariance ([LL75], Sec. 87). The reason is as follows. Obviously, the 
term (v(x),v(x)) is not invariant with the Galilei transformation, 
v œ> v' = v — U. Using the relations dx = vdt and dx’ = v/dt = 
(v — U)dt’, the invariance (F.2) leads to 


edt = edt + (-.0) + su?) (14 O((v/c)?))adt (F5) 


The second term on the right makes the Lagrangian Ao dt Lorentz- 
invariant exactly in the O((v/c)°) terms in the limit as v/c — 0. 

When we consider a fluid flow as a Galilean system, the following 
prescription is applied. Suppose that the flow is investigated in a 
finite domain M in space. Then the c?dt term gives a constant c?Mdt 
to AO dt, where M = fy dz p(x) is the total mass in the domain 
M. In carrying out variation of the action I, the total mass M is 
fixed at a constant. 

Now, keeping this in mind implicitly, we define the Lagrangian 
Aq of a fluid motion in the Galileian system by 


ah | aa (F0. aco e) dt. (F6) 
M 

Only when we need to consider its Galilei invariance, we use the 
Lagrangian Ao) of (F.4). In the variational formulation in the main 
text (Sec. 12.6), local conservation of mass is derived from the action 
principle. As a consequence, the mass is conserved globally. Thus, the 
use of Ag will not cause serious problem except in the case requiring 
its Galilei invariance.’ 


3Second term of (F.5) is written in the form of total time derivative since 
(v, U)— 4U? = (d/dt)((x(t), U) — 4U°t). Therefore it is understood in Newtonian 
mechanics that this term does not play any role in the variational formulation. 
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F.2. Rotation symmetry 


We consider here the significance of the Lagrangian L4 associated 
with the rotation symmetry and its outcome derived from the varia- 
tional principle. To that end, the differential calculus is helpful (see 
[Ka04] for exterior differentials and products). 


(a) Representations with exterior algebra 
To begin with, the flow field of velocity v = (vf) is represented by a 
tangent vector X: 


X = X#A, = 0, + v'd) + v7. + v3 = O + v* Op, (F.7) 


where the greek letter js denotes 0,1,2,3. The time component (X°) 
is set to be unity: X° = 1 and X* = v* (a roman letter k denotes 
1,2,3). This is also equivalent with the differential operator D; of 
covariant derivative. 

Next, we define a velocity 1-form (one-form) V! and potential 
1-form A! by 


V! = v, dz" = vı dx! + v dz? + v3 dz’, 
A! = Ap dz" = A; dx! + As d£? + Az dz’, (F.8) 
and vorticity 2-form 2? by 
Q? = dV! = w dz? A dr? + wa dz? A dz! + ws dxt Adz?, (F.9) 


where w = (w1, w2,w3) = V x v. In the flat space, both components 
are equal, v? = vą and A¥ = Ag. Significance of the vector potential 
A = (A!, A?, A?) will be made clear below. 

If f is a scalar function (also called a 0-form), we shall define the 
Lie derivative of f with respect to X by 


Lxf = X" ô f = Dif. 
The Lie derivative of a 1-form A! is defined by 


LxA! := (X"3 Ai + ApO:X*) da? = U; da", (F.10) 
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where the js = 0 term drops in the second term of W* since X° = 1. 
Given a vector field Y, the value of Ly A'[Y] measures the derivative 
of the value of A! (as one moves along the orbit of X, i.e. the particle 
path) evaluated on a vector field Y frozen to the flow generated by X. 

Let us take an exterior product of LxA! and Q2, which gives 
a volume form dV? = dz! A dx? A dx? with a coefficient of scalar 
product (P, w) where W = (W’): 


(LxA!) AQ? = (F, w) dV? = (Lyx At, w) dV? = Lyx A! w]dV?. 


(b) Lagrangian L4 and its variation with respect to A 
Lagrangian La associated with the rotation symmetry is proposed 


as 
La = -f LxA! [w]d?x = -f (W,w)d?x = -f (V x W,v)d3x, 
M M M 
(F.12) 
Comparing this with (12.69), we find that 


pb=VxW=Vx (LxA’). (F.13) 
Using the definition (F.7) for X, the expression of W is given by 


W=LyYA=0,A+0°R A+ ApVo" 
= 0,A + v0"d,A — vEV Ay + V(Agv*) 
=0,A+(V x A) xv + V(Apv*) 


Therefore, defining B by V x A, we have 
pb = V x YW =(0,B+ V x (B x v)]. 
Variation 6L.4 of L4 with respect to the variation ôv is given by 
La = -f [(V x P, ôv) + (6W, w)]d3x 
M 
= -f ((V x ¥ +w x B), ôv)dĉ?x. 
M 


This leads to the following expression of w defined by (12.82) 
pw=VxU+wxB=LlLxyB+w xB, (F.14) 


342 Lagrangians 


where £xB =0,B+V x (B x v). For flows of a homentropic fluid, 
the velocity is given by (12.89): v = Vo + w. Therefore, the helicity 


is 
H= | wvdx= | wwax= [ p(w: £yB)a°x 
V V V 


Thus it is found that the term £xB generates the helicity. 
Density of the Lagrangian L, is defined by Ay := —(W,w): 


Ag := —(W,w) = —w 0A; — wut Op Ai — w AO 
Rearranging the first two terms, we obtain 
AA = (dru + Oy, (v* w") — w Ov") Aj — alwi Ai) — Oy (wtv* Aj) 
Next, we consider the action [4 = I dt f u AA d°x and its variation 
with respect to the variation ôA. Applying the same boundary con- 


ditions (12.107) and (12.108) to 6A; (used for the variations of &), 
we obtain 


a= f a f [ðw + On (v¥w") — w*O,v"] 6A;d3a. 
ty M 
Invariance of I, for arbitrary variations 6A; implies 
Opus + v*O,w* + w'Opv® — w*A,v* = 0. 


Thus, we have found the equation for the gauge field w. In vector 
notation, this is written as 


dw + (v: V)w +w(V - v) — (w: V)v=0. (F.15) 
This is nothing but the vorticity equation, which is also written as 


Ow + curl(w x v) =0. (F.16) 


Solutions 


Problem 1 


II: 


1.2: 


This is not the particle path, since the pattern is a snap-shot. It is not 
the stream-line either because there is no physical reason (no physical 
constraint) that the fluid is moving in the tangent direction of the 
line. The ink-particles composing the lines are not the family that 
passed at a fixed point at successive times. Therefore the pattern is 
not the streak-line. 

The pattern is interpreted as a diffeomorphism mapping from the 

compact domain occupied by the initial ink distribution on the surface 
onto the present domain of streaky pattern which is formed by the 
straining surface deformation (stretching in one direction and com- 
pression in the perpendicular direction) and folding of the elongated 
domain. Thus initial drop-like domain is mapped in diffeomorphic 
way to a streaky domain by the motion of the water surface with 
eddies. 
Consider a fluid particle located at x at a time t, and denote its 
subsequent position at a time t+ôt by T(x) which is given by x+vôt+ 
O(ôt?). Suppose that the line element ôx between two neighboring 
points at x and x + 6x is represented by 6X at a subsequent time 
t+ dt, where 6x = (dx, dy,5z)? with 7 denoting the transpose. The 
new line element 6X = (6X, d5Y,6Z)* will be given by 


OX = T(x + 6x) — T(x) 
= (x + 6x — x) + (v(x + 6x) — v(x))dt + O(6t?) 
= ôx + (= bap + o(\5x!*) ôt + O(t?) 
:= A ôx + O(|dx|?5t) + O(6t?) 


343 


344 


1.3: 


Solutions 


where 


1 + ôru ôt Oyu ot Ozu ot Ox 
Adéx = Orv Ot 1+ Oyv dt ðv ôt oy 
Ox,w ot yw ôt 1 + ôw ôt ôz 


Denoting the volume of the parallelpiped constructed with (da, dy, 6z) 
by Vo, and the volume constructed with (6X, dY,6Z) by Vi, the ratio 
Vi/Vo is given by 





A ]=14 


Varo Ox; 





where |-| denotes the determinant and 
| A] = 1+ div v dt + O(6t7), 
where div v := ru + yv + zw. Thus, we obtain 


1 dV i 1 Vi- Vvo 
—— = lim — 
V dt ôt—=0 Vo ôt 


= div v. 





Setting Q = x, y, and z in (1.14), we obtain Dz/Dt = u, Dy/Dt = v, 
and Dz/Dt = w, where the particle position coordinates x, y and z 
are regarded as field variables (rather than independent variables). If 
we set Q = u, we obtain Du/Dt = 0:u+ (v- V)u. Similarly, we obtain 
the expressions for Dv/Dt and Dw/Dt. 


Problem 2 


2.1: 


2.2: 


We obtain u’(0) = du/dy|y2o = 4U/d and u'(d) = —4U/d. The 
viscous friction exerted by the fluid on the wall at y = O and d 
(per unit length along the channel) is given by of = oe) ny = 
ny pdu/dy|y=o + Ny u du/dy|y=a, where ny(0) = 1 and n,(d) = —1 
by the definition (2.18). Thus, we obtain F = 2 x 4uU/d = 8uU/d 
(per unit depth to the third direction, z). The factor 2 means two 
contributions from the upper and lower walls. 

The governing equation is d°T/dz? = 0 from (2.6). Its general solu- 
tion is given by T(z) = a+bz (a, b: constants). From the boundary val- 
ues T(0) = T; and T(d) = To, we obtain a = T; and b = (To — Tı )/d. 


2.3: 


2.4: 


Problem 2 345 


Writing the integrand of (2.26) (except the function uo(£) of a param- 
eter £) as 


1 x2 
x,t) = ——— e (aN X=2-6, 
f(a, t) Sao É 


we have 0, f = —(X/(2At)) f, and 


K2 
4At? 


1 X2 
Of=— t a 


2 1 

fy \Bf=-yf+oah 
Thus, f(x,t) satisfies Eq. (2.24), therefore u(x,t) does so, as far as 
the integration with respect to € converges. As t tends to +0 (from 
positive side), f(x,t) tends to the delta function 5(X) (see (A.38) 
of Appendix A). Hence, u(x,t) > fees uo(€) O(a — €)dE = uo(zx), 
satisfying the initial condition. 
Taking the coordinate origin at the center of the cube of side a, we 
consider the equation of the angular momentum of the cube. Denoting 
the moment of inertia of the cube around the z axis by I,, and the 
angular velocity around it by Q, which is assumed uniform over the 
cube, the z component angular momentum is given by M, = I,Q., 
where I, = f(x? + y*)pdxdydz. The dynamical equation is given 
by (d/dt)(I, Q.) = Nz, where N, is the moment of the stress force 
over the faces from the outside fluid. To the first approximation, 
the total surface forces exerted on the faces perpendicular to the 
x axis are FP = (frays Oaa for the face of positive x, and 
geo) = — (Ozz, Oyz, Oz2) 0? for the face of negative x. Hence, the z 
component of the moment of the stress forces is given by NE = 
ba E), = ha (I), = tyne 

Similarly, the surface forces exerted on the faces perpendicular 
to the y axis are (Orvy, Oyy, Ozy)a° for the face of positive y, and 
— (Oxy, yy, zy) a” for the face of negative y. Hence, the z compo- 
nent of the moment of the stress forces is given by Nw = 
—Oyy,a°. Therefore, the total z component moment is given by 
NS” = (oye — Ory) a3. Since a is assumed to be infinitesimal, we have 
I, = O(a), while Q is independent of a. The equation (d/dt)I, Q = 
N, divided by a? reduces to oy — Ory = 0 in the limit as a — 0. Thus, 
we obtain the symmetry Ory = yz. Similarly, we obtain oy, = Gzy 
and Czy = Ozz. 
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2.5: Using (2.27), we obtain 


a = (004; 6x + bdiKnd jl + C6i19 jk Okt = = aði; D + beij + Ceji. 


where D = -n The symmetry o®) = ae leads to b = c. Writing 


a 


b = u, a = ¢—(2/3)y, and ei; = Di; + (1/3) Dd,; of (2.15), we obtain 


the Se (2.14). 


Problem 3 


3.1 : From (3.7), (3.21) and (3.37) with f; = 0, we obtain 
Mass conservation equation: p; + (pu)* = 0. 
Momentum conservation equation: (pu); + (pu7)2 + pe = 0. 
Energy conservation equation: [p(5u? + e)]¢ + [ou(Su? + h)Je = 


Problem 4 
4.1: (i) Using the formula of V? of (D.11), we obtain 
1 1 
Vu = (02 + OF + O2)u = Out — Or (rOp Ju + 5, 
with 0? replaced by 0?. Setting 0?u = 0, we have 
Out u = Ls o : OG 
ju +t ozu = E (rd, yu + 72 aU. 


Thus, Eq. (4.39) reduces to (4.77). 
(ii) The x velocity u(r) is governed by Eq. (4.77) with 02u = 0: 


(ray =—(P/wr, u’ = du/dr. 


Solving this ordinary differential equation, we obtain u 
—(P/4u)r? + const. Applying the boundary condition u(a) = 
this results in (4.78). 
(iii) The total rate of flow Q per unit time is given by 


rat P 





gs unp(r)2ar dr = | Z (a? -r 2) Qardr = 
0 0 4u 


4.2: Substituting u = f(y) e* into (4.44), we obtain fyy — ilw/v)f = 





8u ` 


0, 


0. 


Hence, f(y) = C exp[£(1 + i)yw/2vy]. The decaying condition at 


4.3: 


4.4 
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infinity requires the lower negative sign, and the boundary condition 
at y = 0 requires C = U. Thus we obtain 


uly, t) = nve a +o E v) ae 


Its real part yields the solution (4.79). The representative thickness 
ô of the oscillating boundary layer will be given by the y-value cor- 
responding to the place where the amplitude decays to 1/e of the 
boundary value. Thus, 6 = \/2v/w. 

The solution is given by u(r) = ar + b/r. This must satisfy v(r1) = 
rıQı and v(r2) = r2Q2. Solving for a and b, we obtain 


2 2 2,2 
B r6Qe — 77 Qi i rirs 

= 2 2? b= (Qi — Q2) 2 2 
Ts —7 -r 

2 1 2 1 


: (i) The continuity equation (4.33) leads to v = -f 0,u dy. From 


this, we have v = O(U(6/I)) according to the estimates below 
(4.33). Then all the terms of (4.29), wuz, vuy, (1/p) pe, VUex and 
VUyy (neglecting uz; because of the steady problem) are estimated 
respectively by the order of magnitudes as follows: 

U? U? Ap UŪU?I1 U? LI 

TOT I RE 
where Re = Ul/v and Ap is the order of the pressure difference 
in the distance |. If Ap = O(pU?) and (1/65)? ~ Re, then all the 
terms are of the order U? /l except the term vu, which is of the 
order (U/l) R>+. If Re > 1, this term may be neglected and we 
obtain (4.32). 

Regarding Eq. (4.30), all the terms of uvg, vuy, (1/p) py, VUzx 

and vvyy, are estimated respectively as follows: 


U25 U2 Ap U261 U25612 

Ge LL på’ l l Re l l Re ð? 
All are of the order (U?/l) (8/1) or smaller under the above 
assumptions of Ap = O(pU?) and (1/8)? ~ Re, except the pres- 
sure term Ap/(pd) = (U?/6) >> (U/l) (6/1). Thus, all the other 


terms are smaller than the term (1/p)p, by R>!, and we obtain 
(4.80) from (4.30). 
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(ii) 


4.5: (i 


we 


Solutions 


By the definition (B.7) of stream function of Appendix B.2, we 
have 


w= b= Uf (n), v= —dev = 5 LU /a)* of — f), 


where f’ = df/dy. The boundary condition (4.28) requires f 
f’ = 0 at 7 = 0, while the condition (4.27) requires f’ — 
(f > n) as n > o. 

Furthermore, ue = —$U(n/x)f", uy = U(n/y) f” and uyy 
U(ņn/y)? f". Substituting these into Eq. (4.32) with ps = 0, we 
obtain (4.82). 


II 


= 


II 


By the definition (B.7) of stream function, we have 
u = ôy = Aa 5 f'(6), 
v = dnp = 5 An? (2¢7' — f), 
ty = ACY", ue = — a Aa SF 4 2¢ 7"), 
uyy = A5 f", 


where f’ = df/d¢. The boundary condition (4.84) requires f = 
f” =0 at = 0. As Ç — +o, both of u and v must tend to 0. 
Therefore, 





fi=O(0") 40, f=O(C%) +0, (@>0). 


Substituting the above derivatives into Eq. (4.32) with p, = 0, 
one can derive the equation, 


1 1 1 n m 
—3A(f)? — gAff" =f". 


If we set A = 3v, we obtain (4.86). 
The first and second terms of (4.32) can be rewritten as 


UU, = (Su )e, and 


1 
Vuy = (vu)y — vyu = (vu)y + uzu = (vu)y + (5x?) 


The equality v, = —u, was used from (4.33). Therefore, Eq. (4.32) 
can be written as 


(u?)a = (Vuy — wv)y. 


4.6: 


Na 


(iii 
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Integrating both sides with respect to y from —oo to oo, we obtain 


d Co 


a fe wdy = [uy = wE = 0, 





because f(¢), f’(¢) + 0. as ¢ + too. Thus, f°) u?dy is invariant 
with respect to x. This integral multiplied with p denotes a physi- 
cally significant quantity, i.e. the total momentum flux M across a 
fixed x position. Invariance of M means that there is no external 
momentum source in the x direction under uniform p. 

Equation (4.86) is written as f’” + (ff’)’ = 0. This can be inte- 
grated once, yielding f” + ff’ = 0 by using the boundary condi- 
tions f = f” = 0 at ¢ = 0. This can be integrated once more, 
yielding 


f+ F = 5 c= f (oo) = const. (> 0). 


Solving this using c = 2b, we obtain 


M \3 


u(w,y) = 3v2~3 f’(¢) = av~3 sech? (bd), 


1 
3M? \ 3 

= 6vb? = | —— 
a= 6v (=) š 


M= ef u? (x, y)dy = pa? x7?’ / sech*(b¢) dy 
2 oo 4 2 
=2% T sech Z dZ = Ż PZ = 48 py? b?. 
b Jo 3 b 
The jet profile u(¢) = sech?¢ is called the Bickley jet. The 
last expression defines the relation between M and b, where 
the following integration formula is used: J sech* Z dZ 
Jg° sech?Z sech?ZdZ = fo(1—7?)dT = 2, with T = tanh Z 
and dT = sech? Z dZ. 


Introducing a variable 7 defined by «/U, Eq. (4.88) takes the form 
of a diffusion equation with a “time” variable T: Oru = Vuyy. 


350 


(ii) 


Solutions 


In unbounded space of y, the solution satisfying the boundary 
condition (4.89) is well-known and given by 





U Uy? 
uen) = Qy oo ew(-T), (A) 


where Q is a constant whose meaning will become clear just below. 
Carrying out the integral of u(x, y) with respect to y, we obtain 


cre 


—co 


U ve Uy? 
-ayaz | -w= 
4nrvt J æ 4vx 


where the integration formula f% _exp(—n°)dn = y7 is used. 
Thus, it is found that the mass flux defect at a fixed x position is 
a constant Q independent of x. 

We shall use the momentum equation in the integral form (3.23) 
where Pik = pviuk + põik. For the control surface Ao, we choose 





a large rectangular box with sides parallel and perpendicular to 
the undisturbed uniform stream, including the body inside. The 
sides S of Ag parallel to the stream are located far enough from 
the body to lie entirely outside the wake. The fluid within Ag is 
acted on by forces on the surrounding surface Ag, and by forces 
at the body surface whose resultant should be —D (sink) in the 
x direction. 
Under the steady flow assumption, the drag D is given by 


D= f (pı + puî — p2 — puż)dF — ef UUndS, (B) 
F S 


where u1, pı and u2, p2 are the x-velocity and the pressure at 
the upstream and downstream faces F’, respectively. The second 
integral term is the z-momentum flux out of the side surface S' (so 
that Ao = F + S), where the pressure effect cancels out on both 
sides. All the viscous stresses on Ap are assumed to be small, and 
so neglected. 


4.7: 
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The mass flux across Ag must be exactly zero, which is given by 


fœ — mar + | UndS = 0. (C) 
F S 

We may put u = U in the second term of (B). With the aid of 
(C), we have 


D= l Cees ae. 0) 
F 


At the far downstream face, the difference from the far upstream 
lies in the existence of the wake, regarded as an “in-flow” towards 
the body. The volume flux of this “in-flow” is equal to Q calcu- 
lated in (i). This in-flow in the wake must be compensated by an 
equal volume flux away from the body outside the wake where 
the flow is practically irrotational. Thus, the presence of the wake 
is associated with a source-like flow (Fig. 4.12), with its strength 
being Q. At large distance r from the body, the source-flow veloc- 
ity v falls off as r~+ in two-dimensions (see (5.63) of Sec. 5.8.1). 
In this same region, the Bernouli’s theorem (5.12) of Sec. 5.1 is 
applicable so that we have p; — pz = —$p((v1)? — (v2)°). 

Thus, far from the body, the flow is a superposition of a uniform 
stream and the source-like flow outside the wake, and within the 
wake, we have the velocity (A) obtained in (i). In this situation, 
most terms in the expression (D) cancel, and the only remaining 
contribution is obtained from the wake, given by D = pU [(U — 
u2)dF = pUQ, where U — Uz = U(az,y). Thus the drag D is 
interpreted as the momentum flux associated with dragging of 
the volume flux Q. 


The force F; exerted by a sphere S, is given by the integral (4.70) 
together with stress tensor 04; = —pdjj+2uei;, where F; = D; ifn, = 
—l. The rate-of-strain tensors e;; in the spherical polar coordinates 
are defined by (D.28) and (D.29) in Appendix D.3. Using (4.63) and 
setting r = a, we obtain the rate-of-strain tensors in the frame (r, 6, d) 
as follows: 


2 1 
Crr = = cos, e€99 = €g6 = z cos 0, 


Erg = Cog = Cpr = 0. 
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4.8: 


Solutions 


The pressure is given by (4.65) as ps = (2u /a?)cos 0. Hence, the stress 
tensors are 


6 
a sa cos, g9 = Ogo = Q, 
Oro = O9 = Oor =Q. 


Thus, we obtain nonzero force (on the fluid external to S+) along the 
polar axis z: 


F, = -f Orr cos 0 dS = J ÊE oog? 8 2ra? sin 8 d0 = 8r u. 
r=a a 


An irrotational incompressible flow (w = 0 and div v = 0) with p = 
const. constitutes a solution of the Stokes equation (4.60) with F = 0 
(see Sec. 4.8.1). In fact, the force F; on a closed surface S' is given by 


F; -¢ oiynjdS = f (—põij + 2ueij)njaS 
S S 


= J (—O;p + wV?0,)dV = f (-Vp— pV x w),dV = 0, 
v v 


where 7, j denote the cartesian x,y,z components. Transformation 
from the surface integral on S to the volume integral in the space V 
out of S was carried out to obtain the second line. This is assured by 
the assumption that there is no singularity out of S. In addition, the 
following equalities 0; (2e;;) = 0;(0;v; + 0j;v;) = V?vi = —(V x w)i = 
0 are used. 


Problem 5 


5.1: 


5.2: 


dF = 0,F dz + 0,F dy = (®; +iV,)dz + (®y +1V,)dy 
= (u — iv)dz + (v + iu)dy = (u — iv) (da + idy) 
= (u — iv)dz 


If dy = 0, then dz = dz. If dx = 0, then dz = idy. 
The equation of stream-lines dx/u = dy/v is given by dx/Ax = 
dy/(—Ay), which reduces to ydx + «dy = d(xy) = 0. Therefore, the 
stream-lines are given by xy = const., i.e. UV = xy. 

Regarding y = 0 as a wall and considering the upper half space 
(y > 0), the flow impinges on the wall y = 0 from above. 


5.3: 


5.4: 


5.5: 
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The normals to each family of curves ®(x, y) = const. and U(x, y) = 
const. are given by grad ® = (®,,®,) and grad Y = (Yz, Y4). Their 
scalar product is 


grad ® - grad VW = 6, VU, + 6,0, = 0, 


owing to (5.52). This verifies the orthogonal intersection of the two 
families of curves. 

Because F(z) is differentiable (since F(z) is an analytic function), 
dZ = F"(z)dz, and we have 


Zi — Zo = |F’ (zo) |e"? (21 T zo), Zə = Zo = |F" (zo)let? (z2 — zo), 


where F’(z) = |F’(zo)\e’®. The two infinitesimal segments 
zı — Zo and z2 — zo are rotated by the same angle ¢. Hence, the 
intersection angle between Z1 — Zo and Zə — Zo is unchanged. This 
is represented by the following relation: 


ie | aal a eal 
8 Zı— Zo 8 Z1 — Z0 i 


Substituting ¢ = cet? into (5.88), we have 





a? a? 
catiy= (04S )oose+i(a- 5 sing, (A) 
o o 


(i) Setting o = a, we obtain x = 2a cos@, and y = 0. For ¢ € [0, 27], 
we have x € [—2a, 2a]. 

The exterior of the circle ø = a is expressed by o > a and 
@ € [0,27], which corresponds to the whole z-plane with the cut 
L. According to (A), counter-clockwise rotation around ¢ = 0 
corresponds to the same counter-clockwise rotation around L. 

The interior of the circle ø = a corresponds to the whole z 
plane with the cut L, again. But this time, the counter-clockwise 
rotation around ¢ = 0 corresponds to the clockwise rotation 
around L, according to (A). 

(ii) As ¢ > 00, Fy, — Ue~'%¢. Hence, the flow tends to an inclined 
uniform flow with an angle a counter-clockwise with the real axis 
of the ¢-plane. The second term, which was neglected at infinity, 
is a dipole Ua?e'“/¢ with its axis inclined by an angle 7+ with 
the positive real axis of £. Substituting Ç = øget? into (5.89), we 
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5.6: 


5.7: 


Solutions 


obtain 
a2 i aN. 
Fa = G + = cost —a)+ i(a = Tsin =a). 


This means that the circle 0 = a is a stream-line. Thus, Fo 
represents a uniform flow around a circle of radius a, and the 
flow is inclined at an angle a with respect to the positive real 
axis of Ç. 

(ii) By the transformation (5.88), the circle ø = a collapses to the 
double segments of L representing a flat plate of length 4a. As 
C — œ, z X C. Therefore, the flow at infinity of the z-plane is 
also an inclined uniform flow with an angle a counter-clockwise 
with the real axis of z. 

(iv) If a = 7/2, the potential Fa(Ç) reduces to the potential F (¢) 
of (5.90). Hence, F'.(¢) represents a vertical uniform flow from 
below (upward) in the ¢-plane. Since z ~ Ç as Ç — ov, the 
flow in the z-plane is the same vertical uniform flow from below 
impinging on the horizontal flat plate perpendicularly. Because 
Z = —iz = ze~‘"/?, the Z-plane is obtained by rotating the 
z-plane by 90° clockwise. Thus, Ff’, represents a flow impinging 
on a vertical flat plate at right angles from left in the Z-plane. 





Ifn A -1, 

f 2"dz= : [2"* "1c =0 
The cases of n = —2, —3,... (negative integers 4 —1) are multipoles. 
If n = —1 (simple pole), using z = re’, 


1 
f — dz = |log zļce = [logr + ifļc = 2ri. 
ce 


Note that the unit normal to C is written as n = (nz, ny)dl = 
(dy, —dx), according to the footnote to Sec. 5.7. We can write 


—iY = fi —pn,)dl — ig (—pny)dl = -$ p(dy + ida). 
c 


Note that dy + idx = i(dx — idy) = idz. Furthermore, the quan- 
tity (dF'/dz)dzZ is real, because the fluid velocity must be tangen- 
tial, ic. along the body contour C with dz = dse’?, arg[dF/dz] 
should be —¢ (parallel), or 7 — ¢ (anti-parallel). Therefore, we have 
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(dF'/dz)dz = (dF/dz)dz. Thus, using (5.57), we obtain (5.92), since 
$o Po dZ = po fo dz = 0 (the residue is zero, see Problem 5.6). 





5.8 : (i) The first term U(z + a?/z) describes the uniform flow around a 
cylinder of radius a, while the second term —(y/2ri)log z repre- 
sents a clockwise vortex at z = 0 (y > 0). There is no singularity 
except at z = 0. The stream function is given by 


Y = S[F,(z)] = (r — (a? /r))sin 6 + (7/27) logr, 


for z = re’® (see (5.70)). Obviously, for r = a, V = (7/27) log a = 
const. Thus, the circle r = a is a stream-line and regarded as a 
cylinderical surface. The complex velocity is 


a2 


wa) = $3 =0(1- 5) ee (B) 


which tends to the uniform flow (U,0) as z — oo. 

Thus, the complex potential F,(z) represents a uniform flow 
(of velocity U) around a circular cylinder of radius a (Fig. 5.13). 
Integrating w(z) along the counter-clockwise closed contour C, we 
obtain 





1 
f w(z)dz = =- Żdz = -L 2ri = —7. 
c 2mri Joz 277 


Thus, the velocity circulation [(C) around the cylinder is —y 
(i.e. clockwise), according to (5.59) and (5.91). 
(ii) Using (B) of (i), we obtain 


die ly dF\? 
x-iv = zio f (E) dz 
1 U 
T) (= 4 Jas 
2 c Tiz 


1 U 
= ——ipo Tari = —ipoU y 
2 Ti 


(see Problem 5.6). Thus, X = 0 and Y = poU. 
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5.9: The integral (1/47) f K dQ means the angle average K over all direc- 
tions. Hence, the left-hand side of (5.79) is written as 


1 
E / Aiei Bkek dQ = A; Br €i€k 
An 


By using the expression (5.94), it is not difficult to obtain Ge, = 
idik. In particular, for the diagonal elements we have 


Igeni 
es teg tez =1, eł=e 


Thus we obtain A;B, Gey = Aj By tdir = 4A;Bi. 

5.10 : At the end of Sec. 5.9, the induced mass of a sphere is given by 
Mij = 4 (mauia) ij, a half of the displaced mass. Hence the equation 
of motion (5.86) reduces to 


1 dU; 
(m + maua) Er = Si. 
In the bubble problem, we may set m, = 0. Taking the z axis in 
the vertically upward direction, we have an upward buoyancy force 
corresponding to the displaced mass of water, given by fz = Mauia g 
with fe = fy = 0. Thus we obtain dU,/dt = 2g (and dU,/dt = 
dU, /dt = 0). 


Problem 6 


6.1 : (i) The continuity equation (6.47) becomes Gp + udzp + pc?0,u = 
0. Multiplying this by 1/(pc) and adding Eq. (6.48), we obtain 
the first equation (6.78). Subtracting (6.48) results in the second 























(6.79). 
(ii) Let us define the two functions F', by 
Pd 
Fis us f Æ (po : const.). 
po PC 
Their t-derivative and x-derivative are 
1 1 
ô F4 = ðu Æ — óp, Ox F's. = ru a —Ozp. 
pc pe 








F, satisfies (6.80) and F_ satisfies (6.81). This verifies that Fy, 
and F_ are equivalent to J, and J_, respectively. 


6.2: 


6.3 
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(iii) Suppose that we have a family of curves Cy on the (x,t) plane 
defined by the equation da/dt = u+c. Taking differential of the 
function J, along C1, we have 


dJ4 = OA dt + On J 4 dz = (Op dy + On J 4. (da/dt)) dt 
= (J4 + (u + c) ðs J+) dt = 0, 


by (6.80). Thus, the function J4 (x,t) is invariant along the family 
of curves C4. Likewise, the function J-(æ,t) is invariant along 
the family of curves C_ defined by da/dt = u—c. The curves C4 
are called the characteristics in the theory of first-order partial 
differential equations like (6.80) or (6.81). 





Defining X = z — cot, Eq. (6.82) becomes —coux + (u?/2)x = vuxx. 
Integrating this with respect to X, we obtain 


1 
ux = z — cy)? —C*), (C : a constant). 
V 
Setting v = u — co, this becomes dv/(v? — C?) = dX/2v. This can be 
integrated to give v = —C tanh|(C/2v)(X — Xo)], namely 


u = co — C tanh[|(C/2v)(£ — cot — Xo)], 


where C, Xo are constants. From the given boundary conditions at 
infinity, we obtain co = (cy +c2)/2 and C = (cı — c2)/2. Thus, finally, 
we find the solution: 

cy + C2 C1 — C2 


u=; = tanh 


Ci — €2 





(a — cot = Xo) ` 
: (i) Using (6.84), we have 
ka — wt = kox — w(ko)t + (k — ko)(x — cgt). 
Substituting this into the integral (6.83), we obtain 
C(x, t) = eilkor—w(Ko)é] faw eile—egt)(k—ko) dk 


= F(x — cgt)etlbor—e ho) F(é) = Jamest ar 
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(ii) We substitute A(k) = Ao exp[—a(k — ko)?] into the Fourier form 
of F(&) given in (i). Using x = k — ko, we obtain 


FQ) = Ao f or Hedy 
Sih if exp [ — a(x — i€/2a)? — €2/4a] dy 
= Ao pee e 


a anfEerete, (f? ae) 
a -00 


Thus, we obtain the wave packet: 


|T = Fy: l 
C(x, t) = Ao aarp |- -a etlkox—u(ko)t]. 
4a 


Problem 7 


7.1: Using v= V x A, the relation V x v = w is transformed to 
Vx(VxA)=V(V-A)-V’A =w. 


If V-A = 0 is satisfied, we have V? A = —w. ae (Poisson’s equation) 
can be integrated to yield A(x) = (1/47) J, w(y) d°y/|x — y|, which 
is (7.5a). The property V- A = 0 can be hovel as follows: 





1 1 
V:A(x) = In [ey wy) - Meee a 
1 w(y) 
= nay 
4r "ik-yl 


since V, - w(y) = 0, and Vz = ae if operated to 1/|x — y|. The 
last integral is transformed to a surface integral which vanishes by 
(7.4a). 
7.2: (a) We take time derivative of the impulse P of (7.9) and use the 
equation (7.1). Then we obtain 


doai P 3 
GP a5 | xx dwatx=5 f xx (9 x ad? 


where q = —w x v. Using (7.5e) with v; replaced by q;, the right- 
hand side reduces to fq; d°x = [(v x w);d°x, the other integrals 


aS 


WN 
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vanishing. The integrand can be written as 


qi = (v x w); = (v x (V x v)); = ô; (e) = ôk(vkvi), (A) 


since kuk = 0. Integration of these terms are transformed to 
vanishing surface integrals. Thus we obtain (d/dt)P = 0, stating 
invariance of P. 

Regarding the angular impulse L, 


d _ 1 3 
Gh 5 [x % (x dus)ax 
1 3 
=5 [ xx bx (Wx ala’x, (B) 
3Jp 


where q = v x w. We have the following identity, 
x x [x x (V x q)] =3x x q+C, 


where C consists of two divergence terms of the component C; = 
Ejklðk(£i£jq) — €iktOn(|X|?q). Furthermore, q can be written as 
Gi = OVE; where Vki = $07 Obi —v zu; from the above (A). Hence, 
the ith component of integrand of (B), $x x [x x (V x q)], can 
be written as 


(x x q)i = Eijk Zj OVik = Eijk (£j Vik), 


since EijkVjk = 0. Thus, the integral of (B) can be converted 
to vanishing surface integrals, and we obtain invariance of L: 
(d/dt)L = 0. 

Regarding the helicity H, let us consider the following identity 
for two arbitrary vectors A and B: V- (A x B) =(V x A)-B- 
A- (V x B). When A and B decay at infinity like the vector v, 
we have the equality: 


JA 0x Bav = fV x A)-B av. (C) 
Setting as A = v and B = ô;v, we obtain 


fv (7 xawav = aw (V x v)av. 
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Therefore, we have dH/dt = 2 [v-d,wdV. Using (7.1), we obtain 


SH =-2 fv-[vxwxv]dV 


=-2 fw-(wxvav =0, 


by the orthogonarity of the two factors, where (C) is used for the 
second equality. Thus, we find dH/dt = 0. 


7.3: Differentiating (7.31) and using (7.27), we have 


= f Í (a? + 4?) Qw dandy 
D 


-JJ (a? + y?) (uOpw + v Oyw) dady 


=- f (a? + y)uwdy— f (a? + y”) ww da 
aD aD 


+2 7 (cuw + yuw) dady 
D 


First two contour integrals along 0D vanish by (7.21). Using (7.33) 


for u and ve for v, 
LLL Wat PF 


w(x, y) w(x", y’) dady da’ dy’ 


The value of the last integral should not be changed by exchang- 
ing the pairs of integration variables, (x,y) and (2’,y’). However, 
it is observed that the integrand changes its sign. This means that 
the integral itself must vanish: therefore dR?/dt = 0. Thus, R? is 
invariant. 

7.4: The formula (5.20) becomes 


rio|= $ v-al= f was, 


——> 

For the closed curve C, we take a rectangle abcda where two longer 
sides ab and cd of length l are parallel to x axis with negative y-value 
—e and positive y-value +¢, respectively. Shorter sides are bc and da 


7.5: 


7.6: 
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with their lengths being 2¢. Orientation of C is counter-clockwise. 
Then, the circulation T is 


b d 1 1 
ra= f udz+ | ude = Zui- ( -4U ) 1= ut 


For the vorticity w = (0,0, w) integral is taken over the area of 
S = 2el of the rectangle abcd: 


l E 
T[C] = I da dy w(x, y) = Ul. 
0 FÊ 
Since this holds for any l and e, this implies that JE dyw,(x,y) =U 
must hold for any €. This leads to w, = U ô(y). If the contour C 
does not cut the x axis, we have I'[C] = 0. This is also satisfied by 
w, = Ud(y). 

Taking s = 0 at the origin O, i.e. y(0) = 0, the position y(s) on the 
curve F near O is expanded in the frame K as 


1 1 
y(s) =y (0)s + ay- 10e +0(s?) = st + zrs n + O(s°), 


where ko is the curvature of the curve F at s = 0 (see Appendix D.1). 
Substituting this, the integrand of (7.67) is found to be written as 


zn — yb 3 ys? 48?b + yst 5 
(r2 + 52)3/2 (1+ 35) -koag anaya + Otho): (D) 


To determine the behavior of u(x) as r — 0, we substitute (D) into 
(7.67) and evaluate contribution to u from the above nearby portion 
of the filament (—A < s < A). Changing the variable from s to 0 = s/r 
and taking limit \/r — oo, it is found that the Biot-Savart integral 
(7.67) is expressed in the frame K as 


sA ipa a ae a 
u(x) = F (4p <n) + 2ha(tog*) b+ (1), 


where (b.t.) denotes remaining bounded terms. 

Substituting (7.81) into (7.72), the left hand side is 
aw(sin @,—cos@,\), whereas the right hand side is a?k?h(sin8, 
—cos6,1/h). Thus, the equation (7.72) is satisfied if w = ak°h and 
hà = 1. Requiring that s is an arc-length parameter, i.e.ds? = 
dx? +dy?+dz?, we must have a?k?(1+h?) = 1. Hence, once the radius 
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a and the wave number k of the helix are given, all the other con- 
stants h, w, A are determined. The helix translates towards positive z 
axis and rotates clockwise (seen from above), whereas the circulatory 
fluid motion about the helical filament is counter-clockwise. 

7.7 : Setting v = U + u, in the expression (7.8) for K, we immediately 
obtain (7.83) by using the definition (7.12) of P. 

7.8 : For the variation ôR of the ring radius, we have 


1 1 
6K = -I? ibe eae e log= )| ôR, 
2 a 4 € 


6P = 2nRIT[1 + O(e?)|6R, 


ôK T 8R 1 zaal 


7.9 : (i) Steady solution must satisfy 
arO,w + 2aw + vr—1d,(rd,w) = r7*Opr(arw + vO,w) = 0. 


This leads to arw+v0,w = 0 by setting integration constant to 
zero. Hence, we obtain w = C exp[—ar?/(2v)] with a constant C 
(= wp (0)). 

Using A’(t) = aA, 0, = AO, and 0; = A?0, + ac0,, we obtain 


~ 
me 
me 
wa 


Ow — ard,w = A?0,w, 1 '0,(rd,w) = A?a~18,(cd,w). 
Hence, the equation (7.77) reduces to 
0,w — 2aw/A? = va" d5(cOqw). 


Setting w = A?(r) W and using 0, A? = 2a (since dA = aAdt and 
dr = A?dt), we obtain 0,W = vo—'0,(c0,W). The Laplacian 
02 + OF reduces to 0~'0,(g05) for axisymmetric problems. 

(iii) Let us write a solution W(x, y,t) to the diffusion equation W; = 
U(Wae + Wyy) by the product X(a,t) Y(y,t). If X and Y satisfy 
X; =vXy,_, and Y; = vYz2 respectively, then W = X (x,t) Y (y, t) 
satisfies the above diffusion equation. In fact, substituting W = 
XY into the diffusion equation and collecting all the terms in the 
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left-hand side, we obtain 
(Xt — VXa0)X + (Yi — v¥ yy), 


which in fact vanishes by the assumption of X(x,t) and Y(y,t). 
Writing X and Y (see Problem 2.3) by 








1 2 
X (x,t) = e778) laut, 
(2,t) 2V TAt 
1 2 
Y (y, t) = e~an) cae 
mt) 2V TAt 


we define w(x,y,t : E£ n) = OQo(€,7) X(a,t) Y(y,t). Integration 
of w(x,y,t : €,7) with respect to € and 7 gives the solution 
(7.90). As t + +0, w > MQo(E,n) d(@ — €) d(y — n). Thus, 


W = (VE FTP) = Mol). 


Problem 8 
8.1 : (i) Using (8.13), 


dsp = —(3-p)(3zp/ 0x) = pgx (3zp/31). 


(ii) On the surface of constant px, we have grad P(p,) = grad yx(p.) 
because the first term of (8.9) is invariant. Therefore, the first 
equality of (8.59) is obvious. The hydrostatic relations (8.10) 
and (8.13) give the next equality (8.60). The expression (8.61) 
is obtained by using the equation of state. As a result, we obtain 
the last equality of (8.62) from (8.21). 

(iii) The vector grad T is directed to the south. Therefore, the product 
k x grad T is directed to the east, hence the westerly. 


Problem 9 


9.1 : (i) The present problem is equivalent to setting U = 0, p = pı for 
y > ¢ and pe for y < ¢, in the perturbation equations considered 
in Sec. 9.2. Thus, we have 


Ce — Oy1|y=0, Gt = Oy $2\y=0; 
Pr(Orb1)y=0 + p19 = p2(Or62)y=0 + p2g6, 
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9.2: 


(iii 


wa 


) 


wa 


ae 


Solutions 


from (9.8)~(9.10), with including the gravitational potential pgy 
at y = ¢. 

The equation for the nontrivial solution corresponding to (9.13) 
yields 


o? = 02 (>0), = Pizel g (>0). 
pı + p2 
(pı > p2). Hence, o = +o,. Therefore, the solution includes a 





growing mode o = +o,, and the basic state is unstable. (This is 
called the Rayleigh-Taylor instability.) 

Even if a light fluid is placed above a heavy fluid (pı < p2), we 
have the same perturbation equations, but we obtain o? = —o?, 
and we have ø = tio... Therefore, the separation surface oscillates 
with the angular frequency ox. 

[This is called the interfacial wave, observed in the ocean (or at 
the estuary) at the interface of salinity discontinuity. Often this is 
also seen in a heated room at temperature discontinuity visualized 
by the tabacco smoke.] 

Multiplying both sides of Eq. (9.26) by the complex conjugate ¢* 
of ¢, and integrating from —b to b, and performing integration by 
parts for the first term, we obtain 





b b Uy” 
J WPP f Z eaw =o, 
—b -bU TCE 


by using the boundary condition (9.24). Setting c = cr + ic; and 
taking the imaginary part of the above expression, we obtain 


b 1 
U” (y) 2 
í 5 dy = 0, 
a f pta 


since the first term is real. For the instability, we should have 
ci > 0, which means c; # 0 anyway. Therefore, the integral 
must vanish. For its vanishing, U” (y) must change its sign. Thus, 
the profile U(y) should have inflexion-points (where U” (y) = 0) 
within the flow field for the instability. 

Suppose that we are given the eigenfunction e and eigenvalue 
Ce to the eigenvalue problem (9.23) and (9.24). Because all the 
coefficients of Eq. (9.23) are real, the complex conjugates ¢% and 
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c constitute the eigenfunction and eigenvalue of the same prob- 
lem, as well. This can be confirmed by taking complex conjugate 
of (9.23) and (9.24). Therefore, once we have a stable solution 
with Sce < 0, we have another solution of unstable solution with 
Sce > 0 corresponding to the complex conjugate. Thus, in the 
problem of inviscid parallel flows, stable solution means only neu- 
trally stable with Sc. = 0. 


9.3: Using the expression (9.62) of 7, we obtain V?2~ = —ky with k = 
(1 + a?)(m/d)?. Hence the second convection term of (9.64) vanishes 
since 


2, AV) _ A(-kyw) _ 
MV VON GE area ang S 


Writing sin(z/d)y shortly as S(y), the remaining terms are 


3V’? y = Adk?0,X S(ax)S(y), 
UV?V? wh = —Avk?X S(ax)S(y), 
—gad,0 = (V2a/d*)AVR-Y S(ax)S(y). 
where tT = kAt. Using R, = 1*(a? + 1)3/a? (with a = 1/72), we 
obtain (/2a/d*) AVR, = vk?A for the coefficient of the third term, 


where R, = k°d°/(ma)? and A = V2X(1 + a?)/a = (V2Ak/a)(d/7)?. 
Thus, Eq. (9.64) reduces to 


O0,X =-0X+0Y, o=v/X. 


Therefore, the first equation has been derived. 
Regarding the temperature equation (9.65), each term is written 


as follows: 
0:0 = k\BO,Y C(ax) S(y) — (B/V2)0,25(2y)), 
olp) (r a 
aeu ( =) ABXYC(y) S(y) 


2 (5) a5 ABX ZC(azx) S(y)C(2y), 
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AV76 = -(5) (1+ a?)BYC(azx) S(y) 
$ (=) (B/Vv2) ZS(2y), 


~B Ag = a(F)axctar) Sty), 


where C(y) = cos(z/d)y and 2C(y)S(y) = S(2y) in the second line. 
Substituting these in (9.65) and collecting the coefficients of S(2y), 
we obtain 


ô-Z = XY —bZ, b=4/(1 +a’). 
Next, collecting the coefficients of C(ax)S(y), we obtain 
3Y =—-XZ+rX-Y, r= Ra/Re, 


where 2S(y)C(2y) = —S(y) + S(8y) was replaced with —S(y) by the 
mode truncation. 


9.4 : (i) When we substitute the given normal modes to the linear pertur- 
bation equation (9.3) (with f; = 0), the differential operators are 
replaced by 


(Or, On; Oy, 0z) = (—iac, ia, ip, D) 


and (vo: V) = U0z, (vi - V)U(z) = wU"(z). In particular, the 
Laplacian is V? = D? — a? — 8?. Normalization is made with the 
channel half-width b and the maximum velocity Um. Thus, we 
obtain the first three equations (9.71)~(9.73). The fourth equation 
is the continuity equation: divvı = Ozu; + Oyv1 + Ow, = 0. This 
reduces to tau + i3u + Dw =0. 

Next, multiplying ia to (9.71), iG to (9.72) and applying D 
to (9.73), we add the three resulting equations. Owing to the 
continuity condition (9.74), many terms cancel out and we obtain 
the equation for Vp: 


R.V*p = Re(—a? — B? + D?)p = —2iaR.U'(z)w. 


In order to obtain (9.76), we apply V? to the third equation 
(9.73) and eliminate R.V?p by using the above equation. Thus, 
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we obtain finally (9.76) for w only. The boundary condition is the 
usual no-slip condition at the walls. 

(ii) Noting that the Reynolds number Re is included always as a com- 
bination a Re and the y wave number £ is included in V? as a com- 
bination \/a? + G? in (9.76), the eigenvalue problem determines 
the exponential growth rate as a function of œ Re and ya? + 82, 
say ac; = G(a Re, \/a? + 87). In particular, a neutral stability 
curve is given by c; = 0, i.e. G(a Re, \/a? + 3?) = 0. Solving this, 
we have aR. = F(,/a? + 2), which should be positive. The 
critical Reynolds number FR, is by definition the lowest value of 
such Re for all possible values of the wavenumbers a and (, thus 
represented by (9.78). 

Gii) Critical Reynolds number R2? for two-dimensional problem is 
represented by (9.78) with 8 = 0: 


R2 = mina (F (a)/a). 


The critical Reynolds number considered in the previous (ii) is 
RP. Using k = y/a2 + 82 and defining an angle 0 by cos 0 = a/k, 











we obtain 
F(k k F(k 1 F 
RÈP = Mmina.k ) Sg = minak PW 
>” a a k > cosh k 
F 
2 mina,k a = Ree 


Thus, the critical Reynolds number of parallel flows is given by 
RP, 
Problem 10 


10.1 : (i) Since 0; on Fourier representation can be replaced by ikj, we 
have &;(k) = 1 €i;~k;tin(k). Therefore, we obtain 


\O(k)|? = EijkEiagkjkaûrůg = k’ |û(k)|? — (k - û(k))? 
= k* jak)’, 


since k - û(k) = 0 by (10.9). 
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(ii) By replacing u(x) with w(x) in (10.11), we have 
lue = f BWP ak = f rla dk 
= 2 fo k? E(k)dk, 
0 


since $|a(k)|? = ®(|k|) by (10.12), and ®(|k|) 47|k|? = E(|k]) 
by (10.13) for isotropic turbulence. 

10.2 : (i) Choosing two arbitrary constant vectors (a;) and (bj), we take 
scalar product (i.e. contraction) with B,;(s). The resulting 
Bij a;b; is a scalar and possibly depends on six scalar quantities 
(only): (sisi), (aisi), (bisi), (aiai), (bibi) and (aibi) by trans- 
formation invariance of scalars. In addition, Bij a;b; should be 
bilinear with respect to a; and bj, such as (a;b;) or (aisi) (bjs;). 
Furthermore, B;; a;b; may depend on scalar functions of the 
form F(s) or G(s). The Bij a;b; satisfying these can be rep- 
resented as 


Bij (aibj) = G(s) (abi) + Fi(s)(aisi) (0; 55) 
= (G(s)d;; + Fı(s)sisj)a;bj. 


This implies (10.40) with F(s) = F\(s)s?. 


(ii) Using ðu;(x')/ðx; = 0, we obtain 


wa 








o= (uc) TEDY = E uto w) = Bu) 


Using (10.40) and e; = s;/s, we have 


3 ops pips OS.) ES) Ol 8s83) 
Bay (s)=G (a5 + 3 a8; 


A (EON ds p, 
ds \ s? / 0s; a 


si F(s d / F(s) \ s; 
=G'(s)—+ 1% (si +38) +2 o 8485; 

















where 0s/0s; = s;/s (since s? = s;8;) and 0s;/0s; = 6;;. The 
above must vanish. Therefore, we obtain (10.41). 
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(iii) Since longitudinal component u; can be expressed by u;e;, 
a? f(s) = (wi(x)es uj (x’ Jes) = Bij(s) exes. 
Using (10.40) and e;e; = 1, we have B,;e,e; = G(s) + F(s) = 


u? f(s). 
(iv) In view of (10.45), 


(=) = 5( s(x) we()) = 5 Bu(0) = Z f raiak 
Writing B;;(s) = B(|s|) = B(s) and using (10.44), 


E(k) = Ink? Fi; (k) = oop | Bled en iks q3g 


2 oo T 
- a E an | B(s) s?ds | e ths cos? sin Odd 
n 0 0 


Le fi 1 . 
= ~ | B(s)ks sinksds, since i. ew tks é ge 
T 0 E 


1 
2 
= Ts sin ks. 


where € = cos@. Using (10.45), 


1 
s) = | ratet ankdhag = f a(R) ak | e*s E q 
-1 
= 2 | Bi ik 
0 ks 


From (10.40) and using G(s) + F(s) = @? f(s), B(s) = Buls) = 
3G(s) + F(s) = 3u? f(s) — 2F(s). Applying (10.41), we obtain 
(10.49). 

10.3 : (i) Using (10.49), we obtain d(su?f(s))/ds = s?B(s). Therefore, 


3 a7 f(s) = 2 f Eq ak | ss do 
0 
sinks  scosks 
wf” aq (282 smb) a 
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(ii) Denoting the integrand of (10.51) as H(k) and using G’(k) = 
—E(k)/k? from (10.52), 








sinks kcosks 
sy = cry ( Saks home) 


d sinks kcosks k sinks 
=i cw pas — 2 )| +G(k) 7 








Integrating H(k) from k = 0 to oo, the first term vanishes since 
G(co) = 0, and the second gives (10.52). 


(iii) The left-hand side of (10.53) can be written as (e“** = cosks + 
isinks), 
1 [* 2 ikıs 1 [9 2 
F u f(s) eds = — u’ f(s) cos kis ds. 
TJ- T Jo 


Substituting (10.52) for a?f(s) on the right, we obtain from 


(10.50) 
Ji [ o% , on ks cos kıs sin ks cos kis isdk 
8 


= i k G(k) dk, 


by (10.54). Substituting the definition of G(k) of (10.52), we have 


oO co 1 
E (kı) =| ef PU) iak 
kı k 


E: (kı) 


t a 








13 
2 “L NEUD iy 


(k 
A Co 
() © E(k) 


—— dk 
“Ff Ara OS 


The last expression is the right-hand side of (10.53) itself. 
(iv) Differentiating E:ı(kı) with kı, we have 


dE, (ky) [4 E(k) 
n ki 
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Dividing both sides with kı and differentiating it with kı again, 
and setting k = kı, we obtain 


d (; an) _ E(k) 


dk k3 


k dk 








Problem 11 


11.1 : We write the power series solution beginning from r? (p: a pos- 
itive integer) as A(r) = X p—p ckr". Substituting this in (11.32), 
the lowest-power term is (p? — n?)r?~?. From (11.32), we must 
have p = n. Thus, we set p = n. Then, we have A’(r) = 
ren kerr® 1, A’ (r) = SO k(k — 1)cpr"™?. Substituting these into 
(11.32) and collecting the terms including r*~?, we obtain 


k-2 


ne ((k? n nex + ck—2)r +. =0. 


Hence we find the relation between neighboring coefficients as 


1 


EEF Ck—-2- (A) 


Ck = (- 


If we set the first coefficient as c, = 1/(2"n!), we have 


1 1 1 


Imat e ODG ire 





Cn42 = (—1) 


These are consistent with the first two terms of (11.33). In general, 
the coefficients satisfying Cn42% = —[(k(n+k)27]~* cn42(4—~1) derived 
from (A) are determined as 


z i 1 


Cmar = (D F E E 


and Cn+1 = Cn43 = > = 0. 
11.2 : (i) Writing A = c¢ + dé? + e€? +---, we substitute it into 
(11.31). Then we obtain d = 0 and c is a constant undetermined 
(arbitrary). 


(ii) Writing A= a+b¢-!+cC~?4+---, we substitute it into (11.31). 
Then we obtain a= 1, b=0, c= —1/2,..., ete. 


372 Solutions 
Problem 12 
12.1: Using the velocity v = Vé+ sVw of (12.127) and the vorticity 


w = V x v = Vs x Vy, we have 
Ow +w x v = V (dp + 5 Ory) + (Des) Vb — (Di) Vs. 


where (Vs x Vw) x v= (v- Vs)Vw — (v - Vẹy)Vs is used. The last 
two terms vanish due to (12.129). Thus, Eq. (12.126) is obtained by 
using (12.128). 

The vortex lines are the intersections of the families of surfaces 
s = const. and ~ = const. These surfaces are moving with the fluid 
by (12.129). 

If the scalar product w-v is integrated over a volume V including 
a number of closed vortex filaments, the helicity H[V] vanishes: 


avis wivdx= | (VAx VY): Vó ax 


= V- [dw] d°x =0, 
V 


if the normal component of vorticity w vanishes on bounding sur- 
faces at infinity. Thus, the helicity H vanishes in this case. 
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